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Abstract

In this article, we consider the mapping properties of convolution operators with smooth functions on
weighted Hardy spaces H?(w) with w belonging to Muckenhoupt class Ao. As a corollary, one obtains
decay estimates of heat semigroup on weighted Hardy spaces.

After a weighted version of the div-curl lemma is established, these estimates on weighted Hardy spaces
are applied to the investigation of the decay property of global mild solutions to Navier-Stokes equations
with the initial data belonging to weighted Hardy spaces.

Keywords Weighted Hardy spaces, convolution operators, div-curl lemma, Navier-Stokes equations
2010 Mathematics Subject Classification 42B30, 35Q30

1 Introduction

Aims of this article are to establish estimates for the heat semigroup and div-curl estimates on weighted Hardy
spaces and to investigate time decay of solutions to Navier-Stokes equations with the initial data belonging to
weighted Hardy spaces. Weights, we treat in this paper, belong to Muckenhoupt class A..

The first aim is to find a sufficient condition on weights that ensures the boundedness of convolution operators
with smooth functions on weighted Hardy spaces HP(w), see Definition 1.2 below, of the form;

1f * @llraoy < cllfllaew)- (1)

The same inequalities on Lebesgue spaces with power weights were treated in [20] where the author assumed
w € A, and 0 € A;. Meanwhile, Theorem 1.1 below does not need such assumption on weights, also see Lemma
1.1. As a corollary of Theorem 1.1, HP(|-|*P) — H9(]|-|%7) estimates for the heat semigroup e¢® are given. Their
decay order of t can be large as possible, see Corollary 1.1. This is one of advantages of the usage of weighted
Hardy spaces instead of weighted Lebesgue spaces. In the proof of Theorem 1.1, atomic decompositions by
Garcia-Cuerva [5] and Stromberg and Torchinsky [18], and the molecular characterization in Taibleson and
Weiss [19] and Lee and Lin [11] are applied.

Next aim is to establish the so-called “div-curl lemma” on weighted Hardy spaces. Div-curl lemma was
proved by Coifman, Lions, Meyer and Semmes [3]: for divergence free vector fields u

[(w-V)ollar S llull e [ Vol

where n/(n+1) < p,g < ocand 1/r =1/p+1/g < 1+1/n. At the case p = oo, Auscher, Russ and Tchamitchian
[1] verified that the inequalities still hold. The proof of our div-curl lemma relies on a pointwise estimate of
the grand maximal function of the bilinear form (u - V)v due to Miyachi [15] in the non-endpoint cases p < oo
and the approach of Auscher, Russ and Tchamitchian [1] in the endpoint case p = oo, see Theorem 1.2 and
Theorem 1.3.

Finally we investigate the time decay property of global solutions in Kato [10] to the incompressible homo-
geneous Navier-Stokes equations

Ou — Au+ (u-V)u+Vp=0,
(N-S) divu =0,

u(0) =a
when the initial data a belongs to weighted Hardy spaces. Here u = (uy, -+, uy,) is the unknown velocity
vector field, p is the unknown pressure scalar field and a = (a1, -+, a,) is the given initial velocity with div

a =V -a = 0. In this research, Theorem 1.1 is applied to the linear estimate and Theorems 1.2 and 1.3 are
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applied to control the nonlinear term (v - V)u. Kato [10] and Giga and Miyakawa [7] showed if ||a| z» is small
and a € LP for some p € (1,2), then the mild solution w has that ||u(t)||z2 < ¢t with v = n(1/p — 1/2)/2.
Wiegner [21] proved that for # > 0, if a € L? and |[e*®al|> <t77, (ie. a € By %), then the weak solution u has
that [|u(t)]|z2 <t with 4y = min (6, (n 4 2)/4). Observe that v < (n+2)/4 <= n/(n+1) < p. We make
v be close to the critical order (n + 2)/4 of Wiegner with the aid of weighted Hardy spaces. But our analysis
can not reach to the critical order (n + 2)/4, see 2 of Remark 1.6.

The real variable theory of Hardy spaces was initiated by Fefferman and Stein [4], and then its weighted
version by Garcfa-Cuerva [5]. The fundamental properties of weighted Hardy spaces: density, duality, bounded-
ness of Fourier multipliers, etc..., were studied by Strémberg and Torchinsky [18]. Two atomic decompositions
with different notations of atom were given in [5] and [18], and will be applied to the proof of Theorem 1.1. Lee
and Lin [11] gave a weighted version of the molecular characterization due to Taibleson and Weiss [19]. Our
sufficient conditions for the boundedness of convolution operators are similar to that for the fractional integral
operators in Gatto, Gutiérrez and Wheeden [6].

For the application, we need a weighted version of so-called “div-curl lemma” due to Coifman, Lions,
Meyer and Semmes [3]. Our “div-curl lemma” in the non-endpoint case Theorem 1.2 follows from the pointwise
estimates of bilinear forms with the cancellation property by Miyachi [15]. Since the proof uses the boundedness
of the Riesz transforms, this method does not work on the endpoint case. To get the div-curl lemma in the
case Theorem 1.3, we apply an approach by Auscher, Russ and Tchamitchian [1] which does not need such
boundedness.

There are papers which studied the Navier-Stokes equations with Hardy spaces, for example Miyakawa [16]
and [17]. Applying the theory of Hardy spaces seems to be natural, because the nonlinear term (u - V)u has
the cancellation property: [(u-V)udz = 0 and then belongs to H' from “div-curl lemma” under the suitable
assumption on the velocity .

To state our results, we begin with definitions of Muckenhoupt class and weighted Hardy spaces.
We say w is a “weight” if w is a non-negative and locally integrable function. For a subset F C R", xg
means the characteristic function of E and |E| the volume of E. Throughout this article we use the following

notations; . .
w(E)z[Ewdx, <f>E:E»/Efd$’ <f>E;w=m/Efwdx.

