Div - curl lemma with critical power weights in dimension three
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Abstract
In R3, a div - curl lemma with critical exponents in terms of Hardy spaces associated to Herz spaces is

given.
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1 Introduction
Div-curl lemma means an inequality of the form: for two vector-valued functions F and G
|F-Glz <c|Flx|Gly

under the assumption divF = curl G = 0 with some quasi-Banach spaces X,Y and Z. Coifman, Lions, Meyer
and Semmes [5] investigated the type of inequalities and gave several applications. Their study was motivated
from the theory of compensated compactness due to Murat and Tataru [15].

One of examples of the form above is (u - V)v with divu = 0:

J=1 J

3 3 3
(U'V)’U: (Z ujﬁjvl, ZUjaj’Ug, ujﬁjvg)
j=1 1 =1

Jj=1

3 3 3
= (Z:laj(ujvl)a 2 9i(ujv2), Zlaj(ujvs)) =V-(uev)

where u = (u1,u2,us), v = (v1,v2,v3) and u ® v is a 3 x 3 matrix, whose (¢, j) component is u;v;. This term
appears in the incompressible viscous Navier-Stokes equation with v = u:

Ou— Au+ (u-V)u+Vr =0,
(N-S) {divu=0,
u(0) = a.

In this article, we focus on this non linear, but bilinear term. From Hélder inequality, if v € LP(R?)3 and
Vo e L (R?)33 where p € (1,00) and p’ = p/(p—1), then (u-V)v € L'(R*)3. With the help of the cancellation
property:

3
fzujajvkdx=0 for all ke{1,2,3},

gs =1

the term belongs to a better function space, Hardy space H'(R?)? c L*(R?)3. This interesting result was found
by Coifman-Lions-Meyer-Semmes [5] as the following form: let 3/4 < p,q < co and 1/r = 1/p +1/q < 4/3. For
vector fields v and v, it follows that

[(uw-V)olar <clufme| Vol ma (1)

provided that div u = 0. Here H?(R3) = H? is the Hardy space.

Their result has several generalizations. Because the moment of order one;

fxo‘(u~v)v(a:)d:v (o] = 1)
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does not vanish in general, there is no hope that the term belongs to the Hardy space H 3/ 4(R3)3. However,
with a modification, the endpoint inequality holds:

[(w- V)l gasaee < clul e[ Vo) La

for p e (1,00) and ¢ € (1,3), where H3/*>(R?) is the weak Hardy space, see [5] and also [13]. Although, (1)
cannot also deal with the case p = oo, Auscher-Russ-Tchamitchian [1] gave the endpoint bound:

|(u-V)v|ar < clullp= Vo]

It is not allowed to replace L*(R*) by BMO(RR?), because if u is a constant vector field the left hand side is
not zero in general, but |u|garo = 0. Bonami-Feuto-Grellier [2] established a version of [1] as follows:

[(w-V)v|ge < c|t]omol VU] 1

t
where H®(R?) is a Hardy-Orlicz space related to the Orlicz function ®(t) = og(e s D) and bmo(R3) is the
og(e

local BMO space, introduced by Goldberg [8]. (1) with power weights was established by Lu and Yang [11]
and Miyachi [12] in terms of Herz spaces Kg’ ,(R?), which is a generalization of Lebesgue spaces with weights,
see Remark 1.1 below. In the previous paper [17], we proved a similar result, in which weights belong to
Muckenhoupt classes A,(R?): let 3/4 <p,q < oo, we Ayy3(R?) and o € Ay 3(R?).

(i): Suppose that 1/r = 1/p+1/q < 4/3 and there exist p € (1,4p/3) and § € (1,4¢/3) so that w € Az(R?), o €
A;(R3) and p/p+ /q < 4/3. Then,

(- 9Y0l b1y < el i 19010

where div u = 0 and p'/" = w'/Pol/e,
(ii): It follows
[(u-V)olmaeoy < cluf = Vo] oo (2)

where div v = 0.

See Remark 1.1 below for the definition of weighted Hardy spaces H?(w) = HP(R?;w). When o(z) = |2|*, the
range of «, for which (ii) can be applied, is

“3/g<a<3(1-1/q)+1=ay.

