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Abstract

In this note we establish the sharp maximal inequalities for Herz spaces and Morrey spaces
by use of good A-inequality. As an application, we obtain estimates of some bilinear forms
which include usual product of functions and the nonlinear term of Euler and Navier-Stokes
equations on Herz spaces and Morrey spaces.
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1 Introduction

The present paper has two purposes. The first one is to establish the sharp maximal inequality,
so-called Fefferman-Stein’s inequality, for Herz and Morrey spaces. The second one is to extend
bilinear estimates, which were shown by Kozono and Taniuchi [19], by using the sharp maximal
inequality. This article is based on Miyachi’s unpublished paper.

The sharp maximal inequality stands for an inequality of the form

Illx < ellfllx,

with some quasi-Banach space X, where f# denotes the Fefferman-Stein sharp maximal function.

It was firstly introduced in [13]. We will show the inequality with a more general sharp maximal

function flu(:). Indeed, fg% ) = f%. For the precise definition of flu(:)7 see Section 2. Such maximal

function were studied by DeVore and Sharpley in [10]. The prétotype of the maximal function
was introduced in papers of Calderén [5] and Calderén and Scott [6]. The sharp function contain
information on the smoothness of functions. For instance, the following equivalence due to Calderén
holds: for 1 < p < co and a positive integer m,

m 1
V™ Flle = 5D e

In this connection, Cho [8] studied the inequalities

/]

(1
ds, Sl e

for some exponents r, ¢, s,p and 0 < a < 1, where A  is the Besov space B , or Triebel-Lizorkin

space F;,q. Moreover, this maximal function was used for the extension problem of functions
belonging to Triebel-Lizorkin spaces [10] and the modified sharp function was used to characterize
Besov spaces and Triebel-Lizorkin spaces with smoothness index s > 0 [36], [39]. See also [3], [21],
[26] and [38], for several variants of the sharp maximal functions.
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The sharp function is useful for real interpolation theory [2] and for pointwise estimates of
several operators appearing in harmonic analysis, for example, singular integrals [37], pseudodif-
ferential operators [31], Coifman-Rochberg-Weiss type commutators [15]. And, combining these
pointwise estimates with the sharp maximal inequality enable us to estimate these operators. As
an application of the sharp maximal function to the theory of partial differential equations, Krylov
[20] used pointwise estimates of the sharp function of second-order derivatives to study LP-theory
of divergence and non-divergence elliptic and parabolic equations with discontinuous coefficients.
Also, in [32], Rogers and Seeger applied it to the estimate for the Fourier multipliers related to
the initial value problem for the dispersive equation idyu + (—A)*/?u = 0 for a € (0,1) U (1, 00),
u('a O) =f.

There are several ways to obtain the sharp maximal inequality for LP. For example, by the du-
ality argument [21], [37], by using the non-increasing rearrangement [1] and by a good A-inequality
[16], [30]. Similarly, the weighted inequality is shown by these techniques, see, for example [12].
When we use the first or the second, the duality and the Hardy’s inequality prevent the exponents
to extend to the large range. Meanwhile, when we use the good A-inequality, the exponents are
not restricted, [30]. To enjoy this favor, we use a good A-inequality. On Morrey spaces, Sawano
and Tanaka [35] showed the sharp maximal inequality with non-doubling measures by applying a
good A-inequality. Their good A-inequality is slightly different from ours. Their statement does
not include the exponents p, ¢ less than 1, but it seems that their proof also works even for the
case p,q < 1. Our inequalities cover their inequality as special cases. The main results in the first
half of this paper are the following maximal inequalities. For the precise definitions of K g and
MP, see Section 2.

Theorem 1.1. Let 0 < p,r < 00, 0 < p < oo, —n/p < a < oo and l € Ng. Then, there exists
1/r
a constant ¢ such that for f € L] (R™\{0}) satisfying (][ |f|rdy) — 0 as k — oo, where
Qk

loc

Qk: = (_Qka 2k)n\<_2k—1’ 2k_1)n7

(), QT
”f”l{gq < C”fl,or H}'{gﬁv

where

N e 3 .O* 1/q
#(r), Q" aqy £8(r),Q
Hfl,g)) o, = (Z 2" q”fl,g) quLP(Qk))
keZ

and Q= Qr—1U Qr U Q1.

Theorem 1.2. Let0 < g<p<oo, 0<r,s <o andl € Nyg. Then, there exists a constant ¢ such
1/r
that for f € L] . satisfying that (][ |f|”dy) — 0 as k — oo, for some cube I, where I, = 2*1,
Iy

loc

e
I lae < el fE57 " e,

where

1/p—1/q||fﬁ(r)71

.
17 ey = s 1] 1o s,

where the supremum is taken over all cubes.

Remark 1.1. 1. It is not hard to modify the argument of the proof of Theorem 1.1 to check that
the same inequalities hold for the nonhomogeneous Herz space KEQ(R").

2. In [17], Komori showed the inequality above in the context of nonhomogeneous Herz space
with « = —n/p in the following sense; for 1 <p < oo and f € L

loc?

1
Ifllessor < ell 65N gz



where CMOP is a space of functions of central mean oscillation and equipped with the norm
» 1/p
|| fllcaror == sup (][ |f = fBo,R)] dy) :
R>1\) B(0,R)

8. The decay condition on the average of function in Theorem 1.2 is equivalent to the one for all
cubes I.

4. The sharp mazimal inequalities above fail for any P € P;\{0}. Because we must exclude the
case, the decay condition seems natural. Indeed,

1/r
(][ |P|de) ~ ||P|| (o) 7 0, as k — oo,
Qr
for every polynomial P # 0.