By a “ cube ” @ we mean a cube in R"™ with sides parallel to the coordinate axes. B(z,r) means a open ball
centered at x with radius r. We fix a smooth function ® satisfying supp ® C B(0,1), 0 < d <1, & =1 on

B(0,1/2). We also use the notation M., f(z) = sup<|f|r>giu, where the supremum is taken over all cubes @
Q>3 ’

3

containing x, and M denotes the Hardy-Littlewood maximal operator. A < B and A =~ B mean A < ¢yB and
c1B < Acy B with positive constants cg, ¢y and co. In what follows, ¢ denotes a constant that is independent of
the functions involved, which may differ from line to line.

Definition 1.1. A weight w is said to be in the Muckenhoupt class Ay, (1 <p < o00), if the A, constant [w]a,
s finite:
[w]a, = Sgp<w>QHw71”L°°(Q)7
[w]a, = Sgp<w>Q<w1’p'>’Z{17 (1<p<o0),
and
[w]a = Sgp<w>Q exp({logw™)q),
where the suprema are taken over all cubes Q. Also, we define g, := inf{q € [1,00);w € A,}.

It is well-known that w(x) = |z|* € A, if and only if —n < o <0 when p =1 and —n < a < n(p — 1) when
p>1.

Remark 1.1. 1 [wja, >1land 1 <p<g<oo= A, C A,
2. A, classes have the openness property: if p € (1,00] and w € A, there exists ¢ € (1,p) so that w € A,.
3. wdg A, if g > 1.
It is well known that all A, weights satisfy the reverse Holder inequality. In a recent study of the sharp

weighted inequalities for Calderén-Zygmund operators, the optimal orders of the reverse Holder inequality were
found by Lerner, Ombrosi and Pérez [13] for A, weights with p < oo and Hytonen and Pérez [9] for A, weights.



Proposition A ([9]). Every w € Ay satisfy the “reverse Holder inequality”;
row\1l/Tw
(w)g"™ < 2Aw)e,

1

with Tw =1+ W

, where |lw|| 4., s another Ao constant of w, see [9] for example.

The weighted Hardy spaces HP(w) with w € A are defined as follows.

Definition 1.2. Let 0 < p < o0 and w € Ay. Define HP(w) as a space of all tempered distributions f whose
the mazimal function Mg f(x) = sup |f * ®¢(z)| belongs to LP(w), and
>0

£l zv (w) = [[Ma fl Lo (w)s
where L>®(w) denotes L.

Remark 1.2. It is well-known that when 1 < p < oo and w € Ay, it holds HP(w) = LP(w). On the other
hand, if LP(w) = HP(w), then w has to belong to A,. This fact also is true for open subsets in R", see [14].
Furthermore, if 1 < p < g, then there is a w € A, so that the Dirac mass belongs to HP(w), see pp.86 in [18].

In [18], several characterizations of HP(w) by maximal functions, for example the grand maximal function
* , were established. This maximal function is defined as follows; for m € NU {0}, = € R™ and ¢ € (0, c0),

m?

Zm(z,t) denotes a space of all function ¢ € C*°(B(x,t)) with
0% e < t=HD for ol < m.

The grand maximal function f;;, is then defined by

fr(@) =swS [f@)se | Tz t)

te(0,00)

We denote by Dy by the set of all f € S with f belonging to D and vanishing in a neighbourhood of { = 0,
where f means the Fourier transform of f. Stromberg and Torchinsky [18] proved that Dy is a dense subspace
of HP(w) for p € (0,00) and doubling measures w.

Our first result of the paper reads as follows.

Theorem 1.1. Let 0 <p < q < oo and w,0 € Ax. If there exists K > 0 such that

o(B)Ya

— a 1 Ky Z\7/
[waU]qu = b%pmln (17 |B‘ ) w(B)l/P

< 00,

where the supremum is taken over all balls B, then for any ¢ € S we have
IS *ellmace) < clw, olxs [1fllmew)

where the constant ¢ depends on p,q,n, o, [w]a.. and [o]a

oo oo *

Remark 1.3. 1. Gatto, Gutiérrez and Wheeden [6] showed that for 0 < p < ¢ < o0, 0 < m € N and
doubling measures w and o, || Ln f|lgao) S | fllaew) with f € Sy if and only if

1/q
Sup‘Q|m/n U(Q) < o0,
Q w

(@)
where I, f(z) = F |- |7 f](z) and S, = {@ € S;0¢(0) =0, |a| < m}.

2. The constant ¢ can be written by ¢ = ¢é|p|s where the new constant ¢ is independent of ¢ and |- |s denotes
a semi-norm of S.

Especially, it is not hard to check the finiteness of [w, o] XK, for power weights w and o. For example , see
pp. 285-286 in [8].



Lemma 1.1. Let 0 < p < ¢ < 0o and —n/q < B < a < oc0. For w(x) = |z|°*P and o(z) = |z|??, we can find
K >0 such that [w,o]xx < oo.

Combining Theorem 1.1 and Lemma 1.1 with the homogeneity of H? (w) with power weight w, we get decay
estimates of heat semigroup on weighted Hardy spaces with such weights.

Corollary 1.1. Let 0 <p < g< oo, —n/q< B < a < oo, w(z) = |2|*? and o(z) = |z|?1. Then, it holds
A _
1€ Flltra oy S Mo ()
with v =n(1/p—1/q)/2 + (o — ) /2. Also, it follows that for p < oo and 0 < a < 00
e fllzee S 1S Nerm ),
with v =n/(2p) + /2.
Remark 1.4. 1. Because it follows that

9l za(oy < cllgllza(o) (2)

holds for q € (0,00), a doubling measure o and g € HP(w) N L}, the inequalities in Theorem 1.1 and

loc?

Corollary 1.1 hold for Li(c) replaced by H9(o) in the left hand side. The inequality (2) follows from
atomic decomposition for weighted Hardy spaces due to Stromberg and Torchinsky [18], see Theorem C
below.

2. For 0 <p<gq<oo, w(z)=|z|*?, o(z) = |z’ and 0 < ¢ € .7, if
1+ @llLae) < ellfllew)
holds, then exponents have to fulfill
—n/q<pf<a<n(l-1/p),
which should be compared with the condition on exponents in Lemma 1.1.

3. In [20], the author proved the same inequality with LP(|-|*P) replaced by HP(|-|*?). In order to show that,
we needed the restriction on exponents

-n/q< B <a<n(l-1/p),
which implies w(zx) = |z|*P € A, and o(z) = |z|P1 € A,.

