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ABSTRACT. Let G be the general symplectic group of degree 4 defined over a non-
Archimedean local field. We define p-adic generalized Whittaker functions for the
Siegel parabolic subgroup of G, which naturally appear as the Euler factors of the
Fourier coefficients of the Eisenstein series for the Borel subgroup of G. We will
show an explicit formula and estimate its Euler product.
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1. INTRODUCTION

Let G be a connected reductive algebraic group defined over a non-Archimedean
local field F'. The study of Whittaker functions on G has a long history. For example,
if G = GL(2), an explicit formula for the Whittaker function is well-known (See [5]).
Shintani proved an explicit formula for the case G = GL(n) and expressed it by Schur
polynomials in [16]. Casselman and Shalika generalized Shintani’s result to the case
where G is split in [3]. Li further generalized it to the case where G is quasi-split in
[8]. Reeder [14] etc. also studied p-adic Whittaker functions. However, the Whittaker
functions we will consider may be a little different from theirs because our interest is
the functions as the Fourier coefficients of the Eisenstein series described as follows.

In this paper, we mainly consider the local theory of Whittaker functions. However,
we review the global theory of the Fourier expansion of the Eisenstein series for the
Borel group of G = GSp(4) to describe our motivation of this study. Though the
notion of the Fourier expansion has yet to be established for general reductive groups,
it is known that there is such a notion for G = GSp(4). Let k£ be a number field and
A its adele ring. We use the notation Gy, G, for the group of k-rational points and
the adelization of G respectively. Let B be the Borel subgroup of G whose unipotent
radical N is generated by matrices in the form

1 1
I A1 1 i 1
n1(U1) = 1 —uy ,nz(UQ,U3,U4) Ty us 1
1 Uz Uy 1

Let P be the Siegel parabolic subgroup of G and U the unipotent radical of P. Then
U consists of matrices in the form ng(ug, us, us). Let

52{22(21,22,23724) €C4‘Zl+23222+24:0}



and Fg(g, z) be the Eisenstein series for the Borel subgroup B, where g € G,z € S.
For any character ¢ of Na/Nj, we consider the integral

/ Ep(gn(u), ) (n(u) )du. (1.1)
Ny /N
Moreover, for any character 1 of Uy /Uy, we consider the integral

/U/U Eg (gn(u), z) a(n(u))du. (1.2)

Then the function Eg(g, z) can be expressed as follows:

Balg. ) =3 Y [ Balgnn(u),2)in(n(w)du

(1.3)
S5 [ Ealgnt) Waln(w)in

where I'y,,T'y, are certain subsets of Gj. We call (1.3) the Fourier expansion of
Eg(g,z). The integrals (1.1), (1.2) can be expressed in terms of the global Whittaker
functions, which have Euler products. We call the Euler factors the local Whittaker
functions. The functions related to (1.1),(1.2) are called the global Whittaker func-
tions for the Borel subgroup of G, the global generalized Whittaker functions for
the Siegel parabolic subgroup of G respectively. The local generalized Whittaker
functions for the Siegel parabolic subgroup of G are our main concern. The exact
definition of p-adic generalized Whittaker functions will be given in Section 4.

We describe the outline of this paper. Let O be the integer ring of F', p the
maximal ideal of O and ¢ the cardinality of the residue field O/p. In Section 4, we
will define the p-adic generalized Whittaker function W («, z). This is a function of
a=(2%)e GLQ2)r, 2z = (21,2,23,21) € S. Let W(a, 2) be the function defined
by

W(a,2) = W(a,2)(1 + ¢ BV (1 — g~ m20FY),

The following four theorems are our main results.
Theorem 4.4. Unless s, 2a3,a4 € O, W(a, z) = 0.
Theorem 4.5. Suppose that F' is not dyadic. Then W (a, z) is computable.

Theorem 4.6. Suppose that F' is not dyadic, as # 0, and z € S(0,0) (see Definition
4.1 for the definition). Then there exist constants ej,es = 0 independent of F' such
that

W (e, Z)‘c < (ord(aw) 4+ 1)**(ord(D,,) + 1).

Theorem 8.3. Let 1,79, > 0. Then there exists a constant C(rq,rq,¢) such that
if agr € A (the finite part of the idele group) and z € S(r1,rs), then

|Wf(0€f, Z)|(C é O(Tla Tro, g)N(Oé2>EN(-DOt)€7

where N(az),N(D,,) are the ideal norms of ay, D, respectively.



We prove in Theorems 4.4, 4.5 that W («, z) is computable. It does not mean that
the value of W («, z) cannot be actually obtained though it is possible to calculate
theoretically. The proof of Theorem 4.5 shows the method of obtaining the value of
W (a, z). However, since there are a lot of cases and we have not found an intrinsic
interpretation of our result, we do not determine the value of W («, z) for all cases.
Next, we prove in Theorem 4.6 that W («, z) is bounded by a power of divisor sums.
Since we would like to use the bound to estimate the global generalized Whittaker
function, it is desired that the bound does not depend on places. We prove in The-
orem 8.3 that the product of these divisor sums in Theorem 4.6 is estimated by the
ideal norm. Therefore, we expect that we can obtain a good estimate for the global
generalized Whittaker function. We shall consider an application of the global gen-
eralized Whittaker function to the Eisenstein series for the Borel subgroup B in the
near future.

The proofs of Theorems 4.4, 4.5 will be carried out in Sections 5, 6. First, we
show that W(«, z) = 0 unless s, 2a3, ay belong to O in Section 5. Second, we show
that W (a, z) is computable for general o when F' is not dyadic in Section 6. In the
case G = GL(n), the orthogonality of characters was an essential tool. But in the
case G = GSp(4), we must consider not only linear characters but also quadratic
characters. To treat these quadratic characters without using Gauss sums, we use
Hensel’s lemma and try to reduce the consideration to that of linear characters. The
proof of Theorem 4.6 will be carried out in Section 7. By the global consideration,
it turns out to be enough to consider the case as € A*. The proof of Theorem
8.3 will be carried out in Section 8 by using Theorem 4.6. Since the number of the
dyadic places is finite, we can use a trivial estimate of the p-adic Whittaker function
at dyadic places. Notation regarding the global situation will also be introduced in
this section. Finally, we provide some examples of the values of the p-adic generalized
Whittaker function in Appendix A.

In this paper, we did not consider Whittaker functions at Archimedean places.
However, they are also important. Some results on Whittaker functions on Sp(4,R)
have been proved by Ishii [6], Miyazaki [9], Miyazaki-Oda [10], Moriyama [11], [12]
and Oda [13].

2. NOTATION

In this section, we establish our basic notational conventions. More specialized
notation will be introduced in the section where it is required.

The standard symbols Z, Q, R and C will denote respectively the set of rational
integers, rational numbers, real numbers and complex numbers. The set of positive
integers is denoted by N. If a € R, then the largest integer z such that z < a is
denoted by |a]. The set of positive real numbers is denoted by R,. If R is any ring,
then R* is the set of invertible elements of R.

Let F be a finite extension of Q,. Then O denotes the ring of integers of F', | | the
normalized absolute value on F, m a uniformizer in O, p the maximal ideal of O and
q the cardinality of O/p. If a € F and (a) = p’, then we write ord(a) = i. Let ( ) be
a character which is trivial on O and non-trivial on 7710. We choose a Haar measure
dx on F so that [, dz = 1. For z € C, we denote Re (resp. Im) real (resp. imaginary)



part of z. Let | |c be the usual absolute value, i.e. |z|c = \/Re(z)? + Im(z)? (not
Re(z)? +1Im(z)?! ) for 2z € C.

3. IWASAWA DECOMPOSITION OF GSp(4)r

In this section, we review the Iwasawa decomposition of GSp(4)r whose maximal
compact subgroup is GSp(4)e.

If R is any ring and n € N, then M (n)g is the ring of n x n matrices and GL(n)g
is the group of invertible elements of M (n)g.

First, we establish basic notations regarding the group GSp(4)r.

Definition 3.1. Let I,, be the unit matrix of GL(n)g, O,, the zero matrix of GL(n)g,
and J = (—12 12) . We define

This group is called the general symplectic group of degree 4.

Next, we define subgroups of GSp(4)r which are needed to describe an Iwasawa
decomposition of GSp(4)p.

Definition 3.2. We define

tst, 1
o 215 ) X — 1 .
T = t;l t,EF 7N1_ Uy Uz 1 UZGF ,
ty? Uz Uy 1
1
A U L [ m e Py N =N Ny K = GSp(d)o.
—u1
1

The subgroup 7' is a maximal torus, B = T'N is a Borel subgroup, and N is the
unipotent radical of B.

The following theorem is well-known and describes the Iwasawa decomposition and
the Cartan decomposition of GSp(4)p.

Theorem 3.3. The subgroup K is a mazimal compact subgroup of GSp(4)r. The
group GSp(4)r has the following decompositions

GSp(4)p = KTK = KTN.

