
Julia set of a surface automorphism
of positive entropy — an example of J∗ 6= J

Shigehiro Ushiki, Kyoto

December 8, 2018



Abstract

We consider a surface automorphism f : X → X of positive
entropy.

Rational surface X of our example is constructed by blowing-up
the complex projective space P2 in a finite number of points.

In this note, we prove that in our example, the Julia set, the
closure of the set of saddle points, and the support of the invariant
measure of maximal entropy are different.
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1. Julia set



Fatou set

Let f : X → X be an automorphism of a compact complex
manifold X .

A point p ∈ X is a point of the forward Fatou set F+
f if there

exists an open neighborhood U of p on which the sequence
{f n}n∈N forms a normal family of holomorphic mappings from U
to X .

Define the backward Fatou set F−f and the Fatou set Ff by

F−f = F+
f −1 , Ff = F+

f ∩ F−f .



Julia set

Define the forward Julia set J+
f , the backward Julia set J−f ,

and the Julia set Jf as follows.

J+
f = X \ F+

f , J−f = X \ F−f , and Jf = J+
f ∩ J−f .

Let J∗f denote the closure of the set of saddle periodic points.

Clearly, J∗f ⊂ Jf .



Loxodromic automorphism

Let f be an automorphism of a compact Kähler surface X .
Let H1,1(X ,R) = H1,1(X ,C) ∩ H2(X ,R).
Then, f ∗ : H1,1(X ,R)→ H1,1(X ,R) is an automorphism

preserving the intersection pairing.
Define the dynamical degree λf by

λf = lim
n→∞

||f ∗n||
1
n .

Theorem. If λf > 1, then λf is an eigenvalue of f ∗ with
multiplicity 1, and it is the unique eigenvalue with modulus > 1.

If λf > 1, then λ−1
f is an eigenvalue, too. Other

eigenvalues are of modulus 1.

f is said to be loxodromic if λf > 1.



Eigenvalues of a loxodromic automorphism



Invariant currents and invariant measures
Let f be a loxodromic automorphism of a compact Kähler

surface X .

Theorem(Cantat 2001, Dinh-Sibony 2005). There exist
positive, closed currents T+

f and T−f with invariance property

f ∗T+
f = λf T

+
f and f ∗T−f = λ−1

f T−f .

We obtain an invariant measure µf = T+
f ∧ T−f .

Theorem(Bedford-Lyubich-Smilie 1993,Cantat 2003). Let
Λ(f , k) denote the set of saddle periodic points of f of period k .
Then

1

λkf

∑
p∈Λ(f ,k)

δp

converges to µf as k goes to ∞.



Ahlfors current

Let ξ : C→ X be an entire curve.

A(r) =

∫ r

t=0

∫ 2π

θ=0
||ξ′(te iθ)||2κ t dθ dt,

N(r) =

∫ r
0 [ξ(Dt)]dtt∫ r

0 A(t)dtt
.

Theorem. Let X be a compact Kähler surface with Kähler
form κ. Let ξ : C→ X be an entire curve. There exist sequences
of radii (rn) going to ∞ such that (N(rn)) converge toward a
closed positive current T . If ξ(C) is not contained in a compact
curve, then [T ] intersects all classes of curves positively, and
〈[T ], [T ]〉 ≥ 0.



Main Theorem

If f is a loxodromic automorphism of a compact Kähler surface
X , then

supp(µf ) ⊂ J∗f ⊂ Jf .

Theorem(U.). There exists a loxodromic automorphism f of
a compact Kähler surface X such that

supp(µf ) 6= J∗f 6= Jf .

Remark.
If f is a Hénon map, then supp(µf ) = J∗f ⊂ Jf .
If f is a hyperbolic Hénon map, then supp(µf ) = J∗f = Jf .



2. Surface automorphism



Surface automorphism (Bedford-Kim, McMullen)

Define birational automorphism ϕa,b : C2 → C2, for parameter
a, b ∈ C, by

ϕa,b : (x , y) 7→ (y ,
y + a

x + b
+ b).

ϕa,b has an indeterminacy point p∗ = (−b,−a).
Its ”image” is line {x = −a}.

ϕa,b has a pole along line {x = −b}.
Its ”image” is point ey = [0 : 0 : 1] ∈ P2.

ϕa,b is critical along line {y = −a}.
Its image is q∗ = (−a, b).



Surface automorphism (Vn family)

Define

Vn = {(a, b) ∈ C2 | ϕj
a,b(q∗) 6= p∗ for 0 ≤ j < n, and ϕn

a,b(q∗) = p∗}.

Theorem(Bedford-Kim 2006).
ϕa,b is birationally conjugate to an automorphism of a compact

complex surface, Xa,b, if and only if (a, b) ∈ Vn for some n ≥ 0.
The surface Xa,b is obtained by blowing up the projective plane P2

at the n + 3 points

ex = [0 : 1 : 0], ey = [0 : 0 : 1], and ϕj
a,b(q∗), 0 ≤ j ≤ n.