4. The second inequality in Corollary 1.1 is verified by HP — L estimate for the heat semigroup from
Miyakawa [16] and the first one.
Our second result is a generalization of div-curl lemma in [3] which plays an important role in our application.

Except for the case p = oo, our weighted div-curl lemma reads as follows.

Theorem 1.2. Let n/(n+1) < p,q < o0 and 1/r = 1/p+1/q < 1+ 1/n. Suppose that there exist T €
(L,p(1+1/n)) and p € (1,q(1 +1/n)) such that 7/p+p/q<1+1/n, we A, and o € A,. Then, we have

H(u ’ V)UHH"(;L) < CHUHHP(w)”VU”H‘I(G)v
with divu =0 and p = w"/Po"/1.
Remark 1.5. The weight i belongs to Ayiz/pip/q), 1 <7(7/p+p/q) <r(1+1/n), and it holds

r/p

[U]A,.(T/p+p/q) S [w]AT [U]Zl/pq

Because we use Theorem 1.2 with w(z) = |2|*? and o(2) = 1 in Theorem 1.4 below, it is convenience to
rewrite Theorem 1.2 as follows.

Theorem 1.2". Let n/(n+1) < p,q < 00 and —n/p < a <n(l—1/p)+1. If1/r =1/p+1/q¢ < min(1 +
1/n,1+1/n— a/n), then one has

(- V)ollgruy < clluflae ) Vol g,

where w(zx) = |z|*? and p(z) = |z|*".



For the endpoint case p = co, we can get rid of the assumption on the weight ¢ in the non-endpoint case
above. To give (u - V)v a definition as a tempered distribution, we define Y by a space of all locally integral

functions f satisfying that there exist ¢y > 0 and a seminorm | - |s of S so that /|f(:c)g0(:c)|d:c < ¢flpls, for
all ¢ € S. Obviously, L?(w) CY when 1 <p < oo and w € A4,.

Theorem 1.3. Letn/(n+1) < g < oo and 0 € As,. Then, it holds
[(w- V)vllga(o) S llullzee Vol Hao),
for uw € L with divu =0 and v € Y with each djvy, € Li, ., provided that o € Aq(i+1/n) i the case 0 < q < 1.
By using Theorems 1.1, 1.2 and 1.3, we consider the time decay property of solutions to the Navier-Stokes
equations. In particular, we treat with time-global solutions with the small initial data a € L™ due to Kato
[10]. Solving the Cauchy problem (N-S) can be reduced to finding a divergence free solution u of the integral

equation
(LE.) u(t) = e"®uy — B(u,u)(t)

where €' is the heat semigroup,
t
Blu, v)(t) = / = DDP(y . V) (s)ds
0

and P = {d; ; + R; R }1<i j<n denotes the Leray-Hopf operator or the Weyl-Helmholtz projection which is the
orthogonal projection on solenoidal vector field. Of course, the operator e* is defined by the convolution

"2 f(2) = f+ G 4(2),

1 2
(im) 72 e 1#I7/% and Gy(z) ==t~ "G(z/t).

Our third result in this paper reads as follows.

where G is the Gaussian G(z) :=

Theorem 1.4. Let 1 <p < oo, —n/p <a<n(l—1/p)+1 and w(x) = |z|*? € Ap141/n). Then, there exists
d > 0 such that for any a € L™ N HP(w) with ||a||L~ + ||l grw) < 6 and diva = 0, we can construct a solution
u € L>®(0,00; L™ N HP(w)) N C([0,00); L™ N HP(w)) N C*°((0,00) x R™) of (L.E.) satisfying

tm u6) — al = lim u(t) ~ aln(uy = 0
sup t'/2(|Vu(t) || gro () < 00
>0
Moreover, for q € [p,o0) and 8 € (—n/q,n(1—1/q)+ 1) with f < «, the solution u satisfies the following decay
property;
[u(®) | sy St~/ 0270025, (3)
with o(z) = |z|%? € Aq(141/n)- In particular, in the case p < q or 3 < a, it holds that
[u()[|rae) = o(t™7) ast\0, (4)
where v =n(1/p—1/q)/2 + (o — ) /2.
Remark 1.6. 1. The decay order “n(1/p—1/q)/2+ (o= 5)/2 7 in (3) is dominated by (n +1)/2.
2. In particular, if 1 <p <2 and 0 < a<n(l—1/p)+1, it holds that
let®allpe = o(t™7) and |lu(t)|2 =O(t™) ast oo, (5)

where v = n(1/p — 1/2)/2 + a/2. Observe that v < (n + 2)/4. As we mentioned above, (n + 2)/4 is a
critical order of Wiegner [21]. The following equivalence should be remarked;

1
an(1)+1 = v =
P 4
The more « is close to our critical value n(1 — 1/p) + 1, the more =y is close to Wiegner’s critical one
(n 4+ 4)/2. The restriction on « from above stems from div-curl estimates (Theorem 1.2), that is, the
influence of the non-linear term (u - V)u.



3. Ouwing to the density of Dy in HP(w) with 0 < p < oo, see [18], the former statement in (5) still holds
with other exponents. More precisely, for 0 <p < g < oo, —n/q < f < a < oo and b € HP(w), it follows

0]l aoy = 0(t™7) ast S oo
with vy =n(1/p—1/q)/2 + (a — B)/2.

This article is organized as follows. In next section, we prepare several estimates for atoms and maximal
functions of them that are used in the proof of Theorem 1.1. In Section 3, Theorem 1.1 is proved by such
estimates, atomic decomposition and molecular characterization of weighted Hardy spaces. The proof is divided
into three parts, the cases 0 < p<¢<1, 0<p<1l<qg<ooand 1l < p<qg<oo. The first and second cases
rely on the molecular characterization. The third one uses the atomic decomposition due to [18] and the duality
argument. In Section 4, we show the weighted version of “div-curl lemma” by using the pointwise estimates
for some bilinear forms due to Miyachi [15] and an argument in [1]. Finally, in Section 5, we apply results in
previous sections to get the time decay estimates of solutions to Navier-Stokes equations with the small initial
data a € L™ N HP(w).