Proof. The proof of this theorem is almost the same as in [15, Sec. 9]. Note that the
only difference between [15] and our case is the choice of a skew-symmetric matrix J

1
and a Borel subgroup B. In [15], J = ( ot ) and B is the set of upper triangular
-1

matrices. O



4. THE p-ADIC GENERALIZED WHITTAKER FUNCTION

In this section, we define the p-adic generalized Whittaker function and state our
main theorems. The proofs of these theorems will be carried out in the next three
sections.

By Theorem 3.3, any element g € GSp(4)r can be written as h(g)t(g)n(u(g)) where
h(g) € K,t(g) € T, and n(u(g)) € N. Since we only consider elements whose diagonal
part of the Iwasawa decomposition belongs to T'N Sp(4)r, we use the following
notation.

Definition 4.1. We use the notation

t1_1 for t1,ty € F*.
ty
Let t* = [t1]"7%8|to]*~* for t € T N Sp(4), 2 = (21, 22, 23, 24) € C*. We consider the
sets
S={z=(21,22,23,2) € C' |21 + 23 = 25 + 24 = 0},
S(r1,1m2) = {2 = (21, 22, 23, 24) € S|Re(z1 — 23) > 11, Re(20 — 24) > 12}

Let p be half the sum of the weights of N with respect to conjugations by elements
of T. We can regard p as an element of S. By an easy computation, t* = |t;|?|t2|.

Foru = (¥243) € M(2)r , let n(u),n’(u),n”(u) be the following matrices
1 1 Uus 1
1 1 us u 1 U
ww =, L= oty | D
U3 Ug 1 1 1
and let
1
- 1
[ |
1

Next, we define the p-adic generalized Whittaker function.

Definition 4.2. For a = (a2 53 ) € GL(2)p, z = (21, 22, 23, 24) € S, we define
W(a, ) = / H(n ()7 (tr (o) duadusdus. (4.3)
FxXFxF

We call this function the p-adic generalized Whittaker function for the Siegel parabolic
subgroup of GSp(4).

We define a function W (a, z) of a, z by

Wi(a,z) = W(a’ 2)(1+ q*(21723+1))(1 _ q*(22*24+1))_
The following theorems are our main results.

Theorem 4.4. Unless ag,2as, a4 € O, W(a,z) = 0.



Theorem 4.5. Suppose that F is not dyadic. Then W («, z) is computable.

Theorem 4.6. Suppose that F' is not dyadic, ay # 0, and z € S(0,0). Then there
exist constants ey, es = 0 independent of F' such that

W (v, Z>‘<c < (ord(ag) + 1) (ord(Dy) + 1)

For the rest of this section, we will prove an integral formula for W (c, z) in Lemma
4.9. The remainder of the proofs will be carried out in Sections 5 to 7. To state
Lemma 4.9, we use the Iwasawa decomposition of the element (%) in GL(2)r. We
need the following definition for that purpose.

Definition 4.7. For u € F, we define

() = 1 ifue O, s(u) = 0 ifueQ,
S lut ifué¢ O, B

Then it is easy to see the following equation:

<(1) qf) - <1—_sf@(tl>b) Cﬁ@f) (C%L | c(u0)1> <c(u)1s(u) (1)> (4.8)

which is the Iwasawa decomposition of ({%).

Lemma 4.9. The function W (a, z) has the following integral formula:

VV(O[7 Z) = / |C(U2)|Z2_Z4+1|C<U3)’Z1+Z2_23_Z4+1|C(u4)|21_23+1
FXFxF

(4.10)

x {aoc(uz) 2uy + ags(ug)e(ug) tui + 2asc(ug) Hus + aguy)

X dUQ dU3dU4 .

Proof. 1t is easy to see that t(gt) = t(g)t for ¢ € GSp(4)p,t € T. Note that 7 € K.
By multiplying 7 from the left, we can bring variables us, us, u4 to the upper right
side as follows:
1 Ug U3
n(u)r =71mn(u)r =71 L u13 2

1

We consider the Iwasawa decomposition of this element. By (4.8),

1 Uqg U3 1 Uy 1 us
1 us U2 1 1 us U2
1 N 1 1

1 1 1
c(uy) 1 1 us
—h 1 1 1 us U2

- c(ug)™! c(uy)s(uyg) 1 1 ’

1 1 1



where h; € K. By easy computations,

1 1 u3
1 1 us U2
c(ug)s(uy) 1 1
1 1
1 Uus
. 1 us U9
c(uy)s(uy) 1 c(ug)s(ug)us
1
1 Uus 1
_ 1 ug Us c(ug)s(ug)us 1 .
c(uyg)s(uyg) 1 c(ug)s(ug)us 1 —c(ug)s(ug)us |
1 1
1 usg
| c(ug)s(ug)us 1 ug ug — c(ua)s(ua)ug
c(uyg)s(uy 1
1
1 us 1
| clug)s(ug)us 1 ug ug — c(ug)s(ua)ug 1
| c(ug)s(uy 1 —c(uy)s(uy) 1 "2
1 1
1 us
B 1 uz ug — c(ug)s(ug)us
- 1 n27
1
where ni,ny € N. Therefore
c(uy) 1 us
B 1 1wz uy — c(ug)s(uy)ul
n(u)T = hy ofug) ! 1 Ny
1 1
1 c(ug)ug c(ua)
_ 1 clug)ug us — c(ug)s(ug)us i 1
2 1 3 C(U4)71 )
1 1

where hy € K,n3 € N. Let uh = uy — c(uy)s(ug)ui, uy = c(ug)uz. Then dusduzduy =
|c(uq) |~ dubydulyduy. By this change of variables, (4.3) is equal to

[ Jetw e
FXFXF

X {qguy + ags(ug)e(ug) Hui + 2asc(ug) tus + aguy)dugduzduy.

(4.11)



Next we consider the Iwasawa decomposition of n'(u). If uz ¢ O, then |uz'| < 1. So

1 U3 ugl
1 Ui:a ur | g
1 1
ugl
= hy
1
ugl
= hy

where ny,ns € N. Therefore

1 U3 ugl
1 us w
13 2 — hy
1

If ug € O, then

1 us 1
I ug wus | 1 wus
1 o 1
1

-1
uzg' —1
1
Uz ! Uglsz
1 us (75)
us
Ug !
Usg
Uusg
1 U2
uz' 1 upuy
1
1 (%)
uz' 1
1
1 U9
uz' 1
1
U
1 2 ns,
1
ugl
Uus
us
us 1
1
1
1

1

Ty

1

Uus
1

Uus
U2

1

Y

Ny

(4.12)

(4.13)



where

e K.

By (4.12), (4.13), we can express n'(u) as follows:

1 us c(us) 1

1 ug ug | c(us) 1 Uz

1 = ha c(uz)™* 1 16
1 c(us)™! 1
1 c(ug)
B 1 c(uz)*us c(ug)
=y 1 ny C(Ug)_l )
1 c(uz)™!

where hy € K,ng,ny € N. By replacing c(u3)?us by us, (4.11) is equal to

[ e ) e )
FxXFxF

x {apc(uz) 2 uy + ags(ug)c(ug) " uz + 2asc(ug) " us + agug)dusdusduy.

(4.14)

By (4.8),

= hsns
c(uz)™!

where hs € K,ng € N. So t(n”(u))** = |c(uz)|?2~**! and (4.14) is equal to (4.10).

U

5. PROOF OF THEOREM 4.4

In this section, we prove Theorem 4.4. Throughout this section, we assume that
either aw, 2a3 or oy does not belong to O. We shall show that W («, z) = 0 under this
assumption. Roughly speaking, the proof of Theorem 4.4 is based on the fact that
integrals of non-trivial characters on compact groups are 0. The following lemma is
well-known.



Lemma 5.1.

/ (TIu)ydu = 0 . ity <0, (5.2)
w0 g ifi+j =20,
0 ifi+j+1<0,
/. (TIuydu = { —q~(+D ifi+j+1=0, (5.3)
mor ' A—q¢ Y difi+ji+1>0.
Proof. See [18, Lem. (2.3.3), p. 42]. O

By considering the integral with respect to us in (4.10), the p-adic Whittaker func-
tion on GL(2) appears in W (a, z). So we recall known facts on the p-adic Whittaker
function on GL(2).

Definition 5.4. For a € F'*, 2z € C, we define

Waa, =) = / () [ (o dus.
This function is called the p-adic Whittgker function on GL(2).
Lemma 5.5. Let a € 7¢O,z € C. Then
0 if c <0,

Wo(a,z) = ¢ 1— ¢ = (1— g ©D%)  ife>0. (5.6)
1—q>*
Proof. See [18, Prop. (2.3.4), p. 42]. O

First we consider the integral with respect to uy in (4.10).
Lemma 5.7. If as ¢ O, then W(a, z) = 0.
Proof. Since c(u3) € O, |c(uz)™?| = 1. So this lemma follows from Lemma 5.5. O

So we assume that 2as ¢ O or ay ¢ O. We divide the limit of the integral in (4.10)
as follows:

Wins) = [ felun) e e
XX

x {apc(us) 2ug + 2a3us + gty dugdusduy

#> g [ (a7
n—1 FxOxn—nOX (58)

X {qtiy + (Qou3 + 2033 + g )ug) dugdusduy

+ Z q—m(zl+zz—23—24+1)—n(z1—zg—i—l)/ |C(u2)|zg—24+1

mmn=1 Fxn=—mOXxg=nOX
X {puzty + (ou3 + 203us3 + oy )uy) dugdusduy.
To prove Theorem 4.4, we show that each term of (5.8) is equal to 0.