The latter half of this article is motivated by Miyachi’s unpublished paper, and the basic ideas
of this half are based on it. Also, the spirit of Miyachi in the unpublished paper are collected
in [33]. Thanks to his idea, we can establish same bilinear estimates as (ii) of Theorems 1.4 and
1.5 for function spaces on which the Fefferman-Stein inequality holds and the Hardy-Littelewood
maximal function is bounded.

In the latter half, we consider the estimate of the bilinear form fV™g, (m € NU {0}), which
includes the nonlinear term uVu of Euler and Navier-Stokes equations. Our main tools are the
sharp maximal inequality and pointwise estimate of the sharp maximal function of fV™g.

Our purpose is to estimate products of functions. Many estimates of these are known. It seems
that the most famous inequality of product of functions is Holder’s inequality. The inequality
says that if f € LY and g € L" then a product fg belongs to L” when 1/p = 1/¢+ 1/r. In this
connection at endpoint p = ¢, the following inequality is well known;

1£gllir < e(Ifllerllglzo + Iflsrolgler )

which is a consequence of a pointwise inequality for the sharp function of fg;

(f9)*(@) < (M, f@)lgll a0 + 1f | a0 My g(x))

where M, f = M(|f|")"/", M is the Hardy-Littlewood maximal function and 1 < r < co. Miyachi
showed the above bilinear estimate with 0 < p < oo by using pointwise estimate of the sharp
function of fg. There is a similar bilinear inequality with the derivatives. In [19], Kozono and
Taniuchi showed the following bilinear inequality by the use of the boundedness of the bilinear
Fourier multipliers due to Coifman and Meyer [9]; for f,g € W1P with Vf, Vg € BMO and
1 <p<oo,

179gllzr < (171 9glmat0 + [V B3r0llglles )-
In his unpublished paper, Miyachi gave a proof of this bilinear estimate by using pointwise estimate
of the sharp maximal function of f0%g with |3| = 1 and 1 < p < co. Their bilinear inequality
played an important role in the study of the blow-up phenomena of smooth solutions to the Navier-
Stokes equations. It is clear that || fgl|}j1., also can be dominated by the right hand side. Here,

WP is the homogeneous Sobolev space. Moreover, there is a similar estimate due to Christ and
Weinstein [7] with the fractional derivative;

19l , ~ 1D (F9)les
< (I lallD*gll o + D"/

~ (If1lz0, gl i, .+ 1151

Lr

gllz)

90z, )

o s
Fry



where D* is a Fourier multiplier operator D*f = F~1[| - | F f], where F is the Fourier transform,
F~1is the inverse Fourier transform and 0 < s < 1. There are other bilinear estimates for fg in
several function spaces by using the paraproduct of Bony. For instance, in [18], the authors showed
the following bilinear estimate in Triebel-Lizorkin spaces,

1f9]

£y, < (MM ggrg ol e + 1N amo_ gl ere)

with some exponents. _ _
Our bilinear estimates are the following. For the precise definitions of HK}' , KY MO .00 and
HM?Y, see Section 2.

Theorem 1.3. Let 0 <p < o0, 0 < g < o0 and —n/p.< a < 00.
(1): There exists a constant ¢ such that for any f,g € KZ, N K%MO,OO’

1folics, < e(Iflies ok, + 1, lollics )

BMO,c0

(ii): Let m 6 N. There exists a cons.tant ¢ such that for any f € Kg"q N Llloc with V™ f € K%MO,OO
and g € HKS, N L}, with V™™g e K%, .

loc

159l iy < e(Iflics 197 gl + IV Py, Nolscs, )

BMO,c BMO,c0

Theorem 1.4. Let 0 < ¢ < p < o0.
(i): There exists a constant ¢ such that for any f,g € Mb N BMO,

1£9llag < e(IFaglollmaro + 11 flsrrollglacg ).

ii): Let m € N. There exists a constant ¢ such that for any f € MP N LI with V™f € BMO
q loc
and g € HMY NL}  with Vg € BMO,

loc

159" gllany < (11 IV ™ gl r0 + 197 Fllarolglmarg )-

Remark 1.2. 1. The inequalities in Theorem 1.3 also hold for the nonhomogeneous Herz space.
2. It is clear that the inequality

179" glicy . < (I BrollV"gll s+ IV Fliaics llgllzaro)

fails for f € BMO with V™f € Kgq and g € BMO with V™™g € Hf(;fq. In fact, if we take
f = c € C\{0}, then the left hand side is not zero in general while the right hand side must be
zero.

3. Since (i) in Theorems 1.8 and 1.4 are proved by using a pointwise inequality, they have some
variants. For example, we can obtain the bilinear estimates for the Campanato norm replacing
BMO norm.

4. Since these inequalities are derived from a good \-inequality and pointwise estimate, we also
obtain the weighted versions of the ones in the sense of B. Muckenhoupt. See Remarks 3.1, 3.2,
3.3 and 4.1.

5. By the results below, the following local estimate can be shown; for 0 < p,r < oo, cube Q
and f,g € LP(Q) with V™ f, V™™g € BMO(Q),

1FV™gllLr @) < C(Hf”LP(Q)||vm9||BMO(Q) + V™ fllsao@llgllLe@) + QM= fv™yg]

Lr(@))

with a constant ¢ independent of f,g and Q.
6. In [40], the above bilinear estimate will be applied to study the blow-up phenomena of
solutions to the Navier-Stokes equations with the initial data in the Herz space.