2 Basic estimates for atoms

In this section, we prepare several estimates for an atom a € L™ satisfying
supp a C By = B(zo,70) and /xaa(x)dx =0, (Ja| < N),

with some N € NU {0}.

We begin with two estimates for this atom in terms of the size of By.

Lemma 2.1. Let p € S.
(i)

lax ell = < min (1, [Bo| D) Ja . (6)

(ii) For x ¢ 2By and M > 0,
ok (@)] S min (1, [Bo "V, Byl — | M) fla] o (7)

Proof. (i): Tt is easy to see that ||a * ¢| Lo < |la]|p~. Using the moment condition, we also have

—1)7

axo@ =1 [ aw)(etw-v - 3 0w - w0)y - o)) a
Bo NE
< llallzo B O+ 9 g

S [Bol TNV a e

(ii): Because x € 2By, the third bound in (7) follows;

1
-
o —y Y

ax p(a)| < clal~ [
B

< cllaf| | Bollz — xo| 7.

[¢]

O

Next, we consider estimates for the maximal function Mg (a * ) with the previous estimates Lemma 2.1.

Lemma 2.2. (i)
| Ma(a+ @)l S min (1, Bol N+ (8)

(ii) For x & 4By,
o )TL-‘,-N—‘,—I

< —(N+1)/n o
Mg (a* p)(z) < max (1,|BO| ) (|x—x0|



Proof. (8) immediately follows from (6). To verify (9), fix « ¢ 4By.
Since B(xz,t) N2By =0 for t < i —2x0|’ we have from (7)

|ax @ x @i(z)] =

A%t;a*wwnéxx—ymy

5/’ [Bolly — o=V, (2 — y)|dy
B(z,t)

< |Bol|z — o~ TN
r n+N+1
< | Bo|- (VD (0) .

|z — o]

|l’7$0|

Thus, it suffices to show that for ¢t > 7

n+N+1
|a * ¢ * Op(x)] < max (1 | Bo|~ N+2)/”> (TO>

|z — 20|

For the sake of simplicity, let b(z) = a*x¢(x) and ¥(y) = & (% — y) The moment condition yields the following
bound.

|lax @ By(x)| = (byye * @), (x)

—t_n/b1/t(y)\1’
€T N+1
/ ‘bl/t )l ’y -2
:ﬂ*““”/wwmme“@
On one hand, it holds that
| bl =y < [y ol iy
2By 2Bo
5 Tg+N+1~

On the other hand, we have that
/ \b(y)|\y—$0|N+1dy§/ |Bo||y—$0|7(H+N+2)|y—xo|N+ldy
(2Bo)c (230)C

< |Bo| ly — x|~V dy
ly—zol>270

< |Bolrg !

n—1
5 0 :
T] E ] i . 1 . . ~| . ]

jaxx y(2)| S o — w0 THNFY (rg TN 4 4g )

n+N+1
(1+r (N+2)) To
0 ‘{Z?*l’()|

o n+N+1
< max (1 |BO‘ N+2)/n) (M) .
— 40

3 Proof of Theorem 1.1

We divide the proof of Theorem 1.1 into three parts. For definiteness, we specify the class of w and o; w € A
and 0 € A, with 1 < 7,p < oc0.



3.1 Thecase0<p<g<l1

To prove Theorem 1.1 in this case, we use the atomic decomposition in [5] and the theory of molecular charac-
terization in [11] for weighted Hardy spaces.

Definition 3.1 ([5]). Let 0 < p < 0o with w € As and s > [n (q;; — 1)} We say a function a is a (p,q,s)

atom w.r.t. w if a satisfies the following conditions;
(i) supp a C Q
(ii) flall Lo (w) < w(Q)7H/P

(iii) /ac"a(:r)da: =0, (Jof <s).

Atomic decomposition for weighted Hardy spaces with atoms above was established by Garcia-Cuerva [5].

Theorem A ([5]). Let 0 < p <1 and w € Ay. For every f € HP(w) and s € NU {0} there exist (p, 0, s)
atoms w.r.t. w {a;}; and {\;} € P such that f = Zx\jaj in 8" N HP(w) and [[{\;}illie Sl Er (w)-
J

The concept of molecule was introduced by Taibleson and Weiss [19], in which the characterization with
molecules was given. The weighted version of them were studied by Lee and Lin [11].

Definition 3.2 ([19] and [11]). Let 0 < p <1, w € As. Suppose that

> n (2 1), e> s 11
s> n| = — max -
= D ’ n(ry —1) ry—1"p ’

a=1—-1/p+ecandb=1+¢, (a,b > 0). Then, a function M is said to be a (p,0,s,e)-molecule w.r.t. w
centered at xq if M satisfies the following conditions;

(i) M()w(B(zo, |- —zo]))” € L,

(i) Nop (M) i= M2 ) 1M (Y (Bzo, | —o)P 5o < o,

(iif) /a:aM(x)dx —0, (jo] <s).

The condition on € above is used for the next Theorem B only.
To investigate the mapping property for several linear operators, the following theorem is useful.

Theorem B ([11]). Let 0 <p <1 and s > [n <qw - 1)} Assume that
p

( ST 1 1 )
€ > max + -—=1),

a=1-1/p+eandb=1+¢. For any M, (p,o0,s,c)-molecule w.r.t. w, ||M|| vy S Nw(M).

Proof of Theorem 1.1 in the case 0 < p < ¢ < 1. From Theorem A, f € HP(w) can be decomposed as

f= Z)\jaj with supp a; C B; = B(z;,r;) and /xaaj(:c)dz =0, (Jo| < N) with a sufficiently large N. Since
J

1/q

1 % elaior < [ S IN17llas = elldpaey |
j=1

it is sufficient to prove that

(1) {a; * p}; are (g, 00, N, ) — molecules w.r.t. o, where

\7 o NO- ]. 1
N=|n(% 4 and € > max ! + , ——1],
q n(ro —1)  ro,—1" ¢

(1) supNo(a; * ) S [w,0]xx -
J

The moment condition in (I) is easily checked.