Lemma 5.9. If 2a3 ¢ O or ay ¢ O, then the first term of (5.8) is equal to 0.

10



Proof. If ay ¢ O, then fo(a4u4)du4 = 0 by Lemma 5.1. By Lemma 5.7,

/ le(u2) |27 e(ug) | T2 4 (ane(us) ~Pug + 203us) dusdus
Fxm—mQOX

:/|C(u2)|z2_24+1<O{27T_2mUQ>dU2/ |c(ug) [ T2 7244 (Qa5us) dus
F T=mOX

for m 2 1 and

/ |le(ug) |2 e (ug) [ H22 757510 (g e(ug) ~2ug + 2asus)dugdus
Fx0O

:/|C(U2)|Z2_z4+l<OéQUQ>dU2/<20é3U3>d’LL3.
F @

If 2a3 ¢ O, these values are 0 by applying Lemma 5.1 to the integral with respect to
ug. Therefore the lemma follows. [

If we try to compute W («, z), we have to consider integrals of the form

/ {au?® + bu + c)du.
F

We prove the following lemma for that purpose.

Lemma 5.10. Suppose that |a| < |b|, |c| < |b|. Then the map
1
(pZOB’U—>E(CL’U2—|—bU+C) €O

is bijective. If |c| < |b], plox : OF — O is bijective, too.

Proof. Since |v| £ 1, ¢ is well-defined. If p(v1) = ¢(vs), then
(v1—w2) (a(vy + v2) + b) = 0. Since |a(vy+v2)| < |b], v1 = vy follows. So ¢ is injective.
For any w € O, let

FX) =b (aX2+bX +¢)—w e O[X], B= —g+we 0.

Since
f(B)=b"ap*€p, f(B)=b"(2aB+b) € O,
there exists v € O such that f(v) = 0, i.e. ¢(v) = w by Hensel’s lemma. So ¢ is

surjective. We can show that ¢|px is bijective by an argument similar to the case
le| < [0]. OJ

Lemma 5.11. If 2a3 ¢ O or oy ¢ O, then
/ ((avpu3 + 2azusz + ag)uy)dusdug = 0
Oxm=nOX*

for n = 1. Therefore the second term of (5.8) is equal to 0.

Proof. If ord(ay) < ord(2ag), then |aou3 + 2azus + au] = || > 1 for ug € O. By
Lemma 5.1,

/ {(agul + 203us3 + ay)uy)dusduy = / du;;/ {oquy)dug = 0.
Oxn—nOX* (@] T—nOX%

11



We assume that ord(ay) 2 ord(2as). Then 2a3 ¢ O by assumption. By Lemmas 5.1
and 5.10,

/ <(042’LL§ + 2@3U3 + Oé4)U4>dU3dU4 = / <20&3’U/3U4>dU3dU4 =0.
Oxm—nOx Oxm—nOx

Next we consider the third term of (5.8). It is equal to

o0
Z q—m(z1+zg—z3—z4+1)—n(zl—Z3+1) / |c(u2) |22—Z4+1 <a2ﬂ_—2mu2>du2
F

m,n=1

X / ((apui + 203us3 + ay)uy)dusduy.
T=mOX xg—nOX

If a2 ¢ O, then the third term of (5.8) is equal to 0 by considering the integral
with respect to uy. So we can assume that apm 2" € O.

Lemma 5.12. Suppose that aon ™2™ € O. If 2a3 ¢ O or ay ¢ O, then the integral
/ ((auj + 203us3 + ay)uy)dusduy (5.13)
TmmOX xr=nOX

is equal to O for m,n = 1. Therefore the third term of (5.8) is equal to 0.

Proof. Note that ay ¢ O or 2asuz ¢ O. If the orders of aym™2™ 203m™™, iy are
distinct, (5.13) is equal to 0 by considering the integral with respect to us. So we
only consider the following cases:

(1) Jagm™2™] = |2a37m™™|,m > 0,
(2) laam™"| = Jou|,m > 0,
(3) [2asm™™| = ||, m > 0.
First we consider the case (1). By assumption of the case (1), apm 2™ 2037 ™ €

O,a4 ¢ O. So

/ ((avpu3 + 203usz + oy )uy)dusduy = / (aqug)dugduy =0
TmOX X OX TmmOX xr=rOX
by Lemma 5.1.

Next we consider the case (2). By assumption of the case (2), aom 2™, ay €
O, 2031 ¢ O. So
/ ((apuj + 203u3 + ay)ug)dugduy = / (2aiuzuy)dugduy =0

T=mOX xTOX T=mOX xT=OX
by Lemmas 5.1 and 5.10.

Finally, we consider the case (3). Since ord(ay) = ord(2azm™™) = ord(2asus),
a4 ¢ O in this case. We choose z; € O*(i =1,...,¢ — 1) so that

O =J(i+p) (x;€0). (5.14)

1

12



By (5.14) and Lemma 5.10,
/ ((OéQU§ + 203uz + ) ug)dugduy
—mOX xpnOX
= qm/ (o ™™} + 203 " ug + g ug)dugduy
OX X TLOX

= ¢m! Z/ (™™ (2; + Tuz)? + 203w ™ (; + Tuz) + ) ug)dusduy

= ¢! Z/ <(O{21’?7T_2m + 2a3x,m " + oz4) u

+ (a27r 2mtly? 42 (ozgzz;Z —am 0z37rfm) u3) uy)dugduy

=gm ! Z/ ((ao@im ™™ 4 2031;m ™ + ) us

Oxn—nOX
+ 27 (agxﬂr + 0437r_m) Uzuy)digduy,

where we applied Lemma 5.10 for the case ¢ = 0. For any uy € n7"O%,

/ <27T (OZQZEZ"R'_%” + ()é37T_m) 1I3U4>d123 = / <20437T_m+1?]:3U4>d123 =0
o o
by Lemma 5.1. So the lemma follows. ([l

Proof of Theorem 4.4. If ay ¢ O, then W(a,z) = 0 by Lemma 5.7. Otherwise,

2a3 ¢ O or ay ¢ O. Then each term of (5.8) is equal to 0 by Lemmas 5.9, 5.11 and

5.12. This completes the proof of Theorem 4.4. U
6. PROOF OF THEOREM 4.5

In this section, we prove that W (a, z) is computable. In Sections 6, 7, we assume
that F is not dyadic and o; € O for i = 2,3,4. We define D, = a3 — asay. For
convenience, we use the following notation:

a= q’(zl’zi”), b= q’(zrz“), T=q'¢= ord(a;), co = ord(Dy,). (6.1)

First, we show that W (q, z) is invariant by the action of lower triangular matrices
of GL(2)p whose diagonal parts are 1.

Lemma 6.2. Let g = (19) € GL(2)o and B = galg. Then W(a,z) =W(S, z).

Proof. Let v = (91), v = ‘g 'ug™'. By easy computations,
tr(au) = tr (g’lﬁtg’lzL) = tr(fv),

)0 )N )
(e ()

dUQ d’lL3dU4 = dUQd"Ugd’U4 .
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So

W(a, ) = /F FFt((i 1) <y ”)>Z+p (b (o)) duadusdus
RIS s

=W(g,2)
0
It is easy to see that By = an, B3 = x + as, B1 = r? + 2037 + au.
If |as| < Jag|, then B3 = 0 for z = —a; 'as.
If |ag| > |awl, |as| 2 |aal, then there exists € O such that 5, = 0 by Lemma 5.10.
For this z, |03| = |aox + as| = |as| > |az| = |Ba].

Otherwise, |ay| > |ag| > |azl.
By Lemma 6.2 and the above consideration, we only consider « in the following
five cases:

].) 3 = 0,

ag =0, |as| > |as| # 0,

Qg = (g = 0,

|Oé4| > |043|,Oég =0,

|Oé4| > |043| > |042| 7& 0.

We divide the limit of the integral in (4.10) as follows:

Wiae) = [ fefu) e
FxFxO

x {aac(us) 2ug + 20i3us + gty dusdusduy

o'} 0
£33 g | )]+

n=1 m=—oco Fxn—mOX xg—n@Ox% (63)

(
(
(
(
(

— — —

2
3
4
5

X {qtiy + (ou3 + 2033 + g )ug) dugdusduy

+ Z q—m(z1+zz—23—24+1)—n(z1—Z3+1)/ |C(U2)‘22_Z4+1

mmn=1 Fxm—mOXxg=nOX
2 242 dusdusd
X <a2u3uQ + (OéQU3 + 2asus + 044)164) U2 QU3 AUL

and show that each term of (6.3) is computable. The computation of the first term of
(6.3) is straightforward, and will be given in Proposition 6.4 and Corollary 6.8. We
shall compute the second and third terms of (6.3) in Proposition 6.13.

Now we consider the first term of (6.3).