The purpose of this article is to establish the same estimate at the end-point case o = o in 3-D case. H(0)
norm with o () = |z|*7 is related to the optimal decay of L?(R?) energy of solutions to (N.-S.). Before we see
the relation, we shall recall a result by Wiegner [19] for the decay rate of L?(IR®) energy of weak solutions to
(N.-S.). He [19] proved that if L?(R?) initial data a satisfies

let®al L2 < ct™? (ie.ae B;?ﬁ (R%)),

then the corresponding weak solution u fulfills |u(t)| 2 < ¢t where v = min(6,5/4). It is well known that the
order 5/4 is optimal in general. More precisely, if

lim £/ u(t)] 2 = 0,

then the initial data and solution have to satisfy some symmetric conditions, see [14] for the detail. It seems
that (2) with o(x) = |z|*? is relevant to this order 5/4, because we have that for ¢ € (0,2]

e al 12 < ct™a] sra(s) where o() = a0,

see [17] for the proof. The present author [17] investigated the L?(R3) decay of mild solutions by Kato [10] and
constructed solutions whose decay order of L?(R3) energy is v < 5/4. One of reasons why the order v in [17]
did not reach to the optimal order 5/4 is that (ii) cannot allow us to take o(z) = |#|*? in (2). As mentioned in
Remark 7.3 in [12], the bilinear term (u - V)v does not belong to HP(w) with w(x) = |z|*P. This observation
tells us that if we try to establish (2) with o(z) = |z|%¢, we has to replace H(o) in the left hand side by some
larger spaces. For the purpose, we use Hardy spaces associated to Herz spaces, as in [11] and [12]. Although,
the author does not know whether or not it is possible to construct global solutions having optimal L?(R?)
decay from the similar argument as the previous paper [17], by using a critical div-curl lemma established in
this article.



We explain notations. S(R?) and S’(R?) denote the Schwartz spaces of rapidly decreasing smooth functions
and tempered distributions on R?, respectively. For a measurable subset E c R?, |E| and g are the volume and
the characteristic function of F, respectively. For any integers j, A; denotes a annulus {z € R3; 2771 < || < 27},
and y; is the characteristic function of A;. B(xz,r) is a ball in R?, centered at = of radius r. (g)p means the

average |B|™! f g(x)dz. Also, A~ B means ¢; B < A < ¢o B with positive constants ¢; and ¢o. In what follows,
B

¢ denotes a constant that is independent of the functions involved, which may differ from line to line.

Definition 1.1. Let p,q € (0,00] and o € R. Define Herz spaces I'(I‘f,q(R?’) as

K () = {f € PR Ifl g, = {27 UFxs o} s < 0

To define Hardy spaces, we fix a radial function ¢ € C*(R3) supported on B(0,1) satisfying 0 < ¢ <1, ¢p=1
on B(0,1/2) and f ¢(z)dr =1. For feS’, we define

My f (2) = sup|(f,u(w =), where  y(x) =t 6(x/t).
>
Definition 1.2. Let p,q € (0,00] and a € R. Define Hardy spaces associated with Herz spaces HKgq(RB) as

HEg (R = {f €851 flip = IMyflq, <00}
Remark 1.1. 1. These spaces cover Lebesque spaces and Hardy spaces with power weight:
Ko (R®) = LP(w) and HKS,(R®)=HP(w)
when w(z) = |z[°P with 0 < p < oo, where || f|prw) = |fW/P| 0. Here, for w € Ac(R3), | f]ae(w) =
IMgflir(wy- If w=1, then we use H? instead of HP(1).
2. For1<p< oo, it is well known that
w(z) =|z|*? € A,(R?) <= -3/p<a<3(1-1/p).

Here A, is the Muckenhoupt class. From this, we can see that HKﬁq(R3) = Kgq(R?’) with such «.

Hardy spaces are characterized in terms of the the grand maximal function f;,. This maximal function is
defined as follows: for m € Nu {0}, x € R® and ¢ € (0,00), Z,,(,t) denotes a space of all smooth functions
1 € C°°(R3) supported in B(z,t) with

0% L <t~ for  |a] < m.

The grand maximal function f,;, is then defined by

fm(x) = Sup{|<f,w>|;¢ e U Im(ﬂf,t)}

te(0,00)
Uchiyama [18] showed an inequality between My f and f,:
frn (@) € eM3y(z4m) (Mo f) (),

where M, f(z) := sup(|f|T)113/T where the supremum is taken over all balls B containing z. We also write M; = M.
Bax

From this, we can see that
s, = 1Moflicg ~ 1l

for 0 <p,g< oo, -3/p<a<ooand m>3(1/p-1)+max(0,).

