ON THE MORDELL-WEIL GROUP OF THE ELLIPTIC CURVE
2 3
y*=x° 4+ n

YASUTSUGU FUJITA AND TADAHISA NARA

ABSTRACT. We study an infinite family of Mordell curves (i.e. the elliptic curves
in the form y? = 23 +n, n € Z) over Q with three explicit integral points. We
show that the points are independent in certain cases. We describe how to compute
bounds of the canonical heights of the points. Using the result we show that any
pair in the three points can always be a part of a basis of the free part of the
Mordell-Weil group.

1. INTRODUCTION

Let E be an elliptic curve over a number field K. It is known that the set of rational
points E(K) is a finitely generated abelian group by the Mordell-Weil theorem. If the
absolute value of the discriminant of E' is not large, we can practically use Cremona’s
program ‘mwrank’. However there is no known algorithm which determines the struc-
ture of F(K) even if K = Q. The difficulties come from the free part of the group.
We are interested in the families of elliptic curves of which we can at least partially
determine the structure of the Mordell-Weil group, that is, the families which have
explicit points which can be in a system of generators of the Mordell-Weil group. In
the paper [6], Duquesne considered an infinite family of elliptic curves in the form
y? = 23 — nz. He showed that the curves in the family have two explicit integral
points which can always be in a system of generators. Recently, the first author and
Terai ([7]) generalized Duquesne’s theorem on generators and showed that the same is
true for infinitely many binary forms n = n(k,[) in Z[k,[]. In this paper we consider
an infinite family of elliptic curves in the form of y? = 23 4+ n with three explicit
integral points.

Let a, b be integers and

(1.1) Eup:y* = 2%+ a® + 160°
the elliptic curve over Q. We put
(1.2) P, = (—a®,4b%), P, = (2ab,a® + 4b%), Py = (—2ab,a® — 4b*).

Then it is easy to see that they are in E,,(Q). In this paper we prove the following
theorem.

Theorem 1.3. Assume that a,b are relatively prime integers with a,b > 3 such that
a® + 16b° is square-free, ab is odd and b is divisible by 3 but not by 9. Then the rank
of the Mordell-Weil group E,,(Q) is at least 3 and any pair of two points {P;, P;}
(1=1,2,3, i # j) can always be in a system of generators of E,,(Q).
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Remark 1.4. If n is square-free and not equal to 1, the elliptic curve y? = x® +n has
no rational torsion points by [11, Theorem 5.3]. Therefore P;, P,, P are non-torsion
in the situation of Theorem 1.3.

Remark 1.5. Kihara ([9], [10]) constructed elliptic curves of higher ranks using the
elliptic curve y? = 2 + k, where

1
k= 1 (a6 + 05 4 5 — 2a%% — 203 — 203a3)
with a, b, ¢ variables. Our family is given by substituting 2b for b and —a for ¢ in this
curve.

We prove Theorem 1.3 along similar lines to Duquesne’s ([6]). The goal of the
proof is to show that the lattice indices of {P;, P;} (i,7 = 1,2,3, i # j) equal 1 (for
the definition of the lattice index see Section 5). To estimate the lattice indices, we
use Siksek’s theorem, which comes from the theory of quadratic forms. To apply
the theorem, we need upper bounds of the canonical heights of P’s (i = 1,2,3)
and a uniform lower bound of the canonical heights independent of points. The
computations of canonical heights are done through the decomposition into the sum of
local heights. Whereas the non-archimedean parts of canonical heights are computed
by using Siverman’s algorithm, the archimedean parts are computed in two ways:
using Tate’s series and using Cohen’s algorithm. We use the former to compute
bounds of the canonical heights of P;’s (i = 1,2,3) and the latter to compute the
uniform lower bound. With the bounds given we can show that the lattice indices are
less than 5. An argument of the descent shows that the lattice indices are divisible
by neither 2 nor 3. This completes the proof.

There are two difficulties in our case, which are not encountered in [6] or [7]. One
is that the lattice indices of {P;, P;} with ¢ # j can be only shown to be less than 5,
not 3 as in [6] and [7], even for sufficiently large a,b (note that the canonical heights
of two independent points in [6] and [7] are very small, so are the lattice indices; see
Section 1 in [7]). Thus, we need not only 2-descent but also 3-descent. The other is
that Tate’s series

1 - —-n n
log |z(P)| + 7 ;;4 log |z(2"P)],

where z(P) is a polynomial over Q in t = 1/z(P), converges away from the y-axis. In
order to apply Tate’s series, we thus have to shift the elliptic curve in the direction
of the z-axis. Moreover, we find in our case z(P) above is bounded independently
of a,b and P. Thanks to this, we obtain an upper bound and a lower bound whose
difference is a constant.

The organization of this paper is as follows. In Section 2 we review basic notations
of elliptic curves. We also review the canonical height and the local height function.
In Section 3 we compute bounds of the canonical heights of Py, P, P3. In Section 4
we compute a uniform lower bound of the canonical height. In Section 5 we estimate
the lattice indices by applying Siksek’s theorem to the results of Sections 3 and 4.
In Section 6 we prove that the lattice indices do not vanish modulo 2 or 3 by an
argument of the descent. Then we complete the proof of Theorem 1.3. Further we
prove that the family of the elliptic curves satisfying the condition of Theorem 1.3
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is an infinite family. Finally in Section 7 we compute the bounds of z(P), which are
used in Section 3.

2. PRELIMINARIES

The standard symbols Q, R, C and Z will denote respectively the set of rational,
real and complex numbers and the rational integers. We denote the discrete valuation
on Z at the prime p by v,(-). We denote the set of all places of a number field K by
M.

Throughout this paper, we assume that a,b € Z, a,b > 3, ged(a,b) = 1 and
m = a® + 160°.

As usual we write the Weierstrass equation for elliptic curves E over a number field
K as
(2.1) E:y* 4+ aizy + asy = 2° + aox® + ayx + ag (ay, as, as, ag, ag € K).

Since the characteristic of K is not equal to 2, by completing the square of the left-
hand side we have
(2.2) (2y + ayx + a3)? = 42® + byx® + 2byx + b,
where
(2 3) bg = CL% + 4@2, b4 = 2(14 + ayas, b6 = Clg + 4@6,
' bg = a%aﬁ + daqag — ajazaq + agag — ai.
Further, we put

Cy = bg - 2464, Cg = —b%bg + 36bgb4 - 216b6
as usual. We also define the discriminant of E as
(2.4) A = —b2bg — 8b3 — 27b2 + 9bybybs.
Using the form (2.3), we can write
. ZE4 — b4ZL‘2 — 2b6$ — bg
N 41’3 + bQCL’Q + 2b4$ + b6

(2.5) 2(2P)

for P = (z,y) € E.