2 Preliminaries

Throughout this paper we use the following notations. Let €2 be a nonempty subset of R™. Ny :=
NU{0}. For z € R™ and ¢t > 0, B(z,t) denotes the ball, centered at x of radius ¢t. By a “ cube
7 () we mean a cube in R™ with sides parallel to the coordinate axes. Its side length and center
will be denoted by (@) and ¢(Q). Also, for a > 0, a@Q) means the cube with the same center
as () whose side length is a times that of Q. The set of all dyadic cubes is denoted by Q, and
set Qg = (—2F,2F)m\(=2F—1 2k=1)n for k € Z. Let P; be the space of polynomials of degree
at most [. For a measurable set FE, yg denotes the characteristic function of E and the slashed

1
integral ][ fdx denotes the average fp = E / fdx, where |E| is the Lebesgue measure of F.
E

v f stan(fs for the vector of all derivatives 0% f with [af = m and [[V" fl|x = >, 2, 10°flx
with some quasi-Banach space X. In what follows ¢ denotes a constant that is independent of the
functions involved, which may differ from line to line.

In this section, we recall the definitions and fundamental properties of function spaces and also
collect several lemmas about polynomials which are used to study the sharp maximal function. In
particular, Lemmas 2.3 and 2.6 play an important role in Section 4.

Definition 2.1. Let 0 < 7,7 < 0o and 1 € Ny be such that [7] —1 < 1. For functions f € Lj,.(Q),
one defines the two maximal functions

M2 @) = s joI" ][ iray)”

€@

and

#(r),Q - T/n ][ _ pr )1/T
xr):= su inf |Q P|"d ,
LT ( ) IGQIEQ Pep, | | Q|f | )

where the supremum is taken over all cubes QQ containing x and included in Q. In particular, we
write ff = fﬁ(1 and M$ = M%®. Omit v and Q when r = 1 and Q = R", respectively. Also,

MT Qf and fl P mean the dyadic mazimal function and the dyadic sharp maximal function of
f, respectwely That 1is

— 1/r
M7 f(a) = sup |Q[7/" ][ (f Iflray) "
T€EQCH Q

QeQ

and

Q /
J?z:) (z) := sup 1nf |Q| T/" ][ |f —P|" dy ,
reQC PeP
QeQ
where the supremums are taken over all dyadic cubes Q containing x and included in Q. In
particular, we write Mt = M.

Definition 2.2. Let 0 < p,q < 0o and o € R. Define the (homogeneous) Herz space Kg,q as
g (BY) = {1 € L BN(O): iy, = (220 4u,) " < o0
kEeZ

and
K%010,00(R™) 1= {f € Lipe(R™{0}); [ £l 0

BMO,oc0

= Skup ||fHBMO Q) < oo},

where Q= Qr—1 U Qr U Qry1 and
| fllBaro) = sup 1nf][ |f — ¢|d,

where the supremum is taken over all cubes Q included in Q.



It is trivial that ”fHK%Mo < |Ifllemo, i.e. BMO — K%MO,OO. Moreover, K%Mom strictly

includes BMO. Indeed, a function h(z) := —xz>o0log|z|, appearing in [14, pp.121], is not in
BMO(R) but in K%, .. (R). Tt is well known that —log|z| is in BMO. Then it is clear from
the definition that l

172l o < || —logz| [[Bmo < oo

BMO,

Definition 2.3. Let 0 < ¢ < p < oo. Define the Morrey space ME(R") as

q

1/
MR = {F € L | llagg = sup 1177 (f |71%dy) " < o0},

where the supremum is taken over all cubes.

1/q
It is easy to see the equivalence || f|| ¢z ~ sup iR (][ |f|qdy>
1€Q I
Above two function spaces extend Lebesgue spaces; for all 0 < p < oo,
o v
K,,=LF =M.
In particular, Herz spaces include also Lebesgue spaces with power weight, i.e.
Ky, = LP(|z|*"dz).
Note that, for nonhomogeneous Herz spaces, we have
Ky, = LP((z)*dz)

where (z) = (1 + |z|?)!/2.
Morrey spaces have the following inclusion property:

Mb = LP — LP*(Lorentz space) — M} — Mb  for 0 < g2 < q1 <p < o0,
Further, the following inclusion holds; for 0 < ¢ < p < 00
ME [{;(010/17*1/‘1)_
To define Hardy type spaces for the above two function spaces, we fix a test function ¢ € C§°

which is supported in the unit ball B(0, 1) and whose integral is not zero. For a distribution f € 2’
we define the radial maximal function ¢ (f) by

(@) = sup [{f,di(z =)

0<t<oo
where ¢ (x) =t "¢(x/t).

Definition 2.4. Let p and q be the same as in Definition 2.2 and —n/p < a < 00. Define the
Herz-type Hardy space HKY , as

HED (R == {f € 73| fllycs, = lo+(Nllis,}
Definition 2.5. Let p and q be the same as in Definition 2.3. Define the Morrey-type Hardy space

H/\/l{; as
HMOR") :=={f € Z"; [ flurmz = o+ (F)llaez}



Remark 2.1. 1. Hkg,q and HM?Y are independent of the choise of ¢. The fact about Herz-type
Hardy space was shown in [25]. As for HM?, this was shown in [34].

2. It is known in [23] that if 1 < p < 00,0 < ¢ < 00, —n/p < a < n(l—1/p) then HK;‘_Q coincides
with Kgq. Similarly, for 1 < q <p < oo, HMEL = M with norm equivalence. Indeed, from an

inequality ¢4 (f) < cMf, the inclusion ME C HMPE is clear. The reverse inclusion is also deduced
from the Banach-Alaoglu theorem, see [22].