Let a=1-1/g+¢ and b =1+ ¢e. Because o(B(z;, |z — z;]))® < c,0(B;)? for z € 2B; from the doubling
property of o, an estimate

B;)?
. , Blx: |z —2: ) < mi (1 B.1+(N+1)/">0(73 10
;Eggj\ag*w(x) o(B(zj, | — 2;)))°| < min (1, B w(B;) 7 (10)
follows from (6).
On the other hand, for m > npb, it holds
B;)®
sup |a; x o(z) o(B(x;, |z — x;]))°] < B-l_m/"a(ij. 11
s oy () o(Bleg e —ay )] S 151 (1)

To verify (11), we take an integer [ > 1 so that v € B(z;,2lr;)\B(z;,2(l — 1)r;). Since x € B(x;,2Ir;) <=
|z —
21

< r;, one obtains, for x € B(z;,2lr;),

o(B(xj, lo —a5)))” < o(B(xy,2lr))" S 1"°a(By)",
where we have used that o(AB) < eA"?g(B) for A > 1. Also,

1
@) S loslle [ ———dy
! ’ B, |1z —y[™
1
< ||ajHL°°|Bj|m
J

SB[ (By) T

Hence, taking m € [npb, c0) ensures (11).
From (10) and (11), we obtain

laj * @(-)o (Blaj, | - —;1))° [l

B. b
< max (min (17 |Bj|1+(N+1)/n> ’ |Bj|l—m/n) o(Bj)

w(B;)/r
Hence, N, (a; * ¢) is dominated by a constant multiple of

a(B)l/q

S%PN(B)W,

where the supremum is taken over all balls B and
a/b
N(B) = min (1, |Bj|1+<N+1>/n>
1—a/b
X max (min (17 |Bj|1+(N+1)/n) ’ |Bj‘1—m/n) .

1 N -
If N satisfies %w +1> K, then for |B| < 1
n

N(B) < ‘B‘(1+(N+1)/n)a/b max (‘B|1+(N+1)/n7 |B|1_m/n)1*a/b
< ‘B‘(1+(N+1)/n)a/b+(17m/n)(lfa/b)
<|B|*
< min(1, | B|¥).
On the other hand because we may assume n < m, for |[B| > 1
N(B) <1 x max (1, |B|1-m/")l_“/b <1< min(1,|B|%).

As a consequence, we get the uniform bound;
Ni(aj * ) < supmin (1,|B|*)
B

for all j € N, and the proof is completed.



3.2 Thecase 0<p<l<g< o

Proof of Theorem 1.1 in the case 0 < p <1< g < oo. Let f € HP(w) have the same decomposition as that in
the previous subsection. Now, since ¢ > 1, we have

1f % @llraey = || D Ajaj x @
J H(o)

< sup flaj * @l ooy Y 1N
; :
J

< sup ||(1_j * <PHH4(U)Hf||HP(W)'
J

Here, we remark that the argument in [11] ensures that even if ¢ > 1, for a (g, oo, N, ¢)-molecule M, it holds
M| a(oy S No(M).
Therefore, the proof is completed, provided that it follows

sup No(aj x @) S [w,0]xr .
J

»q

The inequality can be verified by the same argument as that in the previous subsection.

3.3 Thecasel <p<g< oo

Finally, we prove Theorem 1.1 with 1 < p < ¢ < oo. To do so, we make use of an atomic decomposition in [18]
for weighted Hardy spaces. Another concept of atom was introduced by Strémberg and Torchinsky [18]. The
definition is independent of weight.

Definition 3.3 ([18]). Let N € NU{0}. A function a is said to be an (oo, N)-atom if a satisfies the following
conditions;

(i) supp a C B

(i) la]z~ <1

mﬂ/fmwwx:QﬂMSN)

The following atomic decomposition in [18] can work in the case p € (0, 00). In fact, they proved the following
theorem with doubling measures w.

Theorem C (Atomic decomposition by using (oo, s)-atoms, [18]). Let 0 < p < 0o and w € Ay,. For every
f € HP(w), we can find N(p,w) € N so that for any N > N(p,w) there exist A\; > 0 and (0o, N)-atom a,;

supported in B; such that f = Z Ajaj in 8" N HP(w) and for all s € (0, 00)
J

1/s
> Xoxs, S Fl e w)-
J
Lr(w)
Proof of Theorem 1.1 in the case 1 <p < g<oo. Let1l/s=1+1/p—1/q. Let N* and N be integers satisfying

2(np/q+nt/s)—(n+1) < N* and

N+1 1 N-N*\ 1 N-N*
LA )— e (12)

K <min (1 =
mm(—l— n 2 2n 2n

Then, we decompose f with (co, N)-atoms {a;};; f = Z)\ja]‘ in &' N HP(w) with
J

1/s
Z)@XBj S e (w)-
J

Lr(w)

10



We divide || f * ¢||ga(o) into two parts as follows; || f * @[l ga(ry < I+ 11, where

I= Z AjMsg(a; * ¢)XaB, and
J=1 La(o)

= Z )\qu,(aj * W)X(4Bj)c
= L4(0)

3.3.1 Estimate of I
We begin the estimate of I with the duality;

1< sup > A lMoa; + @)l [ gloda,

9 = 4B;
where the supremum is taken over all g with [|g| ;s (,) < 1. From (12), we have

| Mo (a; * )| e < min (1, |B;|) .

1 1
Let 1/ri =1+a—1/q, 1/ro=a(r—1), 1/r3=1/g—ar and 0 < a < — <§ 2). It holds
qreT q

l1<ri<oo, 1/ry+1/ra+1/r3=1, aro=7"—1and r <¢.