Proposition 6.4. Suppose that ag, a3 # 0. If [ord(az)/2] < ord(as), then the first
term of (6.3) is equal to

(1= bT)(1 — 6or4e2*) ab(1 — bT)(1 — T)(1 — (ab) )2
1= b * (1= b)(1 —ab)
ab*r(@2) (1 — pT) (1 — T)(1 — (a/b)lord(e2)/2])
(1=b)(1 = (a/b)) '

14



Iford(as) + 1 < |ord(awe) /2], then the first term of (6.3) is equal to

(1 —bT)(1 — perdlez)+1) N ab(1 — bT) (1 — (ab)ord(@s))
1-b (1—1b)(1 — ab)
ab® 2 (1 — bT)(1 — (a/b) ) abT (1 — bT)(1 — (ab)d(e) 1)
(1 =0)(1 ~(a/b)) (1—b)(1 —ab)
ab® )T (1 — bT)(1 — (a/b)ordlea) )
(1-0)(1 ~(a/b))

Proof. By an easy computation, the first term of (6.3) is equal to

/ |C(u2)|z2—z4+1|c<u3)|z1+zz—Z3—24+1
F2x0O
x {agc(us) "2 ug + 2asus + gty dugdusduy

/ | 22 Z4+1|C(u3)|21+22—23_z4+1

X {anc(us) 2ug + 2azus)dusdus / (aqug)duy
o (6.5)

|le(ug) |2 e(ug) [ H22 727510 (g e(ug) ~2ug + 2asus)dugdus

- / \c(u2)|22’z4+1<042u2 + 2azusz)dusdus
FxO
+ Z(abT)m/ |c(u2) 2 augu; + 203us)dusdus.
m=1

Fxm—mQOX

Then the first term of (6.5) is equal to

/ | ZQ Z4+1 OégUQ)dUQ / <20[3U3>dU,3 = (1 - bT) Z bkl (66)
(@)

k1=0
and the second term of (6.5) is equal to
Z abT)™ / (20e3u3) (/ le(ug)]?2™ z4+1(a2u2u§>du2) dus
m=1 T—mOox
co—2m
= Z (CLbT)m(]_—bT> Z bkl/ <20(3U3>d’d3
1Em<oo k1=0 o
rtm 20 (6:7)
co—2m
=(1-0T) > (abD)™ Y BT
1E<m<Zco k1=0
c2—2m=0
c3—m=0

15



co—2m

+(1=bT) Y (abT)™ Y bk (=)

1SmZoo k1=0
CQ—szo
c3+1-m20
ca—2m co—2m
=(1=bT) > (ab)™ > V=T —bT) > (ab)™ Y b
1Sm<oo k1=0 1Sm=oo k1=0
co—2m 20 co—2m 20
c3—m=0 c3+1-m20
So this proposition follows easily by (6.6), (6.7). O

Corollary 6.8. If ay = a3 = 0, then the first term of (6.3) is equal to
(1—0T)(1 — abT)
(1 —=0)(1 — ab)
If ag = 0,3 # 0, then the first term of (6.3) is equal to
(1 —bT)(1 — abT)(1 — (ab)erd(es)+1)
(1 =0)(1 —ab)
If ag # 0,3 = 0, then the first term of (6.3) is equal to
(1 —=bT)(1 — perdle2)t) L ab(1 = T)(1 = ¥T)(1 - (ab) Lord(2)/2])
1-b (1=0)(1 —ab)
ab®r@2) (1 — T)(1 — bT)(1 — (a/b)°rd(@2))
- (1=0)(1—(a/b)) '

Proof. We regard c¢; as oc. 0

Then we consider the second and third terms of (6.3). The second term of (6.3) is
equal to

(1 —q —(z2— Z4+1)><1 —q —(ca+1)(z2—24)

1_q o Z Z —n(z1—2z3+1)

n=1 m=—o0

X / {(cpu3 + 2a3u3 + oug)uy) dusduy
mOX xg—nOX

2 (6.9)
“e-m¥E Y Y
k1=0 —00S=m=01SnSc0
X / {(aui + 203us3 + ay)uy)dusduy
T=MOX xT=OX
and the third term of (6.3) is equal to
1— q(2(2z4+)1) qu(z1+zZ7z3724+1)7n(2172:3+1)(1 . q7(0272m+1)(22724))
1 — g (.2—24
! mn=1 (6.10)

X / ((apuj + 203z + ay)ug)dusduy
mMOX xr—nOX
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co—2m

(1—0oT) Z Z abT)™ Zb’“

1€mS<co 1£nSo00 k1=0
cg—2m§0

X / ((apuj + 203u3 + ay)uy)duzduy
T=MmOX xr=rOX

by Lemma 5.5. Therefore, we can reduce the problem of computing W («, z) to the
problem of computing

/ {(aui + 203u3 + ay)uy)dusduy (6.11)

mOX ><7|—77’LOX

for n = 1,m € Z. The following definitions are used to describe the condition of

Proposition 6.13.

Definition 6.12. Let F? be the set of square elements of F, i.e.
F*={a€ F|3x € F,a=21"}.

For a,b € Z, we denote a ~ b (resp. a ¢ b) if a — b € 27Z (resp. a — b ¢ 27).

Proposition 6.13. Let D = D(a,m) = D,/ain=2™. Then (6.11) is equal to the
following:
(1) If ¢y < cg —2m,cy < c3 —m, then

0 ifca+1<n,
—q™ 1 =g dfes+1=mn,
gt (1 — g 1)? ifca+1>n.

(2) If c3 —m < cg —2m,c3 —m < ¢4, then

0 ifecs—m+1<n,
=" (1= ifes—m+1l=n,
gt (1 — ¢ h)? if cs—m+1>n.

(3) If ca —2m < c3 — m,co — 2m < ¢4, then

0 if co—2m+1 < n,
—q"" M 1 —q7")  ife-2m+1=n,
g (1 — ¢7h)? if co —2m+1>n.

(4) If co — 2m = c5 — m < ¢4, then
0 ifcs—m+1<n,
gmtn—2 if cs—m-+1=n,
(1 —q N ifezs—m+1>n.
(5) If co —2m > c3 — m = ¢y, then
0 ifcgs—m+1<n,
gmtn2 if cs —m+1=n,
(1 —q N ifezs—m+1>n.
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(6) If ca —2m = ¢4y < c3 —m, then

0 if ey +1 <,
g1+ ¢ ifca+1=mn,D¢€ F?,
" 1 —q™Y)  ifes+1=n,D ¢ F?
g (1 — g b)? ifca+1>n.

(7) If co —2m = c3 — m = ¢y, then (6.11) is equal to the following:
If ord(D) = 0, then

0 ifea+1<n
¢ 1+ ¢ ifcs+1=mn,D € F?
—q" Y 1 —q™Y)  ifes+1=mn,D ¢ F?
g (1 — q71)? if ca+1>mn.

Iford(D) = 2j+1 (j = 0), then

;

0 ifeat2j+2<n,

—qItmAn=2 if cs +254+2=n,
geat/zZm(l — g7 ife+3<nS ey +2j+1,c ~m,
0 ifca+3SnSc+27+1,¢4 A n,
¢ (1 =g ffeat+2=m,j=1,

gmtnT2 ifca+1=n,

g™ (1 —¢1)? if cs +1>mn.

Iford(D) = 2j 42 (j = 0), then

(

0 if ca + 25+ 3 <n,
g irmin=2 ifc4 +2j+3=mn,D e F?,
—qItmin=2 ifca+2j+3=n,D ¢ F?

gt 1 —q)  ifat2j+2=mn,
gt/ 2Am(l — g7 dfes+3<n < +2j+ 1,4 ~n,

0 ifcs+3SnScy+25+1,¢4 A,
¢ 1 g7t ifca+2=mn,j21,

gmtn=2 ifca+1=n,

g (1 —q71)? ifca+1>n.

\

Proof. In case (1), (6.11) is equal to [ .. yx, —nex (Qatts)dusduy. So case (1) follows
by Lemma 5.1.
The argument is similar in cases (2), (3).
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In case (4), note that by making the change of variables and using the decomposition
(5.14), (6.11) is equal to

q—1
qm—l 2 :/ <{a27_r—2m+2u§ + 2(0&27T_2m+1$7; + a37r_m+1)u3
i=1 J Oxm—nOX

(6.14)
+ (om ™2 a? + 2031 "y + ) Yug)dusdusy.
So we consider the integral
Hoaom 222 4 2(apm 2™ oy + asm ™™ Hug
/oM—nox ’ (6.15)

+ (o™ 2" ? + 2037 "y + ) bug)dusdusy.