Next we define the canonical height, which is a powerful tool to consider the
arithmetic of elliptic curves. Let E be an elliptic curve over Q and P = (z,y) €
E(Q). If 2 = n/d and ged(n,d) = 1, we define the naive height of P by h(P) =
max{log |n|,log|d|} and the canonical height of P by

h(P) = lim h2"P)

n—o00 4n

([6, p. 86]).
Remark 2.6. In our definition the value of A is twice of those in [14], [4] and [13].
The canonical height has the following properties.
e 1(P) =0 if and only if P is a torsion point.

e W(kP) = k2h(P) for all P € E(Q) and all k € Z.
e h is a quadratic form on F.
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For details see also [14, Chapter VIII Section 9.
Our computations of the canonical height is done by using the local height. We
recall the existence of the local height function as follows.

Theorem 2.7. (Néron, Tate, [13, p. 341]) Let K be a number field, v a place and K,
its completion with respect to an absolute value | - |,. Let E be the elliptic curve over

K given by (2.1). Then there exists a unique function A, : E(K,)\ O — R which has
the following three properties.

(1) For all P € E(K,) with 2P # O,

Ao(2P) = 4M\,(P) — 21log |2y(P) + ayz(P) + as),.

~

(2) The limit limp_o (A, (P) — log |x(P)|,) ezists.
v-adic
(3) Ay is bounded on any v-adic open subset of E(K,) disjoint from O.
The function ), above is called the local height function. If we have to specify
the elliptic curve, we may use the notation such as Ag,. The canonical height can
be decomposed as the sum of local heights. The sum of the local heights for all

archimedean (resp. non-archimedean) places is called the archimedean (resp. non-

archimedean) part of the canonical height and denoted by hy(P) (resp. hoo(P)). We
only consider the case K = Q and in this situation,

(2.8) h(P) = hy(P) + hoo(P) = > A(P) + As(P).

p:prime
Let d € K and
B (y) +al'e'y +ay'y' = (') + ag' (')’ + adt’ + agf
the elliptic curve obtained by making the substitution
(2.9) Y —add oy =y
n (2.1). Then

a' = a1, ay = as —3d, a3’ = a3 — day,
(210) ’r 2 r 2 3
ay = ay — 2das + 3d*, ag’ = ag — dayg + d°as — d°.

Now let P € E(K,) and P’ = (x(P) + d,y(P)) € E'(K,). It is clear that the map
E(K,)> P~ P’ € F'(K,) is a group isomorphism.

Lemma 2.11. In the situation above, we have Mg (P) = Agio(P').

Proof. To see this, it is sufficient to show that the function f : E'(K,) — R defined

by f(P') = Ag.(P) satisfies the three properties of A, in Theorem 2.7.
The property (1) follows from the equality

2y/ + Clllx/ + CL3/ = 2y + CL1<.§U + d) + as — dCLl = 2y + a1 + as.
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For the property (2), we have

Jim {£(P') —log|#'(P)],} = lim {Ar,(P) —log|z(P) +d|.}

v-adic v-adic

- {AE,U<P> log|a(P), — log

- {AE,U<P) ~log|a(P), — log

z(P)+d
z(P)
d

z(P)

J
J

The property (3) is clearly satisfied. O

1+

= Jim (Ao (P) — log|#(P)L.}.

v-adic

3. COMPUTING THE CANONICAL HEIGHT

Let E,; be the elliptic curve (1.1) and Py, P», P5 the rational points on E,;, defined
in (1.2).

Proposition 3.1. If ab is odd, v3(b) = 1 and m is square-free, then the canonical
heights of the points Py, P, P3 on E,yp have the following bounds
%k@m—OIMl<MR)<%b@n+&M%,
%logm —0.7579 < h(Py) < %logm + 1.0515,
%logm —0.5113 < h(P3) < %logm + 0.5665.

Proof of Proposition 3.1. We use the decomposition (2.8) to estimate the canonical
height. We first estimate the archimedean part heo(P;)(=Ao(P;)) (i = 1,2,3) by
using Tate’s series with Silverman’s shifting trick ([13]).

Let E be the elliptic curve defined by (2.1). For P € E(R), we put

t=t(P):=1/x(P),
(3.2) 2= 2(P) := 1 — byt* — 2bt*> — bgt?,
w = w(P) := 4t + byt* 4 2b4t> + bst*,

where by, by, bg, bg are as in (2.3). Note that we have z(2P) = z(P)/w(P). By the
property of the local height (Theorem 2.7 (1)) we have

Ao (2P) = 4Moo (P) — 210g |2y(P) + ayz(P) + as).
Then using (2.2), we have
Moo (2P) — log |£(2P)| = 4\ (P) — 210g |2y(P) + arz(P) + as| — log |z(2P)|
= 4\ (P) — log [4z(P)? + box(P)? + 2byz(P) + bg|
—log [2(P)/w(P)|
= 4{Ac(P) —log|z(P)[} — log |(P)|.
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Putting u(P) := Ao(P) — log |z(P)|,
p(2P) = 4pu(P) —log|z(P)|.
So if we ignore the convergence, we have

1 - —-n n
p(P) = 7 34 og|=(2'P)|.
n=0

In fact, by Tate’s theorem ([13, Theorem 1.2]), if there is € > 0 such that |z(P)| > €
for all P € E(R), then for any P € E(R), log|z(2"P)| is bounded independently of
n and therefore

3 1 - —-n n
Ao (P) = log |z(P)| + 124 log |2(2"P)|.

n=0
For d € Q and P € E(R), the point P’ = (z(P) + d,y(P)) is on the curve
(33) E/ . (y/)z —|—a1’x’y’+a3’y' — ([L’/>3 _|_a2/(x/)2 +a4’x’ +a6’,
where

a' = a1, ay = as — 3d, a3’ = az — day,
a) = ay — 2day + 3d?, ag’ = ag — day + d*ay — &*
as we saw in (2.10). We similarly put
t'=t(P):=1/2(P),

(3.4) =2 (P)=1-b(t) - 2b(t)* — be(t)*,

w = w'(P') = 4t' + bl (t')* 4 20, (t)? + by (t)?,
where b, b, b, by are the values obtained by replacing as,...,as by a},..., a5 in
(2.3).