Moreover,
r3/q < 1o,
in fact,
1 1 1
r3/q<rs <= — < —=——ar
qTs T3 q
1 1 1
= ar<-——=—
qa (qrs qr s
1
<— a< .
qrl.T

From Hdlder inequality, one has

/ lglodz = / lglw®e™ I w9y

J J

< ||gwa01/q L (4B;) ||w7a||LT2(4Bj) ||01/q||LT3(4B,-)-
The first term can be estimated by the maximal function;

1/7“1

’ 1 1/ A\ T1
.||gw060-1/q ||LT1(4BJ-) = ’U)(4Bj)1/7‘1 (w(4Bj) ABI? (|g|wa 1/ 10.1/Q> wdl‘)
1/s
< w(By) =1l ( / Mw<|g|w“l/rlal/q'xyfwdx) .
4B;

1
Since ary =7 — 1= ] a>0and w € A,, the second term has the following bound;

—a . 1 Jara | @
T qam,) = 4B, (o))

< 4B, 17 (wla, (w3, )

S |B;|* T w(By) T

11



The relation r3/q < r, and the reverse Holder inequality yield the bound of the third term;

.||01/q|

ra\ 1/
LT3 (4B;) = |43j|1/r3 (<Jr3/q>%3;)
< |4Bj|1/7"3 (2<U>4Bj)1/q
< |By |7 ag(B;) e,

Therefore, combining three estimates above, we get

[ lalodn SB[ () )
4 .

‘ 1/s
) / My(|glw® ™Mo wda
4B;

(B )1/q 1/s
_ o\ " a—1/r1 1/d'\s
~ w(Bj)/p (ABJ_ My (|g|w o) wdx) .

Thus, one has

xy 9(Bj)"1 1/r1 51/ "
< mi (KNP T _ a—=1/r1 ;1/q'ys
INSL;p g Ajmin(1, | Bj| )w( NIE /43j M, . (|g|w oY wdx

j=1
1/s
o0
< |w,0|xx su \oxap. w*'P M, - w1/ g 1/a s, 1=5/P gy
[ ’ ]qu p Z JX J 13 g
ay, -
Jj=1
1/s
, 1/s
= 7 a—1/r1,1/q'ys
= [w,0]xx, sp ;ijzxgj HMm;w(lglw Loy
Lr(w)

Here we have used that (1 — s/p)(p/s)’ = 1. Since M,, is a bounded operator on L"(w), (1 < r < oo) with the

uniform operator norm for w, we see that

— 1 / 1/s _ - 1 !
||]Mr1;w<|g|w(y Yriglla )SHL/@/S)’(U,) = HMh;w(lglwa Vrgl/a )HL«’(w)

S gl o (o-

Here, the relations s(p/s) =¢ <= 1/s—1/p=1-1/q, and 1+ ¢'(o —1/r1) = 0 have been used. Therefore,

thanks to Lemma 4 in Chapter VIII in [18], we can complete the estimate of I;
1/s

LS [w, ol || 22 v,
J

Lr(w)
5 [wv U]lefq ||f||H”(w)
3.3.2 Estimate of II
Next, we verify that
o0
= Z AiMa(a; * ©)X(aB;)e
=1 Li(o)

has the same bound as that of I. Here, we use the same exponents 71, « and s as these in the previous subsection.

From Lemma 2.2 and (12), it follows that

rj

M
Mg(aj * ¢)(2)X@4B,)(x) < min (1, |B;|") ( ) X(4B;)e(2),

|z — 2]

12



where M = (n+ N* +1)/2. In fact,
Ma(a; * )()Xap,)e () < [ Ma(aj * 9)|| 2 Ma(a; * )(2)*X (45, (2)

r (n+N*+41)/2
§min(1,|Bj|K) <| J >
X — Z‘j

X(4Bj)c (:L')

Hence, we obtain

oo M
IIs Z)\j min (1, |Bj|K) ( zj'|> X(4B;)e
J

= o
Li(o)

M
—sup /Z)\ mln 1 | B;| )(m |) X(4B,)cgodx
, M
<sup » Ajmin 1,|B»|K/ ( 2 ) lglodx
w2 Amn (LB |\

(2B;

with the same supremum above. From (13), the last integral has the similar bound as that of I;

M
/ (”) lgloda < er/ |gloda
(2By)° |z — ] 2k+1B;

k>1

1/s
k+1 1/q
par 028 By a1/r 1/a'ns
< 22 2k+1B )1/1) 2k+3 B, Mrl;’w(|g|w tgt/4 ) wdx

1/s
2nP/q O—(B_)l/q U s
= Z ( 2M ) ’LU ,)1/1) /2k+sBj Mrl?“’(‘ghu ‘o ) wdx .

Thus, we get the desired estimate of (II) as follows;

1II S_, [w, U]le(q sup Z )‘j Z 2k(np/q_M)
J k

1/s
: </ M,y (|glwe =Yg q'f“’dx)
2k+3 B;

< |w, G]Xg(q sup Z 9k(np/q—M)
g &

1/s

| A b (o)

1/s
S i olsg, 22000 | (3 3gx0er,
¥ Lr(w)
1/s
< fwolxg, Y aowremnion | (S
A -
’ Ly (w)

< fw, ol xse Il

Here we have used Lemma 4 in Chapter VIII in [18] and the relation np/q+ nr/s — M < 0. As a consequence,
the proof is completed.

O

4 Div-curl estimate for weighted Hardy spaces

In this section, we establish the weighted version of the so-called “div-curl lemma” due to Coifman, Lions,
Meyer and Semmes [3].

13



4.1 Non-endpoint cases p < oo

The purpose in this case is achieved by means of the pointwise estimate of bilinear form with the cancellation
property by Miyachi [15].

Proof. Tt is enough to show the inequality with u, Vv € Dy. We denote the j-th Riesz transform by R; =

—9;|V|7t=F1 [ |£§| } Since the divergence free condition of u yields the cancellation

zn: Rkuk = O,
k=1

one obtains .
(- V)0l S Y llusRi([V]05) = (Rewr) [V |ogl] e, -
jk=1
It is sufficient to prove
IACE, DN ey S e ) |9l a0 (14)
2
with f,g € Do, where A(f,g)(x) =Y _ (T0f) (z) (T3'g) (z), T{h = h, T{h = —R;h, Tyh = R;h and T3h = h.