There exists unique 4 such that ord(am™>"x? + 2037 ™x;) = ¢3 — m + 1. Then

2m+ 2

_m+1) —m—‘rl) 203—m+1.

ord(aem 2™y 4 T = ord(m(aem “"x; + 203w ") — g

For this 4, (6.15) is equal to

0 if c3 — 1<
/ (= Y dig — 3 1 cg —m + n,
Oxm—nOx (1 —q ') ifeg—m+12n

by Lemmas 5.1 and 5.10. For other i’s, ord(aom ™ ?™a?+ 2037 ™x;) = c3—m. Therefore
(6.15) is equal to
0 ifecs—m+1<n,
/ (3 M uy)dugduy = { —q" 1 ifcs—m+1=n,
Oxmnor "(1—q ") ifeg—m+1>n

by Lemma 5.1. So case (4) follows by an easy computation.
In case (5), by Lemma 5.10, (6.11) is equal to

7 / <((O‘277_2m“§ + 2037 Mug) + 044) ) duzduy
OXxr—nOX*

= qm/ (=M ug + ay)uy)dugduy
OXxg—nOX

— qm/ <7TC4U,4> (/ <7TC3_mU3U4>dU3) dU4
T—nOX X

:qm/ (WCS_m_"u;),)dug/ (mug)duy,
OX ﬂ-—nOX

where we applied Lemma 5.10 for the case ¢ = 0 in the first step. So case (5) follows
by Lemma 5.1.
In case (6), we consider the integral (6.15). First, we note that

ord(2(cem ™ My +azm ™)) =y —2m + 1 =c¢4 + 1.
If ord(aem™?™a? + ay) = ¢4, then (6.15) is equal to
0 ifcy +1 <,

/ <7TC4U4>d'LL3dU4 = —qnil ifeg+1= n,
Oxmnor (1—q ') ifes+1>n
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by Lemma 5.1. Otherwise, ord(aem™*"2? + ay) = ¢4 + 1. The number of such i’s is 0

or 2. For such i, (6.15) is equal to

0 if 1<
/ <7TC4+1U3U4>dU3dU4 = 1 1 at "
Oxm—nOx (1—q ') ifeg+12n

by Lemmas 5.1 and 5.10. By Hensel’s lemma,

ord(aom™™2? + ay) > ¢4 for some z; <= —ay /T *" € F?

— —auas € F? <= D € F2.
So case (6) follows by an easy computation.
In case (7), let

FX) =x2+25% x4

(1/271'_2m (1/271'_2m

37 Oy

€ 0[X].

We consider the decomposition (5.14). There are three cases as follows:

(i) f(x;) € O for all 4,

(ii) There are two i’s such that f(z;) € p, f'(z;) € O*, and f(z;) € O* for other
J’s,

(iii) There is unique i such that f(x;) € p, f'(z;) € p, and f(z;) € O for other j’s.
Note that (ii) (resp. (iii) ) occurs if and only if D € (O*)? (resp. D € p).

If f(x;) € O, then (6.15) is equal to

0 if cy +1<n,
/ <7TC4U4>dU3dU4 = _qn—l if cs +1=n, (616)

Oxmror "(1—q¢Y) ifey+1>n

by Lemma 5.1.
If f(xz;) €p, f'(x;) € OF, then (6.15) is equal to
0 if cut+l<n

catl dusduy = ’ 6.17
/(oxw—nox (e gt} dusd {q”(l—q—l) ife,+12n (6.17)

by Lemmas 5.1 and 5.10.
If f(z;), f'(z;) € p, then we choose z; = —(azm™™)/(caem=*™). Then (6.15) is equal
to

/ (am ™™ (7*u3 — D)uy)dusduy. (6.18)

Oxm="Ox*

In this case, D € p. If ord(D) = 25 + 1(j 2 0), then by the decomposition
O=0"U---Uurto*uro,

(6.18) is equal to

7j—1

Z/ (7TC4+2u§u4)du3du4+/ (T2 ) dusduy. (6.19)
i—0 Y TOX xTTnoX TIOXT="OX
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Lemma 6.20. The first term of (6.19) is equal to

0 ifes+2j+1<n,

(=g (g2 —g7) ife+3<nSces+24 1 ~n,
—q" (1 —q7h) ifca +3 S n<cy+2j,¢4 A,
(1 —q¢H(1—q7) if ca+3>n.

Proof. By Lemma 5.1,

0 if ey +2i+3 <,
/~ (m C4+2U2U4>dU3dU4 g 1(1 —q 1) ifcy+21+3=n,
OX xT=nOX qn 1<1_q—1)2 if e +2i+3>n.

So if ¢4 +3 > n, then
7j—1
Z/ (T2 uduy) dusduy = Zq” M=g ) =¢"(1-gH1—q7)
tOX X "(’)X
fey+3SnScey+25+1,¢4 #n, then

j_

[asry

/ (T2 U3y dusduy
LOX x = OX

=0

= E / C4+QU§U4>dU3dU4
TtOX X~ ”OX

i=—(ca—n+3)/2

j—1
_ _qn+(c4—n+3)/2—1(1 . q—l) + qn—z(l . q—1>2
=—(ca—n+1)/2
= —¢"7(1-q7").
Ifey+2<n<cy+2j+1,¢4 ~n, then

j—1
Z/ < C4+2u2u4>du3du4
i=0 LOX xT—nOX

-1

= / < C4+2U§U4>dU3dU4
i=—(ca—nt2)/2 Y TOXXTTOX
1

<.

j_

qn—’b(l . q—l)Q

(]

i=—(cs—n+2)/2
=q"(1—q (g2 — 7).
If ¢4, + 25 4+ 3 <n, then

j—1

Z/ (r T2 u3uy)dugduy = 0.
LOX xr—nOX

=0
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If 7 = 0, then we regard the first term of (6.19) as 0. We continue the proof of
Proposition 6.13. The second term of (6.19) is equal to

0 if e +2j+2<n,
—q" ! if ¢y +2j+2=mn,
(1 —q) ifes+25+2>n.

So (6.19) is equal to

(0 ifes+25+2<n,

—q it ifey, +2j+2=n,

gt — g ifey+3<nZce+25+ 1,4 ~ o, (6.21)
0 ifeg+3SnScs+2j+1,¢4 An,

Lq"(1—q 1) if ¢4 + 25+ 2 —max(0,25 — 1) > n.

If ord(D) = 2j + 2, then by the decomposition
O=0"U---urto*uro* urto,

(6.18) is equal to

.
[y

ca+2,,2
/‘ (T ugug) dusduy
TtOX xT=nOX

Il
o

i

+ / (4 (m*u3 — D /4)uy)duzduy (6.22)
TIOX xr—"OX

+ / <7TC4+2j+2U4>dUJ3dU4,
mIHLOx 7= OX%

where the first term does not appear if j = 0. The first term of (6.22) is computed
in Lemma 6.20 and the third term of (6.22) is equal to

0 if c4 +274+3 <mn,
—q" 7 if ¢4 425+ 3 =n,
N1 —qY) ifes+2/+3>n

by Lemma 5.1. We consider the second term of (6.22). Then by the decomposition
(5.14), the second term is equal to

q_j/ <7TC4+2j+2(u§ _ 7T—2j—2D)u4>dU3dU4
OXxag—nOX

- (6.23)
_ qijil / <7TC4+2]'+2(7_‘_2U§ + 27TLUZ'U3 + le _ 7T72j72D)u4>du3dU4.
i=1 Y Oxm—rOx
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If there exists z; such that x? — 7=2%72D € p, (i.e. D € F?), then (6.23) is equal to

g7t (g — 3)/ (229 dusduy
Oxm—nOX

+q 7. 2/ (T2 3y 50, ) dusduy
Oxm—nOX*

0 ifey +27+3 <n,
=" A +q¢ Y ife+2j+3=n,
(1 —q1)?  ifeg+2j+3>n
by Lemmas 5.1 and 5.10.
If D¢ F? then (6.23) is equal to

0 if cy, +274+3 <n,
g7 (qg— 1)/ (T ¥ uy)dugduy = { —¢" 71 —q")  ifey +25 +3=n,
Oxm=1Ox " I(1—q1)? ifey, +274+3>n.
So (6.22) is equal to
(0 ifcy +25+3<n,
¢ It if 4 4+2j+3=n,D e F?
i ifey+2j+3=n,D ¢ F?
(1 —qh) ife, +2j+2=n, (6.24)
gt — gl ifeu+3<nSe+25+1,¢4 ~n,
0 ifes+3<nScy+2j+1,¢4 A,
(¢"(1—q 1) if ¢4 + 25 + 3 — max(1,25) > n.
U

By Proposition 6.13, we can compute sums (6.9), (6.10). So we can compute each
term of (6.3). It completes the proof of Theorem 4.5. O

7. PROOF OF THEOREM 4.6

In this section, we prove Theorem 4.6. Throughout this section, we assume that F
is not dyadic, as € O*, a3, as € O. We use the notation (6.1) again. In addition, let
Bi =« (resp. 1) if a; # 0 (resp. a; = 0).

Lemma 7.1. There exists a constant C' > 0 independent of F' such that
W (e, 2)|c SC(ord(ag) + 1)(ord(53) + 1)(ord(By) + 1)
x (ord(Dg) 4+ 1)1 — ¢~ 27D

Proof. To prove the lemma, we show that each term of (6.3) is bounded by

C(ord(ay) 4 1)(ord(Bs) 4 1)(ord(Bs) + 1)(ord(Dy) + 1)|1 — ¢~ 277+
in the next three lemmas. U
Lemma 7.2. The first term of (6.3) is bounded by

3(ord(a) + 1)(ord(Bs) + 1)(ord(34) 4 1)(ord(Dy) + 1)|]1 — ¢~ ==+,

23



Proof. Since |a|c, |blc, |T|c = 1, it follows from the last steps of (6.6), (6.7). O
Lemma 7.3. The second term of (6.3) is bounded by
19(ord(a) + 1)(ord(B3s) + 1)(ord(By) + 1)(ord(Dg) + 1)|(1 — ¢~ 2=+ D),

Proof. We divide the sum (6.9) into at most seven terms by Proposition 6.13 and
show that each term is bounded by

7(ord(cg) + 1)(ord(fs) + 1)(ord(8s) + 1)(ord(Dy,) + 1)|(1 — q’(”’z‘*“))k.