The reason why we make this substitution is that we obtain the Weierstrass model
to which we can apply Tate’s theorem above. We call this the shifting trick following
Silverman.

Now we consider the elliptic curve E,;. We keep using the above notation. If
P € E,4(R), then (P) > —m!'/3. So if we take d such that d > m!'/3, then 2'(P') =
z(P) +d > —m!3 +d > 0. Therefore the assumption of Tate’s theorem is satisfied
and we have the convergent series

3 1 G —n n
)\E;b?oo(P’) = log |2/ (P)| + T 204 log |2/ (2" P")].
This equals /A\Ea,b,oo(P) by Lemma 2.11.
Let us compute Ao (Ps) (=g, ,.00(P2)) by this formula, taking d = 2a®+4b%. Then

the condition d > m!/3 is clearly satisfied. Now we compute the serires

~

1 - —n n
(3.5) Aoo(P2) = logla’(P)[ + 7 > 47" log|2' (2" Py).
n=0

Following the definition (3.4) with the notation X := a/b, we see that z/(Py), 2'(P}),
2/ (2Py), 2'(4P}) are as follows.

o 7/(P) = 2ab + 2a® + 4b* (see (1.2) for the coordinate of P)
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o Z(P)) = (X®—2XT+2X0+8X° +2X* +16X3 +16X?% — 32X +32)/(2X8% +
8XT 4+ 28X 4+ 56X° 4+ 98X 4+ 112X3 + 112X? + 64X + 32)

o 2'(2P)) = (X3 4+ 4X31 +2X30 — 32X + ... 4 2097152)/(2X3? — 16 X3! +
64X30 —96X% + ... +2097152)

o 2/(4P)) = (X' —8X12742X 1264384 X125+ . .+ 38685626227668133590597632)
J(2X128 4 32X 127 4 208 X120 + 448 X125 + - - - 4 38685626227668133590597632)

In this computation, the functions about elliptic curves in the software PARI/GP
([3]) are useful to compute b/, b, b.

Since @' (Py)3/m, 2'(Py), 2/ (2Py), 2’ (4Py) are functions of X, by elementary calculus
we can compute their maximum and minimum So we can find the following bounds.

1
3 log(4m) <loga'(P, log(57 2218701m),

)< =
(3.6) —0.6637015 <4~ ' log 2/ (P, )
—0.0433217 <4 %log z’(2P2’) < 0.1396289,

—0.0363430 <4 *log 2/ (4P;) < 0.

For example, we compute the bounds of log 2'(Pj) as follows. Note that it suffices to

show
o' (Py)? (2X?2 42X +4)3
m (‘ X64+16
By numerical computation we see that the only positive root of the numerator of
(2X2% +2X +4)3/(X® +16)) is X = 1.6484223--- and that it gives 2/(P)%/m =
57.22187008 - - - . Since limx _,o(2X? + 2X +4)3/(X% 4+ 16) = 4 and limx_,.(2X? +
2X +4)3/(X®+16) = 8, we have the bounds for log2’(P}) as above.
We can estimate 2/'(Py), 2'(2Py), 2’ (4Pj) similarly. Note that if a, b are real numbers,
d = 2a% + 4b> > m'/? is satisfied. Then log|2'(2"Py)| has a finite value by Tate’s
theorem. So the denominators of 2'(Pj), 2/(2P;), 2/(4P5) do not have real roots.
For the estimate of the remaining terms 2'(2"Pj) (n > 3), we use the following two
lemmas, which we shall prove in Section 7.

Lemma 3.7. Let d = 2a® + 4b* or d = 3a® + 4b*. Then 2'(P’') < 120.531634 for any
P e E,y(R).

Lemma 3.8. (1) If d = 2a® + 4b%, then 0.062326 < 2/(P’) for any P € E,,(R).
(2) If d = 3a® + 4b*, then 0.038068 < 2'(P’) for any P € E,;(R).

Remark 3.9. In general there is Silverman’s bound of z/(P’) ([13, Lemma 4.1]),
which gives a bound dependent on a,b. In our case we find that there is a bound of
2'(P') independent of a, b.

We continue the proof of Proposition 3.1. Since (1/4) Zn 547" =1/192, we have

4 < ) < 57.2218701.

(3.10) 7 log(0.062326) Z 47" log 2/ (2"P}) < 7 log(120.531634).

By (3.5), (3.6) and (3.10), we have

1 A 1
5 logm — 0.205724 < Ao(Py) < 5 logm + 1513566,
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To compute the non-archimedean part h #(P,), we use Lemma 3.18, which is proved
in the next subsection. Recall P, = (2ab,a® + 4b%). So «, 3,6 in Lemma 3.18 corre-
spond to 2ab, a® 4 4b3, 1 respectively. Therefore

~

2
hy(Py) = —glogQ.
Since fL(Pz) = S\OO(PQ) + ilf(PQ), we have
1 - 1
3 logm — 0.7579 < h(P,) < 3 logm + 1.0515.

We can estimate h(Py), h(Ps) similarly by taking d = 3a2 4 4b2, 242 + 4b* respec-
fively. 0

Remark 3.11. The shifting width d is not necessary to be 3a? + 4b2,2a% + 4b°.
We choose the width which give good enough bounds. We do not have an idea to
determine the width which give the best bound.

3.1. Non-archimedean part. In this subsection we compute the non-archimedean
part of the canonical height, which was required in the proof of Proposition 3.1. To
do this, we use [13, THEOREM 5.2]. The Weierstrass equation of the elliptic curve to
which we apply this theorem needs to be minimal at p to compute 5\p. Let n € Z be
sixth power free and F the elliptic curve y? = 23 +n. Then the Weierstrass equation
of E is global minimal if and only if n # 16 (mod 64) ([5, Corollary 5.6.4]). Therefore
if n is square-free, F is global minimal.

Lemma 3.12. Let n be square-free integer and E the elliptic curve y*> = 23 +n
over Q. Let P = («/6?,8/8%) (o, 8,0 € Z, § > 0, ged(r,d) = ged(B,8) = 1) be
a rational point on E. If vay(a) = 0, then Ao(P) = 2vy(0)log2. If va(ar) # 0, then

Xo(P) = —2log 2.

Proof. Since n is square-free, y> = 23 + n is global minimal. So we compute Ao(P)
following the algorithm ([13, p.354, SUBROUTINE in THEOREM 5.2]).

For the general Weierstrass equation (2.1) and a point P on it, we put = :=
z(P), y := y(P). Further we define A, B, C, A for P as follows.