Many authors studied the mapping properties of several operators on Herz spaces and Morrey
spaces. We use the boundedness of the Hardy-Littlewood maximal operator M = MP " in the
sequel.

Proposition 2.1. M is a bounded operator on Kﬁq ifl<p<oo, 0<g<ooand —n/p<a<
n(l —1/p).

Proposition 2.2. M is a bounded operator on M¥ if 1 < q <p < oo.

The first lemma is well known.

Lemma 2.1 ([28, lemma 3.1]). The following inequalities hold for all cubes @ C R™ and all
polynomials P € Py.
(i): For 0 <r < oo,

(][Q|P|Tdy)1/r < |IPllze(q) < C(fQLP'Tdy)l/T?

where the constant ¢ depends on n,l and r only.
(ii): For each a > 1,
1Pll = (a@) < ca'| Pllz=(q);

where the constant ¢ depends on n and | only.
(iii): (Markov’s inequality) For each multi-index 3,

107 Pl 1<) < el@IV™ | Pl o (@)

where the constant ¢ depends on n and [ only.

We define the specific polynomial class IT;(f, L"(Q)). In the proofs of Propositions 3.1 and 3.2,
we use polynomials in these classes.

Definition 2.6. Let 0 <r < oo, [ € Ny, @ be a cube in R™ and f a measurable function. Define

IL(f,.L"(Q)) = {m € Pi; |f = 7llir@) = juf IIf = Plrr@)}-

The next lemma is fundamental to deal the above function spaces with ¢ < 1.

Lemma 2.2 (|28, Lemma 3.3]). Let 0 < r < 00, | € Ny, Q be a cube in R™ and f a measurable
function. Then the following (i), (i) and (iii) hold.

(1): IL(f, L7(Q)) # 0.
(ii): There exists a constant ¢ = ¢(n,l,r) such that for all m € I (f, L"(Q)),

I~ < e f_1i7n)

(iii): For any positive number § < 1 there exists ¢ = c(n,l,r,8) such that for Q; C Q with
|Q1| 2 5|Q‘ and ™ € Hl(fa LT(QZ))? 1= 1727

1/r

1/r
— Ta|| o) < ¢ inf ( — P|d )
1 — w2 (@ < ¢ nf ][Qlf "dy



The following property of the sharp maximal functions is important. A similar inequality can
be found in [10].

Lemma 2.3. Let 1 <r<oo, le€Nand f e L] . Ifo*f € L] _ for all |a| =1, then the inequality

loc* loc
7),$2 a 7),02
A0 ) <23 @0 Y ()
|| =1
holds for any open subset Q0 in R™ and z € Q.

Miyachi proved Lemma 2.3 with » = 1 and [ = 1 in his unpublished paper. To verify Lemma
2.3 in that case, he used the following two lemmas. Once these are proved, it is easy to check
Lemma 2.3.

We write fLP,, if [ fPdx =0 for all P € P,,, for f € L}

loc*

The first lemma follows easily from the duality.

Lemma 2.4. Let Q be a cube, m e N, 1 <r <oo, 1/r+1/r' =1, f € L] . and

loc

A™(Q) = {p € C(Q); L P, and ||| < |Q|7H/ =™/}

Then, the equality

inf —Vr=m/n e _ p|l,, = su / dx
Per|Q| If @) @eAwP(Q)‘ fodz|

holds.

The proof of the second lemma is similar to that of [27, Lemma 2].

Lemma 2.5 ([27, Lemma 2]). Let Q be a cube, m € N, 1 <r <oo, 1/r+1/r" =1 and

B™Q) ={¢ € C(Q); 0 = > _ 95,
j=1

where 1; € C3°(Q), ¥ LPm—1 and ||¢y]| - < 2Q|7V/~ =D/,
Then, the inclusion A™(Q) C B™(Q) holds.
We end this section with the following lemma which is a key to the proof of (ii) in Proposition

4.1 and is interesting of its own right in itself. To state the lemma, we define the grand maximal
function.

Definition 2.7. Let k € Nyg. Forx € R” and 0 < t < 0o, define T(x,t) as the set of all functions
¢ € C§° so that supp ¢ C B(z,t) and ||0%¢||p~ <t for |a| < k. For f € 9', set

fl:(x) = Sup{|<f7 ¢>|7¢ € U0<t<oo,]7€(x7t)}'

Lemma 2.6. Let 1 < p < oo, Q be a cube, B a non zero multi-index and k a non-negative integer.
Suppose that g € 9’ and 0%g € LP(Q). Then, there exists a constant Ag satisfying both

1079 = AqllLe@) < ¢ inf 0%9 = ellr(q) and
A < c 7|ﬁ‘/n lnf * 5
Aql < el /" inf g7(6)

1

1ocs then we also have

where the constant ¢ depends on n,p, 8 and k only. Moreover, if g € L

Aol < clO|7181/m inf ][ — Pldy.
|Ag| < c|Q| pell ng |dy



This lemma improves the result by Miyachi in the case |3| = 1. The following proof is based
on the idea due to [11], and differs from that of Miyachi. Naturally enough, the average (0°g)q
does not satisfy the second estimate. Since Ag is defined by integral of 9°g and the bound of |Ag|

is dominated by C|Q|~!8l/™ ][ lg|ldy, the second estimate is stronger than Markov’s inequality for
Q

polynomials.

Proof. Let p € C§°(R™) be such that supp p € B(0,1/2) and /pda: = 1. For a function f, we

write

) = IQllf(xl_(g;)Q)).