We divide the sum as follows:

2= 2t 2 2 )

—00Sm=0  —00<m=0 —00<m=0 —00<m=0 —00<m=0
cy<cog—2m ca—m<ca2—2m co—2m<cz—m co—2m=c3—m<cy
ca<cz—m cs—m<cy co—2m<cy (7 4)
DD D DD
—00<m=0 —00<m=0 —00<m=0

c3—m=cy<ca2—2m co—2m=cy<cz—m co—2m=c3—m=c4
If there exists no such m, then we regard the corresponding term of (6.9) as 0.

(1) The partial sum of (6.9) corresponding to the first term of (7.4) is equal to

(1-0T) Z e Z Z aT)" / ((ou3 + 203u3 + ) ug)duzduy

—c0<m<0 n=1 TmOX Xm0

cyp<co— 2m
cy<cz—m

cq+1
= (1 -b7)(1 Zb’“zT (Za —TZa).
It is bounded by
1 —=bT|c- |1 =Tlc-(ca+1)- |1 =T|c" - (2(cs + 1))
= 2(02 + 1)(64 + 1)|1 - bT|(C

(2) Let m' = min(0, c; — ¢5 — 1). Then the partial sum of (6.9) corresponding to
the second term of (7.4) is equal to

] Cc2
Z(aT)”(l —bT) Z M / {(apuj + 203us3 + ay)uy)du
n=1 k1=0 ﬂ'_m/OXﬂ_nOX
c3—m/
(1—0bT) Z per—m Z al)"T~(1=T)
co c3—m/
=T (1=bD)1-T)Y b > am.
k1=0 n=1
Since
cs—m' =c3<c3+1 if m" =0,
cz—m' =cz—(ca—c3—1) < 2(ecs+1) ifm =cp—c3—1,
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it is bounded by
2(02 + 1)(63 —+ 1)|1 — bT|(C

(3) The partial sum of (6.9) corresponding to the third term of (7.4) is equal to

(1-20T) Z bk Z Z(aT)"/ ((aui + 203us3 + ay)uy)dusduy

T—MmMOX xg—nOX

k1=0 —00<m=Z0 n=1
cg—2m_<cg_—m
co—m<cq
c2 co—2m co—2m—+1
=10 (1-T)> v (Tm ( doa-T > a")> :
k1=0 m n=1 n=1
Since

co—=2m+1<cy—2(ca—c3)+1<2(cs+1) ifaz#0,
co—2m+1<cy+1 if ag # 0,

it is bounded by

4(02+1)<03+1)|1 —bT‘C if (0% 7&0,
2(02+1)<C4+1)‘1—bT‘C if a47£0.

(4) The partial sum of (6.9) corresponding to the fourth term of (7.4) is equal to

(1—0bT) Z b > > (aT)"

k1=0 —00E<m=0 n=1
co—2m=cz3—m<cy

X / ((aou3 + 2c3u3 + ay)ug)duzduy
T=mOX xr=nOX

[& c3—m cz3—m+1
=T™(1—bT) Z M ((1 —27) Z a" +T* BZ a”) .

k1=0 n=1 n=1

Since

cs—m+l=c3—(ca—c3)+1<2(ez3+1) ifag#0,
cs—m+l<ce+1 if ay # 0,

it is bounded by

4(02+1)(03+1)|1—bT|@ if (0%} 7&0,
2(02+1)<C4+1)|1—bT‘C if ()547&0.
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(5) The partial sum of (6.9) corresponding to the fifth term of (7.4) is equal to

(1—bT) 52 o y f (aT)"
k1=0 —00Sm=0 n=1
c3—m=cg<c2—2m

X / ((aui + 203u3 + oy )uy)dusduy
mOX X T n(/)x

() cs—m cs—m—+1
=T (1 —bT) ) b ((1—2T) d a1 ) ) .
n=1

k1=0 n=1
It is bounded by
2(co+ 1)(ca + 1)1 = bT|c.
(6) Since

Cq

Z(aTlef(ern)(l - T)Z - (aT>C4+1T7(m+(C4+1)71)(1 - T)

n=1

— (Za —T%a)
and

Cq

Z(GT)nT—(m—‘rn)(l o T)2 + (aT>C4+1T—(m+(C4+1)—1)(1 + T)

n=1
cq+1
7™ ((1—3T Za +TA+T)> a )
n=1 n=1

the partial sum of (6.9) corresponding to the sixth term of (7.4) is equal to

(1—0bT) Z bk > > (aT)"

k}l =0 —oo§m§0 n=1
co—2m=cq<cz—m

X / ((agu + 203u3 + aug)uy)dusduy
T=mOX xT = OX

c2 cq cq+1
T —bT) Y b ((1 —30)Y a"+T(L+T)) a") if D e F?,

k:l 0 n=1 n=1

T=™(1—bT)(1 Zb’“(Za —Tai ) if D¢ F2.

k1=0
It is bounded by

2(02 + 1)(64 =+ 1)|1 — bT|(c

(7) The partial sum of (6.9) corresponding to the seventh term of (7.4) is equal
to the following:
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If ord(D) = 0, then

(1—bT) > o™ > D (aD)

k1=0 —00=m=0 n=1
co—2m=c3—m=cq

X / ((cgu3 + 203u3 + ay)ug)duzduy
—mOX xgr—nOX

c2 cq cq+1
T —bT) Y b ((1 =3T)Y a"+T(L+T)) a”) if D e F?,

_ k1=0 n=1 n=1
- cy cq+1
T=™(1 — bT)(1 Zb’“ <Za"—TZa"> if D¢ F2.
n=1 n=1

If ord(D) = 2j + 1, then

(1—bT) Y oM > > (aT)"

kl =0 —oogmgo n=1
co—2m=c3—m=cy

X / ((apuj + 203u3 + ay)uy)dugduy
mOX XmT™ ’"/OX

= T7"(1—bT) Z b (Z (aT)"T™"(1 = T)* 4 (aT)+ 17~ et =2
k1=0
+ (aT)c4+2T—((c4+2)—1)(1 . T) + Z (aT)nT—(c4+n)/2(1 . T)

C4+4§n§C4+2j
cq—n:even

n=1

_ (CLT>C4+2J'+2T(J'+(C4+2J+2)2))

c ca+1 cq4+2
—Tm(l—bT)Zzbkl( Za ~T(1-2T)) a"+T(1-T Za

k1=0 n=1
ca+2j+1 ca+2j5+2 Jj—2
+ T*+ § a" — T*% § a + a1 - T) E (a2T)k2>
n=1 n=1 ko=0
Since

C4+2j+2:Ca+1—CQ§Ca+1,
it is bounded by

6(c2+ 1)(ca + 1)1 = bTc.

27



If ord(D) = 2j + 2, then

Cc2

(1—bT) Y oM Y D (aD)

k1=0 —00S=m=0 n=1
co—2m=c3—m=c4

X / ((ou3 + 203u3 + ) ug)duzduy
mOX xgr—nOX

cao c4
=T7"(1—bT) Y o™ (Z(aT)”T"(l —T)? 4 (aT)c i~ (eat)=2)
k1=0

+ (aT>c4+2T—((C4+2)—1)(1 _ T) + Z (aT)nT—(c4+n)/2(1 . T)

ca+4<n<cy+2j
ca—nieven

n=1

+ (aT)C4+2j+2T—(—j+(04+2j+2)—1)(1 . T) + (aT)C4+2j+3T—(—j+(c4+2j+3)—2))

c4 cy+1 ca+2
= T-"(1 —bT) Zb’“(l—QT)Z ~T(1-2T7)) a"+T(1-T)) a"
c4+2y+1 ca+25+2
T1+a Z a + T1+a ) Z a® £ TIT2qcat2i+3
n=1

Jj—
+ C4+4T2 Z 2T )

where the + (resp. —) sign correspond to D € F? (resp. D ¢ F?). Since
s +2j+3= ¢y + 1,1t is bounded by

7(02 + 1)(Ca -+ 1)‘1 — bT’(C

Therefore, the second term of (6.3) is bounded by

19(02 + 1)(04 + 1)(Ca + 1)|1 — bT’C if QY # 0,
10(62 + 1)(03 -+ 1)‘1 — bT|(C if gy = 0.
Lemma 7.5. The third term of (6.3) is bounded by

20(ord(ag) + 1)(ord(G3s3) + 1)(ord(Bs) + 1)(ord(D,) + 1)|1 — bT|c.