A= v,(37% + 2097 + ay — ary), B = v,(2y + a1 + a3),
(3.13) C = v, (32" + bya® + 3b,2” + 3bsx + bg),

A=)\, (P)/logp.
This is the same definition as in [13] but the value of A is twice of that in the algorithm.
Recall that in our definition the value of the canonical height is twice of that in [13].

For our elliptic curve, since a; = as = a3 = a4 = 0, by = by = bg = 0 and bg = 4n,
we have

3a? 203 3a(a® + 4nd")
(314) A:Up(?),B:Up(§)7C:Up( 58 )

Note that ¢, = 0 (i.e. v,(cq) # 0). This condition has an effect in the algorithm.
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On this condition, by the algorithm we have

4 1 5 )
2 max O,—§vp(a/5 ) if A<Oor B<O0

2B
(3.15) A= —= A B>0 C>3B

C
— ifA B>0,C<3B

Now we consider the case of p = 2. If vy(a) = 0, then A < 0 and by (3.15)

. 1
A2(P) = Alog 2 = 2max {O, —Evg(a/(SQ)} log 2 = 2uy(0) log 2.

We assume that vs(a) # 0. Then v9(d) = 0, since ged(a,d) = 1. So A, B > 0.
Since P is on E, we have the equation nd® = 3% —a3. Since n is square-free, vy(n) = 0
or 1. So only the case of vg(n) = 0 and ve(5) = 0 is possible. So B = v3(24) = 1 and
C = vy(a) + vo(a® +4nd%) > 1+2 = 3. So C > 3B, and by (3.15)

. 2B 2
Xo(P) = Alog2 = —?10g2 = —glogQ.

i

Lemma 3.16. We consider the situation of Lemma 3.12. If vs(8) = 0, then Ay(P) =
203(0) log 3. If v3(B) # 0, then A\3(P) = —1 log 3.

Proof. We compute A3(P) following (3.14), (3.15) for p = 3.
If v3(B) =0, then B < 0 and by (3.15)

. 1
A3(P) = Alog3 = 2max {O, —51)3(&/62)} -log 3 = 2v3(9) log 3.

The last equality is as follows. If v3(6) = 0, then max {0, —3vs(a/6%)} = 0. So
max {0, —1vs(a/6?)} = vs(8). If v3(6) # 0, then since ged(a,§) = 1,v3(a) = 0. So
max {0, —3v3(a/6?) } = v3(0).

We assume that v3(8) # 0. Then v3(6) = 0, since ged(5,0) = 1. So B =
v3(26/6%) = v3(B) > 0 and A = v3(3a?/6*) = v3(3a®) > 0. Since P is on F,
nd® = 8% — a3, Since v3(n) = 0 or 1, only the case of v3(n) = 0 and vs3(a) = 0 is

possible. Using the equality a® + 4nd® = 3% + 3nd°,
C = v3(3a) + v3(a® + 4nd®) = v3(3a) + v3(B* +3nd%) =1+ 1 =2.
So we have 3B > C. By (3.15)

: C 1
A3(P) = Alog3 = —Zlogi’) = —§log3.

g

Lemma 3.17. Let n € Z be square-free and E the elliptic curve y? = x® +n over Q.
Let P = (a/6%,8/6%) (a, 3,8 € Z, 6 > 0, ged(a,d) = ged(B,0) = 1) be a rational
point on E. We assume that p # 2,3. Then \,(P) = 2v,(0) log p.
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Proof. We compute \,(P) following (3.14), (3.15). At first if v,(a) = 0 or v,(8) = 0,
then since ¢ is an integer, A < 0 or B < 0. So

R 1
Ap(P) = Alog p = 2max {O, —§vp(a/52)} -logp = 2v,(9) log p.

The last equality follows from the same reason as that in the proof of Lemma 3.16.
Next we assume that v,(a) > 0 and v,(8) > 0. Then v,(0) = 0 because ged(a, §) =
1. Since v,(8?—a?) > 1 and nd® = *—a?, we have v,(nd®) > 1. But n is square-free,

vp(n) =0 or 1. So this case does not happen.
U

By the previous four lemmas, we have the following lemma.

Lemma 3.18. Let n € Z be square-free and E the elliptic curve y*> = 23 +n over Q.
Let P = (a/6%,8/8%) (o, 8,6 € Z, § > 0, ged(a,d) = ged(B,d) = 1) be a rational

point on E. Then the non-archimedean part of the canonical height of P is as follows:

hi(P) = 2logd + Ny(P) + \y(P),

where
/ 0 (v2(a) =0),
A (P) = —glogQ (v2(a) # 0).,
/ 0 (v3(8) = 0),
A3(P) = _%bgg (vs(B) # 0.
Proof.
hy(P) = ha(P) + 3g(P)+ 3 Ay(P
p#2,3
= Xa(P) + X3(P) + 3 20,(0) logp
p#2,3

= Ay(P) — 2v2(6) log 2 + A3(P) — 2v3(6) log 3 + 21og | [ p*”
p

Xo(P) — 205(6) 1og 2 + As(P) — 2v3(6) log 3 + 21og 6.

Here by Lemmas 3.12 and 3.16 we see that Ay (P)—2v5(8) log 2 and A3(P)—2v5(5) log 3
are nothing but A\;(P) and \;(P) respectively.
U

4. UNIFORM LOWER BOUND

In this section we compute a uniform lower bound of the canonical height (Propo-
sition 4.3), that is a lower bound of the canonical height independent of P € E(Q).
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Proposition 4.1. Let n € Z and let E be the elliptic curve y*> = x> +n over Q. Let
P = (a/6*3/8) (o, 8,6 € Z, § >0, ged(a,d) = ged(B,0) = 1) be a rational point
on E. We assume that n > 0. Then we have

- 1 1
Aoo(P) > —logn + = log 8 + 0.31494685.

12 5

Proof. Recall that in our definition the value of the canonical height is twice of that
n [4]. By Algorithm 7.5.7 [4] and (2.2)

2
A'_i_llog <M> _110g|9|7

(4.2) Aoo(P) = — log

16 4 2m 2

(n+1

where ¢ = exp(2miwy/wy), 0 = 300 (—1)"¢" 2 ’ sin {27(2n + 1)Re(zp) /w1 }, A is
the discriminant of F, w; and wsy are periods of E such that wy; > 0, Im(wy) > 0 and
Re(ws/wy) = —1/2 and zp is the elliptic logarithm of P. Recall that zp is the complex
number in {t;w; + tows : 0 < t,t < 1} such that p(zp) = z(P) and ¢'(zp) = 2y(P),
where g is the Weierstrass p-function.