It is obvious that supp p? C B(c(Q),1(Q)/2) C Q. We define Ag by
[ 9% oo = (-1@l g, (09,
Q

Since the integral of p® equals to 1, it is easy to check that Ag satisfies the first property. Let
X = n/2max g <, [0°TPp L. Then we have |0%((8°p)?)(z)| < X(Vrl(Q))~ "+l for
all |a] < k. Because supp (8°p)? € Q C B(&,v/nl(Q)) and (0°p)?/X € Tp.(€, /nl(Q)) for all

¢ € B(c(Q), @I(Q)), we obtain the require inequality in the following way;

|[4ql = X1QI"V"((g,(8°p)?/X)]

< X|Q|1#/n inf gr ()
€€B(c(Q), " UQ))

< Xx|Q|~1Al/m inf gi(€)-

For every P € Pg_1, we can write

Ag = / po(2)0”(g(x) — P(x))de.

1

ioc, the desired inequality follows from integration by parts. O

Therefore, in the case g € L

3 Proof of Theorems 1.1 and 1.2

The following lemma is our good A-inequality that we mentioned in the Section 1 and is the key
to the proofs of Theorems 1.1 and 1.2. Miyachi proved Lemma 3.1 in his unpublished paper. For
convenience for readers, we give his proof.

Lemma 3.1. Let 0 < r < 0o and | € Ny Then, there exist B = B(n,r,1) > 1, Cy = Cy(n,r,1) >0
1/r
so that for each Q € Q, f € L"™(Q), A\ > (][ |f|Tdy) and 0 <6 <1
Q

— " O\ —~
o€ @:M2f(x) > BA, Fi{ <N < Co( ) o€ QM2 f (@) > . M
Proof. The constant B > 1 will be chosen later. We put
By = {z e QM2f(z) > B, fi5"? <ox}

and .
Q= {z € Q; MY f(x) > \}.



We may assume that both E) and 2 are not empty. Then we can find a family of dyadic cubes
1/r
R = {R} satisfying R # @ and ( ][ |f |’”dy> > A. We collect maximal dyadic cubes {R;};jen
R
from R. It is clear that U R; = Q. Therefore, it suffices to prove
JEN
—~ ONT"
o€ QM2 f(@) > BAYN Ry < Co( ) IR (2)

assuming X; := {z € Q; J?%T)’Q(x) <OA}NR; #0.

Let R; be the dyadic double of R; and we take w € IT;(f, L"(R;)) and = € R; such that M f(z) >
B. Holder’s inequality yields that

BX < ]\A/[/,Qf(x) < max(1,3Y/771)
x (M2((f = m)x, ) () + ME(fxgo ) () + ME(mx ) (2))-
Because of the maximal property of R;, we have that
—~ 1/r
ME(fXgm g,)(x) = sup ( ][Ilfo,L\g_j I’"dy)

relCQ
IeQ

= sup (][,lfon\gjl’"dy)l/r

z€l,R;CICQ
IeQ

<A,

and by o < n/r and by (ii) of Lemma 2.2,

Lr(I)
zelC
IeQ

= sup 1|77 ||7]| ey
r€ICR;
IeQ

MR (mx g )(x) = sup 117" g,

IN

||7T||Loo(1§j)

<elf )

< cA.

Hence we obtain

ME((f = m)xg,)(@) > b -1- c))\.

(max(l,Sl/Tfl)

Here if B satisfies
B

( B
max(1,31/7—1)

311

—-1- c))\ >
then we have

{0 € QMOf(z) > BAYO Ry  {w € @ MO((f — mxz,)(@) > B/(377 + DA},
From this inclusion and the L™ — L™ boundedness of M,., we have

1 = mxa e \”

B/(3Yr=1 + 1)\
RV it FEC©)

€ER;
<c
o[ —%—)

< Co(%)r|Rj\7

{x € QMO (x) > BA} N R;| < (

10



which is exactly the inequality (2). Here we have used the assumption X; # () for the above last
inequality. O

Remark 3.1. By using (2) and the reverse doubling inequality, we can obtain that for all j and
wE A N RH1+E,

w({z € Q: M2f(z) > BA} N R;) < c(co(%)r)f/“ﬂ)w(zzj)

with a constant ¢ independent of j. Here, Ay, is the Muckenhoupt weight class and RH. the reverse
Hélder class, that is, for a positive locally integrable function w, w € Ao if and only if

sup(][ wdzx) exp(][ logw™'dr) < oo
Q Q Q

and w € RH. if and only if (][ wfalg:)l/E < c][ wdzx for all cubes Q C R™. Therefore, we have
Q Q
the weighted version of (1);

w(E)\) S C(C()(%)r)s/(lJrE)w(Q)\)_
3.1 Proof of Theorem 1.1

In this subsection, we prove Theorem 1.1 by using Lemma 3.1. But, since it is clear that Corollary
3.1 and Proposition 3.1 below imply Theorem 1.1, we omit the details of the proof of Theorem 1.1.

Corollary 3.1. Let 0 < p,7r <00, 0 < qg <00, a € R andl € Ng. Then, there exists a constant c
such that for every f € L] (R™{0}),

loc

#(r),Qr
W llics, < (L Ny, + 11l gysncra-srm ).