A=1
Note that the bilinear form A has the moment condition

[A.gas =0,

for all f,g € Dy. To prove (14), we make use of the pointwise estimate for A due to Miyachi [15]. More precisely,
he showed the following; for every K € N U {0},

2) S Gr(f, T mi)(2)Gr (9. T3 mo) () (15)
A=1

where G(h, S,m)(z) = M, (h})(x) + (Sh)} (x), provided that 1/m; = 1/8; + s;/n and, 6; and s; satisfy the
following conditions; 0 < 1/0; <1, 1/6; +1/62 <1, 0<s; <1, s1+s52 <1, 1/p<1/0i+s1/nand1/q <
1/92 + Sg/n.
We check that our assumption ensures the existence of exponents (mj,0;,s;) satisfying these conditions.

Let my = p/7 € (n/(n+ 1),p) and ma = ¢q/p € (n/(n+1),q). Obviously, 1/p < 1/m; < 1+1/n,1/q <
1/me <1+4+1/nand 1/r < 1/m;+1/me <14 1/n. It is possible to take 6;, (j = 1,2), fulfilling the following
conditions;

e 0<1/0; <1, 1/0; <1/myand 1/my —1/n<1/0; <1+1/n—1/may,

e 0<1/0; <min(l—1/61,1/ms), 1/ma—1/n<1/02 and 1/m1+1/mo—1/61 —1/n <1/6s.

Then, we define s; = n(1/m; —1/6;),(j = 1,2). From the conditions on 6; above, it follows that 0 < s; < 1
and s1 + so < 1. Therefore, from (15) we get

2
IACS; 9y Z Gk (£, T3 m) | 2o ) |G (9, T3 m2) | Lo -

Because m; < p and w € Ay, p,,, it follows || My, (f5) e (w) S IIf|#v(w)- By using Theorem 14 in Chapter XI
n [18], we have the boundedness of the Riesz transforms on H?(w), which implies

TP )il ery S Il w)-

Hence, we get the desired estimate (14). O
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4.2 Endpoint case p = oo

The argument above is false in the case p = 0o, because the Riesz transform R; is a unbounded operator on L*°.
By following the argument by Auscher, Russ and Tchamitchian [1], we can show the endpoint case. For the proof
of the theorem, we recall notations that were used in [1]. For z € R™ and 1 < m < oo, let F,,(x) be a set of all
vector-valued functions ¥ = (¢1,- -+ ,%,) with ¢; € L™ supported in a ball B = B(zp, rp) containing « so that
there exists a function gg € L™ such that div¥ = gy in &', supp gy C B and ||V|pm +rgllgy|n < |B|~ 1/m’
The similar one F,(z) is defined by a set of all vector- valued functions ¥ = (1/)1, . ,z/;n) so that 1/’3 c whtm
supported in a ball B = B(zp,rp) satistying || U]/ zm + r5||D¥||pm < |B|~Y™ where D¥ is the n x n matrix
whose jth column is V’z/;j. The maximal operators N,,, and N,, are defined by for locally integrable functions

fand {f;}7_,
N f(z) = sup / fge(y)dy and N, F(z)= sup / F(y) - ¥(y)dy,

‘I’EFM(QC) ‘i’EF»m(ﬂC)

where F = (f1, -+, fn)-
In the proof, we use the following basic fact;

Lemma 4.1. Let 1 <p < oo and w € A,. Then

/ W) 4 < Mrw(B(0, M)).
|

xz|>M ‘l‘l np

Proof. 1t is sufficient to prove

> uid;v < Nl o< V0l a o).
Hai(o)

for every vector-valued functions v € L* with div u = 0 and every functions v € Y with d;v € H(o). Firstly,
n

we give a definition of Zujajv as a tempered distribution as follows; for ¢ € S
j=1

<Zua'<9jv,<ﬂ> = *Z/Uj(y)v(y)ﬁjw(y)dy-

Our assumption ensures that 2?21 ujv0jp € S. Then, it follows

S w050 ®(x) = —Coul| 1~ / Zug 0, @i — y) | dy,
j=1

u;(y)

—— =~ Owing to the divergence free
Collull L~

where Cg is a large constant depending on n and ®, and u,;(y) =

condition on u, we see that for every x € R"

n

Z Y0, 8(a —y) = 3.0, (i;()®i(z —y)) in S(R®").

Jj=1

Hence, we obtain the pointwise estimate
Mg Zuja v ) < Collu|| g Nypv(z),

for all m € [1,00]. The maximal function N,,v is pointwisely controlled by another one N,»,Vv. To check this,
let U € F,,(x) be supported in B and m € (1, 00). Because the compactness of the support of gy € L™ implies

/gq,dx = 0, from Theorem 10 in [1] there exists ¥ = (41, - ,4,) with 1@- € W™ (B) such that gy = divl

- 1 - -
a.e. on R"™ and |[D¥|/m < c||gg|lzm. The Poincaré inequality then ensures that a\lf € F,,(z) with some

constant C* > (0. Therefore, we can see that

/()9\1/ )dy = — /Vv y)dy,

15



which implies that N,,v(z) < ¢N,,Vou(z) for all 2 € R™. As a consequence, one obtain the pointwise estimate

Mo | w050 | (2) < llull o N Vo),

j=1

with 1 < m < oo. Therefore, it suffices to prove that

INmfllLacoy S (11 ee () (16)
with some m € (1,00), where N}, f(z) = sup | /f y)dy| and A, () is a space of all functions ¢ € Whm
weAnl 13

supported in a ball B = B(xp, rg) satistying ||[¢||zm + rg|| V|| pm < |B|7Y/™.
oo
Let f = Z Aja; be a atomic decomposition from Theorem A when ¢ <1 or Theorem C when ¢ > 1.
j=1
We shall show the inequality (16) in the case 0 < ¢ < 1. From the openness property of Muckenhoupt
classes, there exists m > n so that 0 € Ag(1/m/41/n). Because

1/q

o0
1N lzoto) S [ SN Vw120 |

j=1

~

it is sufficient to show that sup||N;,a;llLesy < 1. To do so, let a be an atom, i.e. supp a C By =
J
B(zo,70), |lal|lp~ < o(Bg)~Y4 and /z"‘a(x)dz = 0 for all || < 1. Fix z € R” and take ¢ € A, (x)

supported in B = B(&,7). Since |/a(y)w(y)dy| < lallz=ll¥|: < O.(BO)—l/q7 we see that
NN a)xas, ooy < 1.