We denote by Dy(IR?) the set of all f € S(R3) with f belonging to D(R?) and vanishing in a neighborhood
of € = 0, where f means the Fourier transform of f. Stromberg and Torchinsky [16] proved that Do(R?) is a
dense subspace of H?(w) for p € (0,00) and doubling measures w. Miyachi [12] showed that Dy is also a dense
subspace of HK ,(R?) for 0 < p,q < o0 and -3/p < a < oo.

To give (u-V)v a definition as a tempered distribution, we define Y by a space of all locally integrable
functions f satisfying that there exist ¢y > 0 and a seminorm |- |s of S so that f |f(z)e(z)|dz < cflp|s, for all

¢ €S. Obviously, LP(w) cY when 1 <p< oo and w € A,,.
The main result reads as follows.



Theorem 1.1. For 3/4 <p< oo, it holds

|G V)l iy, < cluli=ITolices

3
for we L= (R3)? with divu=0 and v € (Y N VV;Z(]RZ‘)) for some 1 € (1,00).
Remark 1.2. Using the same argument as in Section 4, we can also show a weak type estimate:
|(u- V)l o < cluf e [[VO prasa.

Here, for f € S'(R%), f e H**(R?) if and only if Myf e L3%%(R3), where LP*(R®) is the Lorentz space.
This can be also regarded as an endpoint case of the original div-curl lemma of [5]. It is enough to show

[ Noo¥| p3/4.0 < €|V g3/

instead of (4). This is achieved from the pointwise estimate (7) and a Fefferman-Stein’s vector valued inequality,
(2) of Theorem 1 in [7].

Our proof of Theorem 1.1 follows the argument of Auscher, Russ and Tchamitchian [1]. We recall notations
that were used in [1]. For z € R3 and 1 < m < oo, let F}, () be a set of all vector-valued functions ¥ = (11,2, 13)
and the supports of them are included in a ball By = B(z,ry) so that there exists a function gg € L™(R?) such
that divl = gy in &', supp gy ¢ By and || pm + rg|gw]zm < [Be| /™. The maximal operator N,, is defined
by for any locally integrable function v as

f v(y)gm(y)dy’ :

Npv(x):= sup
YeF,,(z)

The reason why we can deal with the critical exponent «, is the pointwise estimate for N,,v, (6) in Section 4.

Let Vo = ) a; be an atomic decomposition with atoms {a; by c L>(R3) satisfying
j=1

supp a; ¢ B; and [ z%aj(x)dz =0 (|af < N)

with a large N e N. In [1], the following pointwise estimate was used to obtain the div - curl lemma:

o)

Npv(z)<e Z lajllL=Ms(xB,)(x)

j=1
for all z € R™ with m € (1,00) and s = 3m’/(3 +m'). On the other hand, our main estimate (7) in Section 4,
corresponds to the case m = co. The proof of the pointwise estimate above in [1] relies on the solvability for the
divergence equation

div ¥ =gin B,

see Lemma 10 in [1]. In there, the solution ¥ belongs to the class F,,(z) with m < co. Bourgain and Brezis [3],

[4] studied this equation in bounded domains with g € L3(R?) fulfilling [ g(x)dz = 0. Tt is a way for finding
the solution ¥ to consider the Poisson equation

-Ah =g in B.

If h is a solution of this equation, ¥ = Vh solves the divergence equation. In particular, we apply the solution h
with the Neumann condition 9,k = 0 on the boundary 0B(x,r). Fortunately, we need to consider this problem
on balls and the Green/Neumann function G is known, see [6] and [20]. It is well known the equivalence between
the existence of the Helmholtz decomposition and the solvability of the Neumann problem in a weak sense. This
additional argument yields the our pointwise estimate (7) in Section 4.

In next chapter, we investigate the C2(R?\{0}) regularity of the solutions to the Neumann problem by using
the Green/Neumann function G. In Section 3, we establish a vector-valued inequality for the Hardy-Littlewood
maximal operator on Herz spaces with the critical weights. Using the regularity property and the vector valued
inequality, we give a proof of Theorem 1.1 in Section 4.



2 Neumann problem for the Poisson equation in unit ball of R3

Let By = B(0,1) c R3. We consider

(NP) -Ah=¢g in By
d,h=0 on 0By,

where g € C§°(By) satisfying f gdr =0 and v(y) = (v1(y),v2(y),v3(y)) is the outer normal vector at y € S2.
B

The Green/Neumann function G for the problem (NP) is already known: for example see [6] or [20],

G(z,y) = (4m) (D(z - y) - D(z,y) + N(z,y))

where
1

I(z-y)= m7

D(z,y) = [T
|zf|lz* —y]
N(z,y) =logn(z,y) and

* —
n(w,y)=|:c*—y|(1+x- x* y) with x*:%
x| [ -yl ]

Remark 2.1. The following identity is important in this section: let x,y 40, if * #y and y* # x, then
|zl|lz" =yl = lylly” - ],
which implies D(xz,y) = D(y,x) and |zin(z,y) = [yn(y,x).
We define

h@) = [ Glay)g(v)y
By

- (4m)!| [ T@-pgwdy - [ Dayg@)dy+ [ Na.y)gly)dy
Bo By Bo

= (47r)71 [hr(x) + hp(x) + hy(z)].