Proof. Once we prove the following inequality, the proof is completed;

. . . 1/r
1022 flri@u) < (175 arau + 1Qul7 ( ][Q ) ) @
k

1/r
Let A > (272" — 1))V/r (][ |f|7’dy) . We decompose @y, into 2"(2"™ — 1) disjoint congruent
Qk
cubes whose sidelengths are 2*~!. We denote by {Qi}?:(f Y these disjoint cubes. Since the
. 1/r
volume of each @, equals to 27"(2" — 1)~!|Qx|, we see that A > (][ v \f|rdy) for all j. Then,
Q]

k
from Lemma 3.1 there exist constants B > 1 and Cp > 0 so that for all j the inequality (1) with
Q = Q{C holds. Now we remark that ]\’ZTQi f coincides with MTQ’C f, and ﬁ’g)’% coincides with
JA”%T)’Q’“ on Qi. Hence, we obtain that

[{z € QL MO f(x) > BA, %" (x) < oA}
< () 1o € QU NIE 1) > A}

for all j. By taking the sum of these inequalities over j, we have the following good A-inequality
for Qy:

{2 € Qu; MO f(x) > BA, f159"(z) < oA}

< o) e € Qus IR () > )1

The same computation as [35, Theorem 1.3] gives us the norm inequality (3). The rest of the proof
is easy. O

11



Remark 3.2. By the last inequality in Remark 3.1, we have the weighted version of (3);

o Qn) +w(Qi)'? (][Q Ifl”dy) UT),

where, of course, the constant ¢ is independent of k. Then, it is easy to see that for w; € A, (i =
1,2),

| M2 f|

#(r), QT
||fHngq(w1,w2) < C(”fl,or Hkqu(wl,wg)

+ (Z wi (Qr) ™/ ™M wa (Qr)Y/” (][Q ‘ ‘f|rdy) ‘1/’“) Uq) :

keZ

where Kgq(wl, wsy) is the weighted Herz space, see [24], for the definition of weighted Herz spaces.

Proposition 3.1. Let 0 < p,r < 00, 0 < ¢ < 00, —n/p < a and l € Ny. Then, there exists a
1/r
constant ¢ so that for f € LT (R™\{0}) satisfying that (][ |f|rdy) —0asj— oo,
Qj

loc

#(r), Q"
£z < el 5l
where ag = a+n(1/p—1/r).

Proof. From the same decomposition as Corollary 3.1, we can write

27(2"—1)
. ka q 1/
Iflicge < e Do (o2 00FIG, g )M
j=1 kEZ

Then it suffices to prove

kaog|| pl1a Y1/ < || fE00Q7)

We take polynomials 73 belonging to II;(f, L" (Qi)) for every j and k. From a chain of inequalities
If - 7Tk||LT(Qi) = Piglf)l If = P“Lr(Qi)

<|QIM inf fF59x(e)
e

k

j11/r— #(r),Qx
<1QUY I o)

we have

1/q ”.0*
(o2l = melld, ) < AV ks,
(Qk) ’ P,q
keZ

Therefore, we have only to show the inequality
o #(r),Qr
O 2o mille, )" < el FEG N, (4)
kez

From our assumption, for every integer k, we can take a sufficiently large integer N > k + 1
satisfying

. 1/r *
|Qi‘(ao+n/r:ﬁ:1)/n (][Qj |f|rdy) < Hfllig)@. ”K,‘,ﬁq'
N

12



We decompose in the following way;

1y S QL] oo 1)
. Nk_l_k -
< \Qill/r Z | 7hts — 7Tk+z'+1HL°°(Q'?;) + |Q?€|1/T||7TN,€HLOC(Q%)
1=0
We shall prove
. #(r),Q"
(Z Qk 0q Iq)l/q < C”fl,g) ) Hkqu. (5)
kEZ

A geometric observation shows that

T C2Q%, 1 C Qrei U Qirisn U Qraivr =: Qf s, and
Q€ 3Qhiim1
for every k € Z and i = 0,--- , Ny, — 1 — k. Then, by using (ii) in Lemma 2.1 we have
1P L @iy < WPl e sqi, .. )
< P

(2Qk4i41)

for any polynomial P, k € Z and i =0,--- , Ny — 1 — k. From this inequality and (iii) in Lemma
2.2, we obtain

7hti — 7Tk+z+1||Loo @ < cllmpri — 7Tk+z+1||Loe (2Q1,.11)

<c inf (][ |f—P|Tdy)
PeP; 2Qk+1+1
o g

£€QN it
j ),2Q1
< C|Q;€+i+1| 1/p”flo k+b+l||LP (@ 4i01)

_ i #(r),Qrts
<2 (k+l)n/p||f170 s +1||Lp Qi)

Hence in order to prove (5), it suffices to prove that

— —in T i 1/q @ 1/q
(Do koS ol g0 L o)) < (32U Y i g,) e (6)

keZ i=k kEZ

If 0 < ¢ <1, then (6) can be shown as follows

(Z 2k(060+n/7")Q(i

1/q
. \4q
1))
keZ i=k

r —i(a+n aog+n/r 1/a
(ZZzaqH ﬁ( Q7 ||LP(QJ i(a+n/p)q Z 2742( ot+n/r) )

1€Z k=—o00

r 1/q
< C(Z 2kaq||fﬁ( )Qk”Lp Qk)) ]
keZ

Here we have used the assumption —n/p < «. If ¢ = oo, then (6) can be seen immediately as

13



follows;

/) o= im §(r), Q7
gh(eotn/n) S gminsp| QT
i=k

o0
Lo Qi)) gh(eotn/m) § gilatn/p)

< (sup 2| @
i€Z ’ —x

< esup 2| £ | o).
kEZ

Here we have again used the assumption —n/p < «. Finally, the case 1 < ¢ < co can be proved
by the use of interpolation.
Next, we shall prove

(Z okang Hq)l/q < C||fz%r)7Q' Hqu
kEZ

Since Q{C C SQng we obtain

||7TNIC||L0°(Q£) < ||7TNk||Loo(3Qng)

< C||71'N,c ||Loo(Q3'Vk)

<(f,, vra)”

< Cka(ao%»n/r:I:l) ”flﬁE)TLQ.* HKG ,
’ pP,q

which imply the inequality above and completes the proof of Proposition 3.1. O

Remark 3.3. From the last inequality in Remark 3.2, we obtain the following result. We omit the
detail of the calculation.