Proof. We divide the sum (6.10) into at most seven terms by Proposition 6.13 and
show that each term is bounded by

8(ord(az) + 1)(ord(fs) + 1)(ord(Bs) + 1)(ord(D,) + 1)|1 — bT|c.
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We divide the sum as follows:

2. =2t > D )

1SmZco 1<m<co 1Sm=Zoo 1=m=Zoo 1<m<co
co—2m2=0 co—2m=0 co—2m2=0 co—2m=0 co—2m=0
cy<co—2m cs—m<ca2—2m co—2m<cz—m co—2m=c3—m<cy
cy<cz—m cz3—m<cy co—2m<cy (7 6)
DI D DR DD
1Sm<co 1Sm<co 1Sm<co
c2—2m=0 c2—2m=0 c2—2m=0

cz—m=cy<c2—2m co—2m=cy<cz—m co—2m=c3—m=cy
If there exists no such m, then we regard the corresponding term of (6.10) as 0.
(1) The partial sum of (6.10) corresponding to the first term of (7.6) is equal to

co—2m

(1—0bT) Z ZabT Zb’“l

1Sm<co n=1
co—2m=20
cq1<ca—2m
cg<cz—m

X / {(cpu3 + 2azuz + o) uy)dusduy
mOX xg—nOX

=(1-0T)(1-T)> (ab ZZb’“ (Za —Tia).

m

Since

Zl c3—cs<c3+1 ifOég?éO,
T llee—c)/2<coteat+l=co+1 ifasz=0,

e (c2+D)es+1)  if ag £0,
;(ab) klz—ob CS ;(62+1)C§{(02+1)(0a+1) if a3 = 0.

So it is bounded by

2(02 + 1)(03 + 1)(04 + 1)|]_ — bT'(C if (0% 7é O,
2o+ 1)(ca+ 1)(co + D1 =0T |c  if ag = 0.

(2) The partial sum of (6.10) corresponding to the second term of (7.6) is equal

to
co—2m
1=bT) E:abT )y b
1Sm<c0 n=1 k1=0
ca—2m=0
cz—m<ca2—2m
cz3—m<cq

X / ((aui + 203u3 + oy )uy)dusduy
mOX X T n(’)x
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co—2m c3—m cz3—m-+1
—a-mi-1) Y @r S b’“(Za”—T > )
1=m<co k1=0 n=1 n=1
c2—2m=20
cz—m<ca2—2m
cz—m<cq
c3—m=0

Since

mm 1< cys+1 if ag # 0,
s =2+ 1=co+1 ifay,=0,

it is bounded by

2(02 + 1)<C3 + 1)(04 + 1)|1 - le(C if Qg 7£ 0,
2(cy + 1)(cs + 1) (ca + 1|1 = bT|c  if ay = 0.

(3) The partial sum of (6.10) corresponding to the third term of (7.6) is equal to

00 co—2m
L=0T) > > (aT)"(@D)" > W
1€mSoo0 n=1 k1=0

co —QmZO
co—2m<cz—m
co—2m<cy

X / ((apui + 203z + ay)ug)dusduy
T=mOX xT = OX

ca—2m c2—2m ca—2m~+1
=101 -T)Y (ab)™ Y vh ( ar-T > an)_

m k=0 n=1
Since
21§{02/2—(CQ—03)§03+1 if az #0
T le/2—(ca—cy)/25 s+ 1 ifaz=0
and

c4 + 1 if 30y # 0,

co—2m+1=
2 _{ca+1 if azay =0,
it is bounded by

2(02 -+ 1)(63 + 1)(64 + 1)|1 — bT‘(C if 30y # O,
2(ca+ 1)(cs+ D)(ca + D1 =0T|c  if ag # 0,04 =0,
2o+ 1)(ca+ D)(ca + D)1 =0T|c  if ag=0,a4 #0.

(4) The partial sum of (6.10) corresponding to the fourth term of (7.6) is equal to

[ee} co—2m
(1—0bT) > > (@) (aT)" Y v
1Sm<co n=1 k1=0

c2—2m=0

co—2m=c3—m<cy
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X / ((avqu3 + 203z + ay)uy)dusduy
mOX xg—nOX

= (1—-0T)( ZQm b ( —27) Zm a" +T? cgiﬂ a"> :
n=1

k=0 n—1
It is bounded by
2(ca+ 1)(cs + 1)1 = bT|c.
(5) The partial sum of (6.10) corresponding to the fifth term of (7.6) is equal to

c2—2m
(1—bT) > Z (abT)™ Z b
1<m<co
co2— 2m>0

cs—m=cy<co2—2m

X / ((avpu3 + 20a3us3 + ay)uy)dusduy
mOX xg—nOX

- co—2m . c3—m . 2C37m+1 .
= (1=0T)(ab)™ > b —2T) Y a4+ T ) a' .
n=1

k1=0 n=1
It is bounded by
2(co+1)(cs + 1)1 = bT|c.
(6) The partial sum of (6.10) corresponding to the sixth term of (7.6) is equal to

ca—2m
(1—0T) > Z (abT)™ Z b
1S<m<co
co— 2m>0

co—2m=cy<cz—m

X / ((gu3 + 203u3 + ) ug)duzduy
mOX xgr—nOX

co—2m ca+1
(1—0T)(a 22:1)’“1<1—3T Za +7(1 Za) if D e F?,

(1 —bT)(1 —T)(ab)™ Qimbkl (Za —ch ) if D¢ F2.

It is bounded by
2(02 + 1)(04 + 1)’1 — bT‘C
(7) The partial sum of (6.10) corresponding to the seventh term of (7.6) is equal

to the following:
If ord(D) = 0, then

[e%¢) co—2m
(1—0bT) > > (abT)"(aT)" Z bk
1Sm<co n=1 k1=0

c2—2m=0
co—2m=c3—m=cy



X / ((apu3 + 203tz + aug)uy)dusduy
mOX xg=nOx
co—2m cq+1
(1 —0T)(a Zb’“( Za +7(1 Za) if D e F?,
co—2m cq+1
(1—0T)(1 b (Za —TZa) if D¢ F2.

k1=0
It is bounded by
2(ca+1)(ca+ 1)1 = b7 c.
If ord(D) = 2j + 1, then

co—2m
(1—0T) > Z (abT)™ Z bk
1€m<oo
co— 2m>0

co—2m=c3—m=c4

X / ((cgu3 + 23u3 + ay)ug)duzduy
—mOX xgr—nOX

co—2m c4 ca+1 cq+2
= (1—bT)(a Zb’“( T)Y a"=T(1—27)) a"+T(1-T)) a"
k1=0 n=1 n=1 n=1
cat2j41 cat2j42 -2
+ T2 Z a" — T2 Z a™ + a“ T3 (1 Z > .
n=1 n=1 1=0

Since
c4+2j+2=co+1—0c3 S co+1,

it is bounded by
6(co + 1)(co + 1)|1 =0T |c.
If ord(D) = 2j + 2, then

co—2m
(1—0T) > Z (abT)™ Z bk
st

co—2m=c3—m=cy

X / ((apuj + 203z + ay)ug)dusduy
T=mOX xT " OX

co—2m cq cq+1 ca+2
=(1—bT)(a Zb’“( 7)Y a"—T(1—21)Y a"+T(1-T)) a"
k1=0 n=1 n=1 n=1
C4+2j+1 C4+2j+2 ] 2
— Tt Z a” +T(1 Z a™ + a“ (1
n=1 k1:0
+ Tj+2a64+2j+3> :
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where the + (resp. —) sign of the last term corresponds to D € F? (resp.
D ¢ F?). Since

ci+2j+3=co+1—c3Sco+1,

it is bounded by
8(ca + 1)(cq +1)|1 — 0T |c.

We continue the proof of Theorem 4.6. If as, D, are units, then

1+ q7(21723+1)
1+ g (a1—zstl)

I

1

(e, 2)lc = \

C

by easy computations. In this case, we take e; = e; = 0. Suppose that asD,, is not
a unit. By Lemma 7.1, there exists a constant C' > 0 such that

W(a, 2) ‘
(14 g-Brm=tD)(1 — g~ (==t |
< C(ord(aw) 4+ 1)(ord(B3) + 1)(ord(By) + 1)(ord(Dy) + 1).

If |ay| > |az| > ||, then
C(ord(ag)+1)(ord(Bs)+1)(ord(Bs) +1)(ord(D,)+1) < C(ord(ag)+1)*(ord(Dg) +1).