From Lemma 4.2 in [9], we know hr € C?(By). Further, it holds d,hr = 0 on 9By, see [6]. Main purpose of
this section is to show the C? regularity of h outside By. We show the following.

Proposition 2.1. (i) hr € C?(R?) and ~Ahr(z) = g(x) for all x € R3.
(ii) hp € C*(R*\{0}) and
0 for O<lz|<1

-Ahp(z) = {g(x*)¢D(x) for |z[>1,

2

1 * *

where ¢Yp(x) = C() f A " do(y) and B* = B(x*, R) is an arbitrary ball so that By cc B*.
|k ) Jop+ |a* —y| |y* -]

(iii) hy € C*(R*\{0}) and —~Ahy(x) =0 for all x # 0.
As a consequence, we have that h € C?(R3\{0}), d,h =0 on 0By,

g(xz) for O<lz|<1

-Ah(z) = {g(x*)wp(x) for |z[>1,

and then |Ah| pemsy < c|g|ze=. Moreover, |[Vh|r2(y) < cllglr2(By)-

We divide the proof into several steps. We fix a cut-off function ¢ € C5°(R?) satisfying
0<p<l, ¢=1on By and v =0 on B(0,2)°,

and then, define for small € > 0

e (x,y) =so(x;y)~

Fix 4,j € {1,2,3}.



2.1 The proof of (i)
Let

ui(e) = [ T(e=y) (1 - pe(0,0)) 9()dy,
Bo

@) = [ (0nT(a =) (1 e(2.9)) 9(w)dy,
Bo

wh(@) = [ (@I (@=9)) 9wy

and define w2 (x) by
f (02,0, D2 = 1)) (9(y) - g(2))dy + g(x) f (02, T (2 = y)) v (y)do(y),
B oB
where B is an arbitrary ball so that By cc B. Remark that for || > 1, this function equals
Bo
Since

sup [hr(2) - up(2)] < || g| 1= and sup [wp(2) = O, uf (2)] < ce[g] 1=,
zeR3 TeR3

we see that 9,,h = wi € C(R?).

2.1.1 Continuity of 9., ., hr

It is not hard to see that vr € C*(R?®) and each integrals in the definition of w# absolutely converge. Observe
that if € < 1/2, then for x € By, 0,,vr(z) equals

[ oo @@= (1-0("=2))} 6w - 9@y + 9(@) [ (@@= 9)vsw)do(w).
B OB

On the other hand, in the case = ¢ By, one can see

02,05 (2) = [ (00,0, T (@ - ) 9(0)y
By

for all e < dist (B§, suppg) /2. From these expressions, one obtains

sup |wi () = 8y, vp (2)] < e[| Vg p--
reR3

Because it also holds sup |9, hr (z) - vp ()| < cg||g| L, we have 0,, o, hr = wi and fr e C*(R?).
zeR3

2.2 The proof of (ii)

Denote for small € >0

* l'*—y
¢5(I,y)=s0( . )

then it holds |V,¢! (z,y)| < ce™tx|™. Let for x #0,

up (@) = [ D(a.y) (1 - 62 (@) 9(w)dy
By

0 (@) = [ (0, D(,9)) (1= 92 (,)) 9(9)dy
Bo

wh(@) = [ (0n.D(x.9)) 9wy,
Bo



and define w% (z) as
[ (911, D)) (90) - 9@ dy 4 9(a) [ (00, D(@,9)) v (0o (y).
B* 5B*

Remark that for 0 < |z| < 1,

wh(@) = [ Oeve, D)) dy.
By

Since it holds that
. g2 1 . 1 1
|hD(ZL') - ’ILD(CE)| < CmHgHLN and |wD(m) - 3zluD(x)\ Sce |Jf|2 + |.’E|3 HgHLm7

we can see that hp € C(R3\{0}) and 0,,hp = w} € C(R?\{0}).