Consider the case x ¢ 4By. In this case, if ¢F < |x — x¢| with ¢ > 12/7, then | /a1/;dy| = 0. On the other hand,

in the case |z — o] < cF, the same calculus as that in pp.74-75 in [1] yields

r 1+n/m’
v £ (1) etm e
|z — o]

Here we have used that m > n. Hence, by using Lemma 4.1, one obtains |[(N},a)x 4By lle(s) S 1, which
completes the proof in this case.

To give a proof in the case g € (1,00), let a be an atom, i.e. supp a C By, |||z~ <1 and /ac"‘a(:r)dx =0

for all |a] < 1. Obviously, || N a||re < 1. From the argument in Subsection 3.5, this estimate implies (16) with
all m > 0. Remark that this discussion can work under the assumption ¢ € A,,. The proof is completed. [

5 Application to the decay property of solutions to Navier-Stokes
equations

In this final section, we prove Theorem 1.4 by using theorems that are established in the previous sections.

Proof. The openness property of Muckenhoupt classes, see Remark 1.1, ensures the existence of N € (1,¢(1 +
1/n)) such that o € Ax. From our assumption, we can take 7,60 € (n, o0) fulfilling

a<n(l+1l/n—1/p—1/7), N<q(l+1/n—1/7)and 1/n—1/7 <1/0 < 1/n.
Let 1/r =1/p+ 1/7. Then, we define
lullx = sup [[u(t)l| +sup /2 u()|| 2 +sup =/ C7||Vu(t)] .-
>0 >0 >0

= ||UHX1 + HU”Xz + ||UHX37

16



July = Sup (8 n ) + stp 71/ 2 )] 1

+ sup t1/2||Vu(t)||Hp(w)
>0
= [Jully, + llullv, + [lullys,
and let X be a Banach space of all divergence free vector functions u satisfying |lu|| x < oo and tl{n (t1/2 u(t)]|Loe + 17/ BN

0, and Y = {u; |Jully < oo, divu = 0}. Let
n(1/n— 0y | 1—n/0
Ills, = sup /=2 0) 1o < I I,

We construct solutions in X N'Y through Picard’s iteration scheme.

Step 1. It is not hard to see that |Jug||x < ¢d and

lim t1/2||€tAa||Lm — lim tlfn/(27')HvetAa”LT =0
t\0 N0

by density. Moreover, Theorem 1.1 gives |Jugl|y, < ¢d.
Step 2. |B(f,9)llx < cllfllxllgllx can be seen from the following estimates:

t
I1B(f59) (@)l S/o (t =)=V f () Lo llgll o ds

S 1 llx gl x,

I1B(f;9) (O] Lo S/O (t = 5) "D £ () Lo Vg(s)l| - ds

SN, llgllx,
t
IVB(f,9)(#)] 2 5/0 (t = 5) DR £ ()| 1ol Vg (s) |- ds
ST fl g, llgllx, -

These estimates also imply that B(f,¢) € X and 1%1{‘1(1) |IB(f,9)()|lLr = 0 whenever f and g belong to X. By

using Corollary 1.1 and Theorem 1.2, one obtains
t
IB(f, 9) ()| re(w) < C/O (t — &) " WPRTRR| (£ ) g(s) | e oy ds

t 17
<o [t s 0 s g, "
0
< cllflvillgllxs-
On one hand, we have
[ 9B(f - 7)g(5)] 100y S (¢ — 8) OB £ 7)g(s) 17y
<(t— S)7n(1/p+1/7'71/Q)/2*(a*ﬁ)/2||f(s)||Hp(w)||VQ(S)HLT
< (t— 5)—n(l/p-H/T—1/!1)/2—(a—ﬁ)/25—(1—n/(27))||fHY1 lgllx,-
On the other hand, it follows that with 1/7 =1/¢+ 1/7
e3P - V)g(8) | maoy S (8= )DL (£ V)g ()] 7167
S (=9 CONf () o) V()| e
S (t—s) /@ /pm /@22 (=220 CO)| £y g x,
Combining these estimates, it holds that
(18)

1B 9llyz < elllf v + 1 1v2) gl x5 -
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Further, |B(f, 9)llyvs < cllfllvillgllxs can be found from

IVel=2P(f - V)g(s)l () S (t =)~ /27 Cs=0=0/ED)| flly g x

As a consequence, we can find a global solution v € X NY with |lu||x + |lu]ly < ¢d and u(t) - ain L™ as t
tends to 0. It is not hard to see that u € C([0,00); L™). Furthermore, from Proposition 15.1 in [12], we see
u € C*((0,00) x R™).

Step 3. We shall show that u € C([0,00); HP(w)). From (ii) of Remark 4.5 in [2], we can see that |[¢/®a
al| gr(wy —+ 0 as t tends to 0. (17) implies the convergence || B(u,u)(t)| grw) — 0 as t tends to 0. The continuity
of the linear part e®a in HP(w) can be proved by Theorem 1.1. From 2 of Remark 1.3, we have

||etAa — GSACLHHp(w) hS |G\/{ - G\/g‘gHCLHHp(w) —0 asl|t—s|—0.
To check the continuity of the non-linear part B(u,u), we consider that for ¢t > t_

B(u, u)(ty)=B(u,u)(t-)

-
= / e+ =38P (y - Vu(s) — et~ "2P(u - V)u(s)ds
0

ty
—|—/ e+ =3)BP(y - Vu(s)ds.

From Theorem 1.3, we have the uniform bound for ¢
=2 P(u - V)u(s) | oy S lw(s) ]| poe V()] e () (19)

The continuity of the heat semigroup on weighted Hardy spaces, proved by Bui [2], ensures that the first term
goes to 0 as [ty —t_| \y 0. Remark that P(u-V)u € H"(| - |*"). The uniform estimate (19) implies that the
second term tends to 0 as [ty —t_| N\, 0.

Step 4. Finally, we check (4). In the case p < q or 8 < «, from the density of Dy in HP(w), it holds that

lim " (1/P=1/0)/2+(@=B)/2||tA

a(e) = 0.
£\,0 allzs(a)

This and the bilinear estimate (18) yield (4). O
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