Otherwise, we can assume that « is one of the following two types:

(o) (5 )

by the remark after Lemma 6.2. Since

ord(D,) — ord(ag) + 1 < ord(Dy) + 1, 0rd(D,)/2 + 1 < ord(Dy) + 1,

W 2)le = ‘

(ord(s) + 1)(ord(8) + 1)(ord(5) + 1)(ord(Da) + 1)
<(ord(as) + 1)(ord(Dy) + 1)* < (ord(az) + 1)*(ord(Dy) + 1)2.
Let e; = logy(C) + 3, e2 = log,(C) + 2. Since ord(as) +1 2 2 or ord(D,) + 1 2 2,
W (e, 2)|c = (ord(ag) + 1) (ord(Dy) + 1),
This completes the proof of Theorem 4.6. 0

8. ESTIMATE OF THE EULER PRODUCT

In this section, we prove an estimate of the finite part of the generalized Whittaker
function. We first establish basic notations used in this section. Let k be a number
field, oy the integer ring of k£ and 9; the set of all finite places of k. We denote by k,
the completion of k£ at the place v € M. Let Af (resp. A[) be the restricted product
of the k,’s (resp. k)’s) over v € M and We express elements of Ar as z¢ = () veom;-
Let Wy(aw, z) be the p-adic generalized Whittaker function for F' = k, defined in
Definition 4.2.
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Definition 8.1. We define

Wf af, H W Oév, fOl" af = (Oév>vegnf € GL(Q)Afx,
veEMN,

(o, 2 H Wo(au, 2) for af = (@) pem, € GL(Q)Afx
vEM

Definition 8.2. For oo € A, we define
d(a) = ] (ords(@) +1), N(a) = ] laf," = lal; "
vEMy IS

The function d(«) is the divisor sum and N(«) is the ideal norm.

Theorem 8.3. Let r1,ry,e > 0. Then there exists a constant C(ry,ry,€) such that if
sy € AL and z € S(ry,12), then

‘Wf(af,Z)’(C < C(r1,7re,6)N(a2)*N(D,,)°.

The estimate of the p-adic Whittaker function at non-dyadic places has already
been obtained. So we estimate W («, z) at the dyadic places in the following lemma.

Lemma 8.4. Suppose that v is any finite place. Then there exists a constant C(ry,15)
such that

|Wv(04u,2’)|<c < C(T1,7“2)
for z € S(ry,rs).

Proof. By Lemma 4.9,
|Wv<av7 Z)|(C é /FXFXF ||C(u2)|z2—z4+1|c(u3)|z1+z2—23—z4+1|c<u4>|z1—z3+1 ‘(c dUQdU3dU4

_ ‘(1 —aT)(1 - bT)(1 —abT)‘
=1 —a)(1—b)(1— ab)
8

< .
T Q=g (=g )1 —q?)
Therefore,
— Wy (e, 2) 32
Wv vy = : = ’
‘ (a z)l(c ’(1 + aT)(l _ bT) o (1 _ q*ﬁ)(l _ qfnfrz)(l _ qfrz)

O

Proof of Theorem §8.3. Note that the number of the dyadic places is finite. Therefore,
there exist constants C'(ry, ), €1, €3 such that
(Wilar, 2)|c < C(r1,72)d(a) (D)

for z € S(r1,r2) by Theorem 4.6, Lemma 8.4.
Since for any € > 0

d(a)

N(a)s

there exists a constant C(r1,r2,€) such that

|Wf(05f7 Z>|(C < C(T177‘2,5)N(042)5N(Da>5

— 0 as |a| — oo,
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for z € S(ry,72),e > 0. This finishes the proof of Theorem 8.3. O
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APPENDIX A. SOME EXAMPLES

In this section, we provide examples of the values of W(«, z). Since W (a, z) de-
pends only on the order of g, as, ay, D, and whether or not D,, is a quadratic residue
in F', we use the following notation to describe the cases of W(a, 2) :

Ga 5
[(ﬁz ﬁi) 765756:| )

+ if D, € F?,
if D, ¢ F?.
If some «; is equal to zero, then we leave the corresponding entry blank.

where (3; = ord(«y) for i = 2,3,4, 55 = ord(D,,), Bs =

Example A.1. By the above notation and (6.1) , W(a, 2) is as follows;
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W(a, 2)

(1+aT)(1—0bT)

(1—aT)(1—bT)

A+ al)(1 - al)(1 - bT)

(14 aT)(1 —bT)(1 — aT + a>T)

(1—aT)(1 —bT)(1 + aT + a°T)

(14 aT)(1 —aT)(1 —bT)(1 + a’T)

| [ H |+

(14 aT)(1 —bT)(1 — aT + a*>T — a®T? + a™T7)

(1—-al)(1—-0T)1+aT + a’T +a°T? + a4T2)

(1 +b)(1 — al)(1 - bT)

RN

(1+b)(1—bT)(1 +a—aT +a°T)

1+ a)(1 +b)(1 —al)(1—bT)

(1+b)(1 —aT)(1 —bT)(1 +a+ a’T)

RN

A+0)(1=bT)1A +a—aT + a®T — a>T7 + a*T?)

(14 a)(1+b)(1 —aT)(1 —bT)(1 + a*T)

+

(1 —=bT)(1+ b+ ab+ b — aT — 2abT + a*bT — ab’T + a’bT?)

(1—aT)(1 —bT)(1 + b+ ab+b> — abT)

(1—aT)(1 = bT)(1+a+ b+ 2ab+ b + ab® — abT)

R RN==RN==RN====<==[=|=
o | | v | = = R R =] o o of of o o o o
[ I R (= R (R O e T = o oI (S (I S (S ()
— [ [ = [ = = [ = [ — = = [~ | — |~ —
B O N N | WIN[ N =W N = OO

A

(1 —bT)(1+a+b+a” +2ab+ b + a®b + ab® + a?b” — aT — a*T — 2abT + a°T
—2a%bT — ab®T + a®*bT — a*b*T + a®b?T + a*bT?)

(1 —aT)(1 —0T)(1 +a+ b+ a® + 2ab + b* + a®b + ab” + a®b® — abT)

(1+b)(1 —aT)(1 —bT)(1 + ab + b* — abT)

1+ b1 —-bT)(1+a+ab+ b +a’b+ab® —aT — a°T — abT — 2a%bT — ab®T
+a®bT — a®b*T + a*bT? + a®bT?)

(14 a)(1+b)(1 — aT)(1 — bT)(1 + ab + b* — abT)

(1 —bT)(1+ b+ ab+ % + ab® + 0> + a®b? + ab® + b* — aT — 2abT — a*bT — 2ab°T
—2a%02T — 2ab3T + a®b*T — a®b3T — ab*T + a®bT? + a®b*T? + 36> T2 + o*b3T?)

(1 —aT)(1 —bT)(1 +b+ab+b” + ab® + b° + a®b” + ab® + b* — abT — ab’T — ab°T
—a’b’T)

(14+b)(1—0T)

(1-bT)(1+b+b° —abT)

(1 —bT)(1+a+b+2ab+ 0% + ab® — aT — 2abT — ab’T + a*bT?)

= o = O O

N OIN OO
[ | [ [

(14 06)(1 — bT)(1 + b% — abT)

e s s N N
= WO W= N|O N[O =

— | | — [ — [~ —

(1 =bT)(1 +a+ b+ 2ab+ b* + 2ab” + b° + ab® — aT — 2abT — a*bT
—2ab*T — a?b*T — ab®T + a®bT? + a*b°T?)

A +b)(1 —=bT)(1+a+a® +ab+b> +a®b + ab® + a®b® — aT — a®T — abT
—202bT — ab®*T — a*b*T + a*bT? + a*bT?)

(1 —bT)(1+ b+ b +b°+bT — abT — ab’T — ab’T)

(1 —bT)(1 + a+ b+ 2ab + b* + 2ab® + b° + 2ab® + b* + ab* — aT — 2abT — a*bT
—2ab*T — 2a*b*T — 2ab®T — a®b*T — ab*T + a®bT? + a®b*T? + a*b*T?)

(1 —=bT)(1 +a+ b+ a® + 2ab+b” + 2a%b + 2ab” + b° + 3a?b* + 2ab° + b* + 2a°V°
+ab* + a?b* — aT — a®T — 2abT — 3a®bT — 2ab*T — o®bT — 4a%b?T — 2ab°T
—a3b’T — 3a263T — ab*T — a®b>T — a?b*T + a?bT? + a®bT? + a?b>T? + 2a30%T?
+a?b3T? + a®b3T?)

Jr

(1 —bT)(1 + b+ ab+ b* — aT — 2abT — ab’T + a®bT + a*bT? — a®bT? + abT?)

(1—aT)(1 —bT)(1 +b+b> + ab— abT + a’bT + a’bT)

(1 —aT)(1 —bT)(1 + b+ b + ab — abT + a®bT + a>bT + a*bT?)

===
= 1| o[ Rl 1)
orlorlorlor
NP NG NG N
WO NN

(1 —=bT)(1+ b+ ab+ > — aT — 2abT — ab®T + a*bT + a*bT> — a*bT> + a°bT>
—a®bT? + a®bT?)

(1 —aT)(1 —bT)(1 + b+ ab+b* — abT + a®bT + a*bT + a"dT? + a°bT?)

(1 —aT)(1 = 0bT)(1 + b+ ab+b* — abT + a®bT + a*bT + a"dT? + a*bT? + a®bT?)

(1+b0)(1=bT)(1 +ab+ 6% —aT — abT — ab®T + a*bT7)

(14 b)(1 —aT)(1 —bT)(1 + ab + b* — abT)

G oo | cal = ol
N NG N N N
ESEIRSIRSES
H

IO N[O O =IO =

(1+b)(1 —aT)(1 —bT)(1 +a+ ab+ b* + a®b + ab® — abT — a’bT + a°bT
+a*bT + a®bT?)
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