Note that ¢ is a real number since

1
q = exp (27?2'(2) = exp <2m’ (__ +4iIm (ﬂ)))
w1 2 w1
= €xp <—7Ti — 27Im (ﬂ)> = —exp (—27r1m (ﬂ)) .
w1 w1

By Definition 7.4.6 and Algorithm 7.4.7 in [4]
2m _ 2m
=n

T AGM(2¢Bnt, V23 — 3nt) ACM(2/3,v/2v3 — 3)

where AGM(+, ) is the arithmetic geometric mean. So if we let w/, w) be the periods

of the elliptic 42 = 2% + 1, then we have w;, = n"sx w}. It turns out that w| =
4.206546315 - - - . This can be done by PARI/GP (Version 2.3.4) ([3]) as follows.

o=

El=ellinit([0,0,0,0,1]1);
El.omega

Similarly by [4, Algorithm 7.4.7], we have

wafn = ] L 1 AGM(2V3n 5,v/2V/3 + 3n?)
T  y AGM(2ant Va3 — )

1 zAGM(Z(Vg,\/Q\/g—l—S) oy
"2 2 (293,23 2

and so it turns out that ¢ = —0.163033534--- by PARI/GP as follows(the above
commands are needed).

—exp(-2xPiximag(El.omegal[2] /El.omegal[1]))
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Substituting these values and A = —432n? in (4.2), we have

1 432n2
= ]
o(P) = 76 los

>

1

—1
>16 og‘

432n? L1 4.206546315n 5 32
T — 10
0.163033535| ' 4 & 2786

1
) — 5 log|1.167385748|

:—logn—I— log /8 + 0.3149468597 - - -

53

by the trivial bound |9! <1+ lql+ gl + g%+ gl + [al"® + |g/* + -+ < 1+ ]q| +
10

ll + ql° + {45 =1.16738574713 - - -

U

Proposition 4.3. Let n be a positive, square-free integer and E the elliptic curve
y? = 2% +n. If P is a rational, non-torsion point on E, then

. 1
(4.4) h(P) > - logn — 0.147152.

Proof. By Lemmas 3.12, 3.16, 3.18 and Proposition 4.1, we have
h(P) = /@(P) + Ao (P)

> 2log d + Ay (P) + A\5(P) + 15 logn + = log f + 0.31494685

1 1 1
= 5 log & + \y(P) + {Ag(P) + —log |B|} + Elogn + 0.31494685

— logn - = log2 + 0.31494685 = — logn —0.1471512 -

- 12 3
since § € Z and Xj(P) + 3 log|B| > 0. O

5. ESTIMATE OF THE LATTICE INDEX

Let E be an elliptic curve of rank (> 2) defined over a number filed K. Let
Q1,Q2,...,Qs (s < r) be independent points in F(K). Then there exist generators
G1, Gy, ..., G, of the free part of E(K) such that Q1, Qs, ..., Qs € ZG1+ZGy+- - -+7ZG,4
by the elementary divisor theory. The index of the subgroup ZQ| + ZQs + - - - + ZQ)s
in ZG1 + ZGy + - - - + ZGy is called the lattice index of {Q1,Qs, ..., Qs}. We put

1 /- ~ ~
(@i, Q5) =5 (h(Qz' + Q) — h(@Q:) — h@j)) )
R(Qb Q27 D) Qs) = det ((Qza Qj>)1§i7j§5 .
It is known that the canonical height his a positive definite quadratic form on
E(K)/E(K)ions. When we identify E(K)/E(K)ins ~ ZGy + ZGy + - -+ + ZG, as
Z-modules, h is the quadratic form defined by the symmetric matrix ((G;, G;))1<i j<r-

Let f(x) =37 i=1 JijTiz; be a positive definite symmetric quadratic form. Then
it is known that there exists a constant ~,, called the Hermite constant such that

inf < 7, det(fi.)).
melzlg\{o}f(m)_v et(fi;)
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For example,

=17 =4/3, vi=2, 7 =4, ...

In this section we estimate the lattice index. For this we use the following theorem
of Siksek.

Theorem 5.1. ([12, Theorem 3.1]) Let E be an elliptic curve of rank r (> 2) defined
over a number field K. Let QQ1,Qa, ..., Qs (s < 1) be independent points in E(K) and
v the lattice index of {Q1, @2, ..., Qs}. Suppose that A > 0 is a constant such that any
point P € E(K) of infinite order satisfies h(P) > X. Then

v < R(Qb Q?a sy Qs)l/Q('ys/)\)s/Q-

Proposition 5.2. Assume that m = a% + 160° is square-free, ab is odd and the
discrete valuation vs(b) equals 1. If m > 6.38 x 10?2 (this is true for either a > 6321
or b > 3982), the lattice indices of { Py, Po}, {Ps, Ps}, {Ps, P} are less than 5. If
m > 19088 (this is always true), the lattice indices of { Py, Po}, { P2, Ps}, {Ps, P1} are
less than 7.

Proof. In this situation Pj, P», P3 are independent by Proposition 6.7 in the next
section. Let A = £ logm — 0.147152. Then h(P) > X for any non-torsion point
P € E.4(Q). Now by Theorem 5.1, it suffices to show that R(P;, P;)/%(ya/)\)?/?
is less than 5 or 7, when m > 6.38 x 10?2 or m > 19088 respectively for i # j
(1,7 =1,2,3). Since

R(Py, Py) = h(Py)h(Py) — }; [h(Py + Py —h(Py) B(Pg)}Q,

we have
9 4B(P2)E(P3) — 1 {}AZ(P2 + P3) — h(Py) — H(P?,)}z
{R(Pz, P3)1/2(72/)\)2/2} = § \2
_ Ah(P)h(Py)
3\
4 (3 logm + 1.0515)(3 log m + 0.5665)
3 (15 logm — 0.147152)2

The last inequality follows from Propositions 3.1 and 4.3. By elementary calculus we
see that the last bound is less than 25 if m > 6.38 x 10%2, less than 49 if m > 19088
and decreasing if m > e2.

Since the upper bound of i(P;) given in Proposition 3.1 is less than those of i(P,)
and h(P3), the cases of {Py, P,}, {Ps, P} are clear. O

6. INDEPENDENCE OF Py, Py, P3

In this section we show that in the situation of Proposition 5.2, P, P, P; are
independent and the lattice index of {P;, P;} (i # j) is not divisible by 2, 3.