Let p,q,a, o, 1, 8,7 be the same as in Proposition 3.1 and 0 = 0. Let w; € A,,, (i =1,2) with
1<p;<ooandwy € RHyy.. And we put 6(a)) = p1 if a >0, =¢/(1+¢) if —n/p<a <0. In
the case wi = wq, we have that

a/r\1/q y.O*
(3= wi@u/mwa(@i) ][Q dy) ) < el Y Nk o
k

keZ

On the other hand, in the case wy # wa, if ad(a) > —npa/p, then we have the same inequality.

3.2 Proof of Theorem 1.2

In the subsection, we consider Theorem 1.2. Sawano and Tanaka proved similar results to Corollary
3.2 and Proposition 3.2 with 1 < ¢ and » = 1. It is trivial that Corollary 3.2 and Proposition 3.2
complete the proof of Theorem 1.2. The arguments in this subsection are similar to those in [35]
and are more simple than the one in the case Herz space. But we shall give the proof of Corollary
3.2 and Proposition 3.2 for the sake of completeness.

Corollary 3.2. Let 0 < g <p < oo, 0<r <oo andl € Nyg. Then, there exists a constant ¢ so
that for any f € LJ

loc?

r), I
1 aeg < (18" aag + 1 F 1L )

14



Proof. Since we have a “ locally ” good A-inequality in Lemma 3.1, the argument in [35, Theorem
1.3] implies that for all dyadic cubes I,

—~ I , 1/r
I3 sy < (U N + 11172 (f 117an) ™),

which says that the required inequalities hold. Here we have used the equivalence of the norm of
Morrey space mentioned after Definition 2.3. O

Proposition 3.2. Let 0 < g<p<oo, 0 <r <pandl € Ny. Then, there exists a constant c so
1/r
that for f € L] . satisfying (][ \f|’"dy) — 0 as k — oo, I, =281, for some cube I € R™,
Iy

loc

v
1f e < ellF25 e

Proof. As a mentioned in Remark 1.2, it follows from the decay condition that for all cubes I, we

have
1/r
(][ |f|rdy) — 0 as k — oo.
Iy,

Let mr € I;(f, L"(R)) for any cubes R. Going through a similar argument as the proof of Propo-
sition 3.1, we obtain

1/r ML
R (1=l dn) < g

for every cube R. Then it only remains to verify for each R

, 1/r I
R (f maldy)” < el g

To do this, we decompose

1/r N-1
(F Imalan)"" < 37 lrw, = maslam + e
i=1
with a large integer N satisfying
1/p r 1r #(r). 1.
RV (F1rdy) < I g
RN
Now because that R C R; C R;41, it readily follows that
f Pray)”
. — ) oo < i — P|"
I~ e < ok (f 17 Prraw)

— JR;
< c|Riy1] 1m”fﬁ,&)r) +1||L<1(Ri+1).

Therefore, we can conclude the desired inequality as follows;

N-1 N-1
_ ,Ri
IRIY? S e, = e lzery < ARIMVP ST IRt "YU £  Larin
=1 =1

3,1
< ell £ ez

q

and

1/r
Ryl < P2 (f 157ay)
RN

I
< ellFF e
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4 Proof of Theorems 1.3 and 1.4
In this section, we prove the bilinear estimates in Theorems 1.3 and 1.4 by using Theorems 1.1
and 1.2 and the following pointwise estimate for the sharp maximal function of fV™g. Miyachi

showed the inequality (ii) of Proposition 4.1 with m = 1 in his unpublished paper. The statement
(iii) is an analogy of (ii) which is not used in the present paper. Let p; = max(p, 1).

Proposition 4.1. Let 0 < r < s < oo, 1/r =1/s+1/s', m € N and 8 be a multi-index with
|B] = m. Then, there exists a constant ¢ such that the following (i), (ii) and (iii) hold.
(i): If f € L}, .(Q) and g € L§, (), then for z € €,
(Fis @) < (M2 F@)gls (@) + £35 (@) MEg(a)).
(ii): If f € L3, (Q) and g € 2" with 9Pg € Lloc( ), then for x € Q and k € Ny,
r s'),Q r
(fO g} (@) < c(M§f<x><aﬁg>ﬁfo” (2) + F (@) gi (@)

iii): If f € L. (Q), g € L} with &g € Lf and V™*tlg € BMO, and s’ < 1, then for
loc loc loc
x € Q,

(FO )i (@) < c(Mi’Qf( V™ gl saro) + R (2) MEg() ).

Proof. (i): Let Q be a cube in Q with € Q. Let no(f) € Io(f, L*(Q)) and 7o (g) € o(g, L* (Q)).
From the estimate

][ [fg = mo(f)malg)l dy (][ |[f=ma(f Idy ][ 91 dy) 1/8

w(f yras) " (f to-retora)” )/
we see that

1/r ,
iy (][Q|fg - 7Tc»?(f)7fcz(g)|rdy> < C(Mgf(:c)ggfg () + fgfg)’ﬂ(x)Mg?g(x)>,

TEQC

(ii): Let @ be such a cube. For any polynomial P € P,,, we shall estimate <][ |f08g —
Q

1/r
AQP|rdy) where Ag is the constant appearing in Lemma 2.6. Holder’s inequality and the
properties of Ag give us that

/s , 1/s’ 1/r
(f 00— aaPran)” < (f isran)”"(f 0%~ Aalan)™" + (f 15— Pray) "1l

v (f e =pran) Qo mgia)).