2.2.1 Continuity of 9., .;hp

From
10,0, D (@) < e (] +[a]7°) (Ja* =y +|2* - y[7%),

one can check the absolute convergences of the each integral of v§, and wf,. v}, € C*(R*\{0}) and has the
following expressions for small € > 0; in the case x € Bp\{0},

avjug(x):fax,i,ij(x,y)g(y)dy
Bo

for all € < dgy/2 where dy == _ \{il}lf |z* —y| >0, and in the other case @ ¢ By, 8,,v5, () equals
xeBp\{0},yesuppg

faxj{(ﬁmD(xvy))(1—wz(x,y))}(g(y)—g(x*))dyw(w*)/ 0z, D(z,y)) vi(y)do(y),
B* OB*

for all € < R/2. Hence, we can get that for small € > 0,

i 11
[wh () = 0y, v5 ()] < ce (|a:|2 + |$|5) [Vg|r= for all = # 0.

Since |0, hp () - v5 (x)] < celz| 2| g| L=, We see Oy, 4,hp = w},.

2.2.2 The equality for —-Ahp
For all © #0, A, D(x,y) =0 a.e y € By. Thus, ~Ahp(x) =0 when 0 < |z| < 1. On the other hand, when |z| > 1,

~Bhp() = g(") [ VD(a.y) v(y)do(y) = 9@ op()
OB*

and |p(z)| < clz[Z <e.

2.3 The proof of (iii)
For « # 0 and ¢ > 0, define

E,:= y€R3§1+i'u=0 and ES := yeR3 cos™! Loy Leep.
x| |z -yl ’ |z |z -yl

Remark that |EZ| < csin®e ~ €2, Fix a cut-off function ¢ € Cg°(R) so that 0<+ <1, »=1on (=1,1) and 1) = 0
on (-2,2). Then, let
1 ( x a2t -y )
T—cosT | s
x| |z* -yl

3

iz, y) =9

1'We regard the function cos™!(-) as a decreasing function from (-1,1) to (0, ).



Observe that

|y |y
i (x,y) = Yl (y, ) and |Vo vl (z,y) < e 0| L » o |9 | 1.
elx||z* — y|sine e2|z|lz* — yl

For 2 # 0, let

ui(@) = [ Ny (- g2 p) (1-vl@9) gy,
Bo

vo(@) = [ @V (@) (L= g2 (y)) (1= v @) 9(v)dy.
Bo

wh(@) = [ (@ N@y)gly)dy and
Bo

k(@)= [ (020, N(2.9)) 9(y)dy.

By

The kernel N and its derivatives have an additional singularity on lines. Integrals around there are estimated
by the following lemmas.

Lemma 2.1. If —co<a<2 and x =10 40, then
/‘1+x'az*—y‘ dy =
P e e

Lemma 2.2. For any 0 € S? and large integer j,

+x'y‘ dygcf|1+0~§|_ad§§c.
ol T J

B(z*,1)

do < 272,

{0eS2;0<1+0-0<2-7}
Proof. Let «(0) be an angle between -6 and . When 1+6 -6, =277,
2(60) = cos (1 -27) = cos™((1 - a;)/?) where a;=27*-27%,

Here, using sine ~ ¢ for ¢ € (0,7/2), we can find cos™ ((1 - ¢)'/?) » c. Hence, one obtains z(fy) ~ a; » 277,
which implies the assertion. O

2.3.1 Continuity of hy

For any s; € (0,2) and ss € (0,00), we decompose

e () - iy ()] < [ [ UGyl + eyl dy
BonB(z*,2¢)

+ f (InCz, ) +n(z,y)[*) dy ||gl L= = [ + IT]]g] -

BonE2¢
I and II are controlled by positive powers of ¢;

I<ee®™ v and IT<c (1 4 |x|‘1)3+52 ci-2s2

As a consequence, we can conclude hy € C(R3\{0}) from the estimate; for 7 € (0,4)

v (2) = ufy (2)] < (1 + | ) e g L~



2.3.2 Continuity of 0,,hn

An elementary equality: 2(1+60-8) = |0+6]" for 0, § ¢ S? yields

T 1/2
o () .
lyl  ly* -2 lz* -y
for all i € {1,2,3}. Therefore, one has
90, Nz y)|:‘_|y|(yi+yf-%)_xi .. " 1
' lzln(z,y) \|yl ~ ly*-2) [z|" |zllz* - y[2n(z,y) /2 |zl

For the purpose, we decompose with s1 € (1,00) and sg € (0,2),

lgllz=
]

1
Wl (@) — sty (2) < [ ( : ; 1)dy
i « _ 11/2 1/2
BonB(z*,2¢) |$ y| n(amy)

1
- | = 1)dy

BoﬂE%E
1 _
vog ) (@l ey dy
Bon{e<|a*-y|<2¢e}

1 - lyl
+ / (G, I + e,y *) =L dy
£ e ey |z* — y|
Bgny —cose<————<-cos(2¢)

bl }

- ﬁ [[+II+IIT+1V]|g|p~.