Lemma 6.1. Let n € Z and let E be the elliptic curve y?> = 2% +n over Q and

Q€ EQ)\ EQ)ors- We write 2(Q) = u/s* with ged(u,s) = 1. Then Q ¢ 2E(Q)
in either of the following cases:
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(1) nis odd, u #0 (mod 8) and s is odd,
(2) n=1 (mod 9), u =2 (mod 3) and s # 0 (mod 3).

Proof. We assume that there exists R = (w/t?,2/t3) € E(Q) with ged(w,t) = 1
such that @ = 2R and deduce a contradiction. By (2.5) or the following PARI/GP
commands,

En=e11init([0,0,0,0,n]);
ellpow(En, [w/t"2,z/t~3],2) [1]

we have z(2R) = (9w? — 8w2?)/(42%t?) and so u/s® = (9w? — 8w2z?)/(42%t?). On the
other hand (z/t*)? = (w/t?)? + n since R is on E. Eliminating z,

(6.2) s*w(w® — 8nt®) = 4ut*(w® + nt®).

(1) If n and s are odd, then w is even by (6.2). Further ¢ is odd since ged(w, t) = 1.
Then vo(w(w? — 8nt®)) > 5 (note that if ve(w) = 1, w® — 8nt® = 8x even). So
va (4ut?(w® + nt®)) > 5 and therefore vo(u) > 3. This is a contradiction since u # 0
(mod 8).

(2) Assume that n =1 (mod 9), u =2 (mod 3) and s Z 0 (mod 3). Note that if
r # 0 (mod 3), then 22 =1 (mod 9) (so modulo 3 also).

Assume w =0 (mod 3). Then ¢ #Z 0 (mod 3) since ged(w,t) = 1. So the left hand
side of (6.2) = 0 (mod 3) and the right hand side of (6.2) # 0 (mod 3). This is a
contradiction.

Assume w = 1 (mod 3). If t = 0 (mod 3), then the left hand side of (6.2) =1
(mod 3) and the right hand side of (6.2) = 0 (mod 3). This is a contradiction.

If t #0 (mod 3), then the left hand side of (6.2) = 2 (mod 3) and the right hand
side of (6.2) =1 (mod 3). This is a contradiction.

Assume w = —1 (mod 3). If £ = 0 (mod 3), then the left hand side of (6.2) # 0
(mod 3) and the right hand side of (6.2) =0 (mod 3). This is a contradiction.

Note that w® = —1 (mod 9).

Ift # 0 (mod 3), then w?—8nt® =0 (mod 9) and w?+nt® =0 (mod 9). So we can
write w3 —8ntS = Wy, w3 +nt® = 9WW,. Then by (6.2) we have s*w-9W,; = 4ut?-9W,
(mod 27). So s*wW; = 4ut*W, (mod 3). Therefore —W; = —W, (mod 3). On the
other hand 9W, — 9W; = 9nt® and so Wy — W) = nt® # 0 (mod 3). This is a
contradiction. g

Remark 6.3. Assume that we can write x(Q) = u/s* = v//s”? (v/,s' € Z and not
necessarily ged(v',s') = 1). So u|u’ and s|s’. Then if v’ # 0 (mod 8), u # 0 (mod 8).
If & is odd, s is odd. If & # 0 (mod 3), s 2 0 (mod 3). If ' = 2 (mod 3), u = 2
(mod 3) since v’ = (s'/s)*u and s'/s Z 0 (mod 3).

So it is not necessary to assume ged(u, s) = 1 in Lemma 6.1.

Lemma 6.4. Let n € Z and let E be the elliptic curve y*> = 23 + n over Q and
Q€ EQ)\ EQ)ors. We write 2(Q) = u/s* with ged(u,s) = 1. Then Q € 3E(Q)

in either of the following cases:
(1) nis odd and u is even,
(2) n=1 (mod 9), u=1 (mod 3) and v3(s) = 1.

Proof. We assume that there exists R = (w/t?, z/t3) € E(Q) with ged(w,t) = 1 such
that () = 3R and deduce a contradiction. By the following PARI/GP commands
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En=ellinit([0,0,0,0,n]);
ellpow(En, [w/t"2,z/t~3],3) [1]

we have z(3R) = (642° — 144w32* 4 81w?) /9t%w? (422 — 3w?)? and so u/s* = (6425 —
144w32* + 81w?) /9t2w? (422 — 3w?)2. On the other hand (z/t3)? = (w/t?)? + n since
Rison E. Eliminating z,
(6.5) s* { (w® + 4nt®)® — 223°nw’°} = 3Puw’t* (v’ + 4nt®)>.

(1) If u is even, then s is odd since ged(u,s) = 1. Then since (w® + 4nt%)3 —
2233nw5t° is even, w must be even. So ¢ is odd since ged(w,t) = 1. Since n is odd,
vo(w3 + 4nt®) = 2 and therefore vy(the left hand side of (6.5)) = 6. On the other

hand vy (the right hand side of (6.5)) > 7.

(2) If v3(s) = 1, we can write s = 3¢’ (s Z 0 (mod 3)). So we have
(6.6) s {(w® + 4nt®)? — 223 nw’t®} = wwt*(w’ + 4nt®)?.

Now we show wt # 0 (mod 3). Assume that wt = 0 (mod 3). Then since the
each side of (6.6) = 0 (mod 3), we have (w? + 4nt%)3 — 223*nw°® = 0 (mod 3). So
w? + 4nt® = 0 (mod 3). But this does not happen since ged(w,t) = 1 and n = 1
(mod 9). So we see wt # 0 (mod 3).

Now if we assume that w = —1 (mod 3), then w? + 4nt® = —1 + 4t = 3 (mod 9).
So vg(w3 4 4nt%) = 1. Then vs(the left hand side of (6.6)) > 3
and vz(the right hand side of (6.6)) = 2. This is a contradiction.

If we assume that w = 1 (mod 3), then w® + 4nt® = —1 (mod 3). Then seeing

(6.6) modulo 3, we have v = —1 (mod 3). This is a contradiction.
U

Proposition 6.7. We assume that m = a® 4+ 16b° is square-free, ab is odd and
the discrete valuation vs(b) equals 1. Then Py, Py, Py, P, + Py, P+ P35, P, + P,
P1+P2+P3 ¢2Ea,b((@> andPl, PQ, Pg, Plj:PQ, PQ:i:P37 Plitpg, Pl—i—PQ:i:Pg,
P, — Py 4+ Py & 3E,,(Q). In particular, P, Py, Py are independent and the lattice
indices of { Py, Py, Ps}, {P1, Ps}, {P», P3}, {Ps, P} are not divisible by 2 nor 3.