< o MRS (@) inf Q7" 07
Therefore, we have

(1) (@) < (M2 F(@) (@70t (@) + R ()i x) ).

(iii): Let Q be a cube in Q with z € Q. We take 7 € Il 1(g, L* (Q)). Remark that, in this
setting, we see that

gihQ e LY(Q) and

gB,(LJr)lmH( ) < oo ae x€Q.

(7)
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In fact, by Theorem 6.2 in [10], we have a chain of inequalities

1), 1),
1502 10y < €@ 22 )
< c|QY2 V™ g 12y < o0

On the other hand, because gfrg‘i)l% 41 is dominated by g

the first one. (7) imply the inequality

#(1).Q

m.m—+1, the second assertion follows from

107g(y) — 0n(y)| < Q" gE 1D 1 (y), ae. y € Q. 8)

For the proof of this estimate, see [10, Lemma 5.2 and Corollary 5.7].
Hence, (ii) in Lemma 2.2, Lemma 2.3, (8) and Markov’s inequality yield that for any P € P,,,

(][Qlfﬁﬁg - Paﬁﬂlrdy) K

< (f )" (f o= oma) " o (1= pran) " (f orma)’

s'), /s
<e(MM ) Y ||<aag>ﬁf0+”||m@)+|@m/”(]lQuP|de)1 MEg()).

|a]=m+1

Thus, we obtain

(FO° i (@) < e(ME2F@) IV gl maroe) + FE0LH @) MEg(a)).

This is what we desired. O

4.1 Proof of Theorem 1.3
Proof. (i): Let 0 < r < min(1/2,p/2). Since

1/r .
2Imd < 2—2i(atn/p) f 2 S0,asj — o0
2" dy o ,as j :
QJ p.q

we can use Theorem 1.1 and hence, we have

Q7
121k, < el (DG Nl
Q7
192l s < el9®65 % s -

Then we obtain the required inequality in the following way;

1/2 1/2

1£9llicy, < 17211 / s /
1/2 1/2
<e|(f > >Q||/ 1)} >Q||/

2 1/2 1/2
< | My, f £ ne || 2 1Marg gé%m s

1/2 1/2 1/2 1/2
<ellflIs / R ; ||g|| / gl s

<(I f||Ka s 4 ||f||K%MW ||g||Kg,q)~

BMO

ii): Firstly we shall show that if h € K9 , then we have
00, BMO

][Q |h|dz = O(k), as k — oo, (9)
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We remark the equivalence

][ |h|dx ~ max ][ |h|dz.
O 1<j<2n (20 -1) ) i

Recall that each of ch is a subcube of @i, appearing in the proof of Corollary 3.1 and Proposition
3.1. Let m; € Io(h, L*(QY)). Since Q, QI,, C 2Q7,, C Qf,,, we obtain

k—1

][_|h—7r1|dx§][ \h—7rk|das—l—z:|7rz it
Qk

i=1

<c inf h — P|dx + f][ h — Pld
_clz'lgl:’z][QJ| ‘ v CZ i QQJ | | v

< chllhllgy,,

which imply (9). Applying (9) to V™g one obtains that for any € > 0, 2_51“][ [V™gldy — 0 as

Qr
k — oo, and as a consequence, we have

(f, remara)” o

as k — oo for all 0 < r < p/(p+ 1). Hence, from Theorem 1.1, we obtain Fefferman-Stein’s
inequality;

1V gl ics < el (PR Nice

with sufficiently small r. Combining the above inequality with (ii) of Proposition 4.1 and Lemma
2.3 leads us to the following estimate; for sufficiently large k,

IV Fll ko

BMO, o0 BMO,oco

V™9l g < c{If kg IV™9ll ko lgrllka, )-
p,q

Finally, the estimate ||g;|| o < ¢[|g|ly o follows from Uchiyama’s pointwise estimate in [41];
p,q p,q

gr(x) < My (naiy (94(9)) ().

O

Remark 4.1. As we mentioned in 4 of Remark 1.1, Remarks 3.2, 3.3 and Proposition 4.1 yield
the weighted version of Theorem 1.3. See [24] for the boundedness of M on the weighted Herz
spaces.

4.2 Proof of Theorem 1.4

Proof. (i): Let 0 <r < min(1/2,¢/2). Since f,g € M?, f? and ¢? satisfy the decay assumption in
Thoerem 1.2. Then we obtain

rI
1720 aee < el (F2S " ez

192 [ aer < €l (g3 6)’ -
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By these inequalities and (i) of Proposition 4.1, we have

1fgllaag < 172150 920,
< ell()E6 " ke 18" 1
< ellfES Mol a6 ™" Margll i
< ellf I 1o gl lalliao

< c(Iflaaz lollzaro + 1 Flmaro llgllacs )

(ii), (iii): The same arguments as the proof of Theorem 1.4 complete the proof. O

Remark 4.2. In the proof of Theorems 1.3 and 1.4, we showed the following interpolation in-
equalities;

1/2 1/2
1llggrs, < elFIe 17

1/2 1/2
£l gz < ellf115s ||f||B/Mo-
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