The four terms have bounds as follows: for any 7 € (0,2)
I<ce®? IT<ce?, IIT< ce|z[™t and IV < ¢,

which ensure that d,,hx = wh and hy € C*(R3\{0}).

2.3.3 Continuity of 0., ., hn

To see this, we need a bound of the second derivatives of N with respect to x. Observe that

[ ]
Osan(2,y) |yl n(y, z)
n(z,y) n(z,y) N\
_ L, xi3(3¥j+y;_xj)

n(z,y) | |zlly* —= =P \|y| |y* -]

fcj-g(z/iJr yi**—ari)_ (yi*—l“iz(y;—gmj) +3xix4j and

lz[3 \ |yl [y* - =] |z||y* — ||
[ ]

]

89;171(.73,24) a331"'7‘(',1773/) 1 [|y|2 (yl + yz* — L ) (yj + y; _xj )]

n(z,y) n(zy)  n(z,y)? wl =) \|yl  |y* -2

. ’.’—:Cv . * _ .
e ] [xi(yj+yj* J)+a;j (yl+ yz* xz)]erzx:.
|[z[n(z,y) lyl - ly* - = lyl  ly* - ]

From this and (3), we see that 0,, », N (z,y) can be controlled without the violent term |n(z,y)|™:

lyl lyl 1
|a$i,IjN(xay)| <c L+ ti e
|[2[n(z,y)] lz* —yl) |z



Using this, we have

1 1 1
w3 (z) = 0. 5 (2)| € c— (1+ )d
| N( ) j N( )| |.’£‘2 (xvy) |x*_y| Yy

l n
BonB(x*,2¢)

1 1
' f n(x,y) (1+ lx*—yl)dy

BoﬂE%E
1 1
+ = dy
elx z* —y|12n(x,y)1/?
| IBOQ{ESMW‘QE} lv* —y[M2n(z,y)
1 1
+ = d o0
5 / P AT y] Il
{ T x* -
Bon{ —cose< " <-cos(2¢)
|| |2+ -y
1
= ey (T T+ T 1V) gl
X

Each term is estimated as follows:
2¢e ~— ~
1<e [Traert)y [ [eo-0] dbdt<cs
0

2
chf #1417 )
0 {-1<6-6<- cos(2¢) }

S [ e A2 5 2 -1
1T < e f t[52‘1+0-9| dfdt < c<2|a]
0

2 ~
weees [T f ) dfdt < ce.
0 {— cos £<0-0<— cos(ZE)}

As a consequence, we have that,

1+6-0] dfdt < ce?

5 1
03 (&) = O, v ()] < ¢ (1+ ) Il
P\

Since we have also [0, by () —v5 (2)| < ce3?|2|™ | g| 1=, we can conclude O, o, hv = Wiy, thus hy € C2(R3\{0}).

2.3.4 The equality for —Ahy
Observe that A, N (z,y) = A, {log|y| - log|z| + N(y,z)} = A.N(y,z) - |z|72. Since
2
1 (zF - ys)? 1 x; T -y;
92 N(z,y) = (1— L - —+ ,
N G\ e ) nGe? el ol

one has A, N(z,y) =0, and then A, N(x,y) = —|z|™2. Therefore,

-Ayhn(z) = —B[ AN (z,y)g9(y)dy = ﬁ [ g(y)dy = 0.

2.4 The boundary condition
Next, we see that f enjoys the boundary condition; d,h(z) = 0 for 2 € dBy. First, for any = € S?