Proof. To ease the notation, we put £ = E, ;. We have
2(P) = —a®, x(Py) = 2ab, x(P3) = —2ab,

2a(a® + a*b — 2ab® — 4b%)

P+ P)=
w(P+ B) (a+2b)? ’
2(a* — 3a3b + 6a2b? — 8ab® + 8b*
(P — P) = ( 22 )=
2(a* + 3a3b + 6a%b? + 8ab® + 8b*
$<P1+P3) = ( a2 )’
2a(a® — a®b — 2ab* + 4b%)
PP =
oP = Py) (a — 20)2 ’
4b* a*
ZIZ’(PQ—i—Pg):?, ZL’(PQ—P;;):W,

2a(a® + 4a*b + 8a3b* + 12a%V® + 14ab* + 8b°)
(a? + 2ab + 2b?)? ’

x(P1+P2+P3):
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2a(a® — 4a'b + 8a3b?* — 12a%b® + 14ab* — 8b°)
(a? — 2ab + 2b?)? '

Note that m = a®+166° = 1 (mod 9) since v3(b) = 1 and ged(a,b) = 1. As we saw in
Remark 6.3, we can use Lemma 6.1 without the assumption that the x-coordinate is
an irreducible fraction. Note that m in this proposition corresponds to n in Lemma
6.1.

We see that P, + P, € 2E(Q) by Lemma 6.1(2) since 2a(a® + a?b — 2ab* — 4b%) =
2a* =2 (mod 3) and a+2b=a # 0 (mod 3). Similarly P, + P3 € 2E(Q) by Lemma
6.1(2). It is clear that Py, Py, P3, Po+ P3, PL + Po + P; ¢ 2E(Q) by Lemma 6.1(1).

If there is a rational point R such that P, = 3R, then h(P;) = 9h(R). But by
Proposition 4.4 we have 9h(R) > 9(:5 logm — 0.147152) > Llogm + 0.5409 > h(P)
for m > 88, which is a contradiction. So P ¢ 3E(Q).

Since a?/(2b)? is an irreducible fraction, by Lemma 6.4(2) P, — P3 ¢ 3E(Q). By
computations we have

ZL’(Pl—PQ—Pg):

2(2P, — 2P, — P)

= a(—6144b'" + 34816ab'® — 101376a2b'® + 20454443 — 320128403 + 409472a°b'% —
439840a5b't + 403168a7b'° — 318248a%b” + 217216a°b® — 128160a'°b” + 65072a!10® —
28152a'2b° + 10200a'3b* — 3006a4b° + 684a'b> — 108a'6h + 9a'7) /b*(2b — a)2(166° —
40ab® + 56ab* — 46ab* + 28a*b* — 12a°b + 3a®)?.

We denote the numerator by U’ and the denominator by S’?. Further we write
U'/S”? = U/S? as an irreducible fraction since it is an x-coordinate of an elliptic
curve. Since v3(9a'”) = 2 and the orders of other terms of U’ is greater than 2,
v3(U') = 2. In &', v3(b?) = 2,v3(3a%) = 1 and other factors are not divisible by
3. So v3(S™?) = 4. Therefore, v3(S) = 1 and U” := U’/9, S” := S’/9 are integers.
Clearly U"/S" = U/S?. Since U"” = a'® = 1 (mod 3), U = 1 by the same argu-
ment as in Remark 6.3. So 2P, — 2P, — Py ¢ 3E(Q) by Lemma 6.4(2). Therefore
P1—P2+P3:—(2P1—2P2—P3)+3(P1—P2) gSE(@) We have

$(2P1+2P2+P3)

= (4096b'® + 24576ab” + 71680a2b'® + 135680a°b'® + 188160a*b* + 204800a°b® +
181632a°0'? + 133536a"b'! + 83488a®b'° + 4847240 + 30720a'°0® + 224644107 +
16496a'20°+10584a'3b°+-5496a'b* +2178a50® +612a°0? + 1084 "b+9a'®) /a?b? (480° +
128ab® + 156a%b* + 114a3b® + 56a*b? + 18a°b + 3a)?

and by the same argument as above, we have 2P, + 2P, + P; ¢ 3E(Q) by Lemma
6.4(2). Therefore P, + Py — Ps=—(2P, + 2P> + P3) + 3(P1 + P2) € 3E(Q). We see
that PQ, Pg, P1:|:P2, P2+P3, P1:|:P3, P1+P2+P3, Pl—PQ—Pg g?)E(Q) by Lemma
6.4(1), since the denominators of the z-coordinates of them are all odd.

Next we prove the latter assertion of the proposition. By the elementary divisor
theory there are generators Gy, ...,G, € E(Q) and M € M;3(Z) such that

Py G
(6.8) P | =M| G,
P3 GS
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Note that the lattice index of { P, P, Ps} equals | det M|. Let p be a rational prime.
We have

P1 3 Gl
(6.9) Py | =M | Gy | (modpE(Q)),
Pg G3

where M is the image of M in M3(Z/pZ). We assume that there exists A €
GL3(Z/pZ) such that AM has the row [0 0 0] and deduce a contradiction. Since
we may assume that the first row is [0 0 0], by the left multiplication of A on (6.9)
we have

k?lpl—f—kgpg—f—k'gpg 000 G1
(6.10) * = | % * x Go (mod pE(Q)),
* X k% Gjs

where [ky ko k3] is the first row of A. But the former assertion of this proposition
implies that ki Py + ks Py + ks P3 ¢ pE(Q) (p = 2,3) for any (ky, ko, ks) € (Z/pZ)” \
(0,0,0). This is a contradiction. Therefore det M is not congruent to 0 modulo 2 or

modulo 3.
By the same argument as above, the cases of { P, P>}, { P, Ps}, { P, P, } follow. O

Remark 6.11. By the same reason as above, if we verify that P, P, P35, P, £ Ps,
Py£Ps, Ps£ P, Pi£2P,;, Po£2P;, Py£2P, ¢ 5E,,(Q), we can prove that the lattice
indices of {Py, P2}, {P», Ps}, {Ps, Pi} are not divisible by 5. Note that P ¢ 5E(Q)
amounts to kP ¢ 5E(Q) (k = £1,42). For 3 < a < 6321, 3 < b < 3982 we can
verify this by the function DivisionPoints of the software Magma ([1]).

Now we can finish the proof of our main theorem.