1
Ou(z) (T(z-y) - D(z,y)) = v
On the other hand, we see that for the same x, 0, () N(z,y) = - ly oY (L ) Since
n(z,y)  \lyl |y -z

x.(y_,_ y*—lﬂ):_n(ﬂc,y) " n(z,y)

lyl  ly* -2 lyl yllz -y’

we obtain J,(,\N (z,y) = - , and then d,h(z) =0 for any z € S2.
(z) |

1
z -y

10



2.5 L2-estimate

To complete the proof of Proposition 2.1, we check the L? estimate for Vh. For simplicity, we give only a proof
of [Vhn|r2(By) < clglL2(B,). From a pointwise estimate of VN in Section 2.3.2, it is sufficient to show

*

~1/2
. x at-y
lle* =y 1+ = - lg(W)Idy < c|gllrz(py)-
J ENEEr

Applying Cauchy-Schwarz inequality and changing variables, we see that the left hand side is controlled by

1/2

-1
lgll 2 (Bo) f |y|_2( +*| ||) dy

*_Bo

1
Because x* - By c {y; ﬁ -1<yl< ﬁ + 1} this integral is uniformly bounded for x € By. Therefore, the desired
x

L? estimate is verified, and then the proof of Proposition 2.1 is completed.

3 Vector-valued inequality

The proof of main result uses a version of vector-valued inequalities for Hardy-Littlewood maximal operator.
The following is a generalization of the result of Fefferman and Stein [7]. The argument in this section can be
applied to other dimensional cases.

Proposition 3.1. For 1<r,p<oo and a=3(1-1/p),

) 1/r oo 1/r
'] g
=1 =1

o <]
Kp,w KﬂJ

Because Herz spaces have the property
T . — T
17k, = 1 W
Proposition 3.1 can be rewritten as follows

Corollary 3.1. For0<r<1, r<p<oo and a=3(1/r-1/p),

S
=1

<c
Kf oo

[e3
Kg .,

This inequality with 7 = 3/4 is applied in the proof of Theorem 1.1. Note that a4 = 0.

We give a proof of Proposition 3.1.

(;i)

Proof.

< sup 2~
Lr(Ar) keZ

L.H.S. = sup 2~
keZ

5 (i M(fzxjr)m

JeZ \l=1

Lr(Ag)

oo 1/r k+1 ir
gsukaO‘ (Z (fix;) ) +sup 2~ Z (zM(leJ )
keZ j=—oo || \I=1 Lr(AR) keZ j=k-1 LP(Ap)
o 1/r
+sup2ko‘ (ZM £ix;5) ) =T+ 1II+IIL
keZ J= ]i)+2 =1 LP(Ak)
o 1/r
From [7], we can see that II < ¢ (Z |fl|r)
=1 K°

11



Since if z € Ay, and j <k -2,

)

Lr(Aj)

) 1/r oo 1/r
(lz M(szj)(x)T) < c273ko31(1=1/p) (lZ Iler)
=1 =1

we can see that [ <c . On the other hand, if z € A; and k + 2 < j, it holds that

oS 1/r
(z w)
=1

oo 1/r
Z|fl|r)

1

~
Il

o
Kpl

b

Lr(Aj)

00 1/r
(ZM fix;)(x) ) < 273ilp

=1

o0 1/r
(zm’“)
=1

which implies that III < ¢ and the proof is completed. O

Kg o
4 Proof of Main theorem

Proof. Because

3
|- VYol ger, = 2

)
saop
KP7°°

3
>, udjuy,
=

m(i M)

HKp®,

it is enough to show the inequality

HM‘” (z ujajv)

< o o
selulum ol
Kp%
n
for all divergence free vector fields u and functions v € Y n Wllocr (R3). Firstly, we give a definition of Z u;0;v
j=1
as a tempered distribution as follows; for ¢ € S(R?)

3 3
<;%‘3jv7<ﬁ> = Zlfuj(y)v(y)ajw(y)dy-

Our assumption ensures that the integral in the right hand side absolutely converges. Then, it follows
3 3
5% w0+ ou(a) = Colul i [ 00| 2 8,000,606 -) |
j=1 j=1

u; (y)

where Cy is a large constant depending on ¢, and 4,(y) = W
pllul =

. Owing to the divergence free condition on

u, we see that for every z e R?
3 3 s
> 4 ()0y, ¢e(x—y) =3 0y, (U;(y)de(z -y)) in S'(RY).
j=1 j=1

Hence, we obtain the pointwise estimate

3
My (Z Ujajv) (2) < Cylull L= N (),

J=1

for all m € [1, 00]. In particular, we use this estimate with m = oo and get

(o)

INewvllicz <€l Volngsy, . 4)

< clul = | Nool g,
Kon,

It is enough to prove that

12



We derive this inequality from a pointwise estimate. To prove this, we fix ¥ € F,,(z). Since the support of gy
is a compact subset in By = B(x,ry), there exist a small 9 > 0 and a smooth positive function 1 so that for all
e€(0,e9),

supp(gw * ¢e) Usupp¥ cc suppn cc By

n =1 on supp(gw * ¢c) Usupp¥

|n]l e = cq| Bw|*? for all g € [1, 00].

Define a. := || f guv * ¢-(y)dy. Remark that o - 0 as e > 0. In fact, for a test function p € C§°(2By)
B
with p=1 on By, we qilave
Inlzrae = =(¥,Vp * ¢c) > —(¥, Vp) = 0.
For simplicity, let g5 = gw * ¢ — aen. Since g§(y) = g3 (z — rey) € C§°(By) and f g5dy = 0, from Section 2,
Bg

we see that for € < g,

B(w) = [ Gly.2)gi(2)dz
Bo

is a function in C?(R*\{0}) and solves the Neumann problem; —Ah§ = g5 in Bo\{0} with d,h5 = 0 on dBy.
Therefore,

r-y
2 =iy ()
v
is in C?(R3\{z}) and enjoys the Neumann problem:

-Ahy =gy in By\{z},
ons,

W =0 on 8B\I/
Further, h§ fulfills the following estimates: for all j,
10851122 (54) < dlBu|™? and ARG L es) < | Ba| . (5)

The former follows from the L? estimate in Proposition 2.1. Now we can see that
fvgq,dy: —lir%f Vv - Vhydy.
E—

Indeed, from Theorem 7.25 in [9], we can find a sequence {v,, }men € C*(By) so that v, — v in W17 (By) as
m — oo. From divergence theorem,

fvgq,dy: lim lim vmgé,dy:li_{%va-Vhfpdy.

m—oo0 -0

‘ [ vgydy

Since Opv € H K;g 14> following Miyachi [12], it can be decomposed as

Thus we obtain

3
< limsup Z

O<e<eo k=1

f 6kv6khfpdy‘ )

OLv = Z a§k)
j=1

where supp ag.k) ¢ Bj = B(xj,15), a;-k) e L=(R?) and f xo‘agk)(x)dx =0 for a with |a] < 1, also

- 1/s
(Z |\a§k) |SL°°XB].(x)) <es(Opv)5(x) for all s € (0, 00).
j=1

Therefore, we have

3 oo
< limsup Z Z

O<e<eo k=1j=1

‘f vgydy

From (5), we immediately see that

‘[ ag.k)ﬁkhfl,dy

f a§k)8khfl,dy‘ .

k k
< a8 1B 0 By |"?|0kh% | 12 (8y) < cla?] L
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When z ¢ 4B;, if Cry < |z — ;| with C' > 8/3, then it holds B; n By = @ and f ag.k)@khfpdy =0. On the other

hand, if Cry > |z — x|, then we can derive the decay estimate

4
y
J o] sl () )

lim sup EEEy
J

O<e<eg

We may assume  # z;. Using the moment condition on a§k) twice, one has
®(arhs ()dy = [ ol (y) (9xhG (y) - Oxhy (25)) d
a; (y)Okhy (v)dy a;’ (y) (Okhy (y) - Ochy (25)) dy

3

[ 6P @) - 2,)0(0.0405) 0y + (1 - ), )dydo

[ o () (1 - 27)s [(0:0kh5) Oy + (1= 0);) — (0:0kh%) Ba, 01 ] dydh.

O\»—‘ o\»—t

3
From this, the decay estimate (6) is derived as follows;

1

3
<erfla?lie 3 [ 07 [ 10008 (0) - (008D ne, o, |t
5740 B(zj,0r;)

[ a2 wanns iy

3
S Cr;‘lHa;'k)HL” > 10:0kh% [ Brroes)
s=1

k £
< cr;-lHa; )HL°o IARG || Lo (r3)

4
.
<c(22) 1a®o-
Ty

4
.
<el 2] 1ol L.
|z - 4

Here, we have used the boundedness of R; Ry, from L*®(R?®) to BMO(R?) in the third inequality, where R; is
the jth Riesz transform, and (5) in the fourth inequality.

4
1
7 ) ~ Msyu(xB,;)(x), as a consequence it follows that for all
Tj ’

As mentioned in [12], because | ———
1+|z-x;

z e R3,

3 oo
Neov(@) < e 3 a8 1o Maya(x5,) (@) (7)

k=1j=1

Now, we apply Corollary 3.1 with r = 3/4 and obtain

3 3
| Neov o, <3 <e S @k0)sl o~ V0 gger -
' k=1 k=1 P.3/4 p.3/4

= | (k
> 108 | ey,
j=1

g
Kp,3/4

Here we have used 3(1-1/p) +3(4/3-1) =3(1-1/p) +1 = ap. The proof is completed. O
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