Proof of Theorem 1.3. For a > 6321,b > 3982 by Propositions 5.2, 6.7 the lattice
indices of {Py, P»}, {P2, P3s}, {Ps, P1} equal 1. For 5 < a < 6321,3 < b < 3982
by Propositions 5.2, 6.7 and Remark 6.11 the lattice indices of {Py, P2}, { P, P3},
{Ps, P} equal 1. This completes the proof of Theorem 1.3.

Ul

We prove that there are infinitely many (a,b)’s which satisfy the condition of The-
orem 1.3.

Lemma 6.12. The set

S::{m:a6+16b6eZ

a,b € Z~o, m : square-free
ve(ab) =0, v3(b) =1

is an infinite set.

Proof. We put

So = {m = (2k + 30)° + 16(6k — 91)° € Z

k,l € Z~o, m : square-free } )

For (2k + 30)° + 16(6k — 91)° being square-free it is necessary that vs(k) = vy(l) = 0.
Hence Sy is a subset of S. From Greaves’ theorem ([8, THEOREM]) we see that
Sp is an infinite set, since (2z + 3y)% + 16(6x — 9y)% = 8503785y5 — 34009308xy° +
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566919002%y* —503841602>y3+25196400zy> — 67178882y + 74656025 is an irreducible
polynomial over Z. This is verified by the function factor of the software Maple ([2]).

Therefore S is an infinite set.
OJ

7. UNIFORM BOUNDS OF Z/(P’)

We use the notation of (3.3), (3.4). In this section we prove Lemmas 3.7 and 3.8,
which were used in Proposition 3.1 to give bounds of z/(P’") which is independent of

P e Ea,b(@)‘
In the proof below, we used Maple for all computations including numerical eval-
uations.

Proof of Lemma 5.7. Since the Weierstrass equation of E, is v = (x —d)® +m,
the correspondent values to (3.3) are as follows. @} = a4 = 0, @}, = —3d, ) = 3d?,
ag = m —d3 b, = 6d%, by = 4m — 4d?, by = 3d* — 12dm. Putting z = z(P) for
P e E,,(Q) with (3.4), we have

6d? dm —4d*  3d'—12dm x4+ 4dz® — 8ma + 4dm
(x4 d)? (x4 d)? (x+d* (x +d)*
Since 2° +m = y*> > 0, x > —m!/3. Clearly d > m!'/3 since (3a% + 4b%)3 >
(2a? + 4b*)3 > (a® + 1609).

Z(P)=1-

Ifx>0
2t + 4dx® — 8ma + 4dm < x? N 4dx? N 4dm
(z +d)* T (e+d)t (z+d)t (z+d)?
<14+444=09.
Ifxr<0

ot +4da® — 8ma +4dm 2 (x +4d)  —8ma + 4dm
(x+d)* (v +d)? (z + d)*
—8ma +4dm  8m3 + 4dm
< . .
T
Assume d = 2a* + 40*. Putting Y = (a/b)? yields

S+ adm 8 (V2 +16) (V3 +16)% +Y +2)

1 1 1
(—m3 + d)* ((Y3+16)§ —2Y—4>
We denote the right hand side by ¢24(Y). Then
J 48 (Y2 — 8) (21/ (Y3+16)§+4(Y3+16)§+3Y3+48)

592,4(3/) = -

2 1 5
(V3 +16)5 ((Y3 116)5 —2Y — 4)

wl—

Since (Y3 +16)% —2Y —4 <0, g24(Y) has a minimum at ¥ = V8 and a maximum
at Y = —+/8. But Y > 0 and therefore

g2.4(Y) < max { lim go4(Y), lim 92,4(Y)} )
Y—0 Y —oo
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Since g2.4(0) = 120.53163357 - - - and limy o, g2.4(Y) = 16, we have 2/ (P') = g24(Y) <
120.531634.
The case d = 3a? + 4b* is similar and we have 2/(P’) < 120.531634. O

Proof of Lemma 3.8. We use the notation at the beginning of the proof of Lemma
3.7. We put x = 2(P), u = u(P) := z/d and ug = —m*/?/d. Then u > uy > —1,
since x > —m!/? > —d. Putting Y = (a/b)? with substitution d = 2a* + 4b? yields
‘P ot + 4dx® — 8max + 4dm  d*ut + 4d*uP — 8dmu + 4dm
z — =
(x4 d)* (du + d)*
C 2ut(YP 4 6Y? +12Y +8) + 8uP(YP + 6Y? + 12V + 8) — 2u(Y? +16) + Y? + 16
B 2(u + DAY +2)3 '
We denote the last function by f(u,Y’). Computing the derivatives, we have

of  3(2u—1)(Y2—8)

Y (ut DAY +2)
Of _ (Y +uY?® — V° 4 247V 4 48u%Y + 324° + 16u — 16)
ou (u+1)5(Y +2)3

(u—uy)(u— ug)

= 12(Y2+6Y2+12Y + 8 ,
( )( +1)3(Y 4 2)3

where
VITYS £ 96Y5 + 192Y4 1 416Y3 + 1536Y2 + 3072Y + 2304 + Y3 + 16
Uy = —
! 8Y3 + 48Y2 + 96Y + 64 :
VITY® £ 96Y5 + 102Y 4 1 416Y3 + 1536Y2 + 3072Y + 2304 — Y3 — 16
U = .

8Y3 4 48Y2 + 96Y + 64
It is easy to see u; < 0 < ug for any Y (> 0). Considering the increase or decrease of
f(u7 Y)7 we have f(ua Y) > Hliﬂ{f(uo’ Y)7 f(uQJ Y)}

At first we consider f(ug,Y). Since d = 2a® + 417,
2t + 4d2® — 8max + 4dm

Flug,Y) = f(—m3/d,Y) = I

1
r=—m3
4 4
=3 Y3 1 =3
- omr MVZHI6) o 75795080 -

(d—m3)*  (2Y +4—(Y3+16)35)*

The last inequality follows from elementary calculus.
Next we consider f(ug,Y).

#wY) _0f)  duwe  OF)  dY
dy oul,_,, dYy ~oY|._. dY
_of
_ayu:ug

3(2us — 1)(Y? — 8)
(ug + DY +2)*

Here we see 2us — 1 < 0 by simple calculation. So f(ug,Y) > f (u2(\/§), \/g) =
0.06232685 - - - . Therefore 2'(P') = f(u,Y) > 0.062326.




20

YASUTSUGU FUJITA AND TADAHISA NARA

The case d = 3a? + 4b* is similar and we have 2/(P’) > 0.03806854 - - - . O
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