Surface automorphism (Blow up)

Let Ex , Ey , Qj denote the exceptional fibers above points ex , ey ,

ϕj
a,b(q∗), respectively, of blow up π : Xa,b → P2.

Exceptional curves are mapped as :

{x = −b} ⇒ Ey ⇒ (Line at infinity)⇒ Ex ⇒ {y = b},

{y = −a} ⇒ Q0 ⇒ Q1 ⇒ · · · ⇒ Qn ⇒ {x = −a}.

ϕa,b induces a surface automorphism fa,b : Xa,b → Xa,b.



Surface automorphism (Cohomology)

The cohomology group H2(Xa,b) is generated by the class of
generic line H, and the classes of exceptional fibers Ex , Ey ,
Q0, · · · ,Qn.

Surface automorphism fa,b : Xa,b → Xa,b induces an
isomorphism f ∗a,b : H2(Xa,b)→ H2(Xa,b).

Theorem(Bedford-Kim, 2006).
If (a, b) ∈ Vn, then the characteristic polynomial of f ∗a,b is

χn(x) = xn+1(x3 − x − 1) + x3 + x2 − 1.

If n ≥ 7, then the largest real root of χn is greater than 1.



Eigenvalues of a loxodromic automorphism



3. Invariant cubic curve



Γ1-family

In our family of rational automorphisms

ϕa,b : (x , y) 7→ (y ,
y + a

x + b
+ b),

we make a very special choice of parameters.

a =
−1− t + 2t3 − t5 − t6

2t2(1 + t)2
, b =

1− t5

2t2(1 + t)
.

Theorem(Bedford-Kim 2006).
(a, b) ∈ Vn if and only if χn(t) = 0.



Γ1 family

In this case, fa,b has an invariant cubic curve C with a cuspidal
point. The fixed points of fa,b are in the invariant cubic curve.

Eigenvalues of the jacobian matrix at cuspidal fixed point, say
R, are t2 and t3.

Eigenvalues of the jacobian matrix at the other fixed point, say
S , are t−1 and tn.

The dynamics in the invariant curve is conjugate to ζ 7→ tζ,
with correspondence ζ = 0↔ R, ζ =∞↔ S .



The polynomial h which defines the invariant cubic curve is
derived from the following equation.

h ◦ ϕa,b = t det(Dϕa,b) h.

Meromorphic 2-form η = dx∧dy
h satisfies ϕ∗a,bη = t−1η.

The determinant of a periodic point of period p is t−p, except
the fixed points.



Real slice

[Bedford-Kim 2006] [McMullen 2005]



Real slice



4. Fixed points



Let λn denote the largest real root of χn.

If n ≥ 7, then λn > 1.

We take an n ≥ 7, and we set t = λn in the following.
Parameters a and b are suppressed in the following.

λ7 = λLehmer ≈ 1.17628081

Fixed point R is a repeller as the eigenvalues are t2 and t3.

Proposition. The fixed point R is linearizable. The
unstable manifold W u(R) is isomorphic to C2. W u(R) is an
invariant open set in X .





Fixed point S is a saddle as the eigenvalues are t−1 and tn.

Proposition. The stable manifold W s(S) is isomorphic to
C and coincides with the strict transform of the cubic curve C in
X with R omitted.

W s(S) = C \ {R}







5. Proof of Main Theorem



Proof of the main Theorem.

By our choice of parameters, we have t = λn = λf > 1.
As the cubic curve C is invariant and the dynamics is

conjugate to ζ 7→ λf ζ, with correspondence ζ = 0↔ R,
ζ =∞↔ S , we have

C \ {S} ⊂W u(R).

There exits a neighborhood V of S such that
V \W u(S) ⊂W u(R).

There is no homoclinic point of S , W u(S) ∩W s(S) = {S}.



There exists an open set U such that

W u(S) ⊂ U and U \W u(S) ⊂W u(R).

Let A := W u(S) ∪W u(R). A is an open invariant set.

Let B := X \ A. B is a closed invariant set.



f has many saddle periodic points.

Theorem(Katok 1980).
Let f be a loxodromic automorphism of a compact Kähler

surface X . The set of saddle periodic points of f is Zariski dense in
X . The number N(f , k) of saddle periodic points of f of period at
most k grows like λkf :

lim sup
1

k
log(N(f , k)) ≥ log(λf ).



Let Λ denote the set of saddle periodic points in X .
And let Λ′ = Λ \ {S}.
As S is the only one periodic saddle point in A, we see that

Λ′ ⊂ B.
Since B is a closed invariant set, we have Λ′ ⊂ B.

Theorem(Bedford-Lyubich-Smilie 1993,Cantat 2003). Let
Λ(f , k) denote the set of saddle periodic points of f of period k .
Then

1

λkf

∑
p∈Λ(f ,k)

δp

converges to µf as k goes to ∞.

We see that
supp(µf ) ⊂ Λ′ ⊂ B.



Since W u(S) ⊂ A, we have supp(µf ) ∩W u(S) = φ.
So, S |∈ supp(µf ).
With S ∈ J∗f , we get

supp(µf ) 6= J∗f .



The existence of a heteroclinic point :

W u(S) ∩W s(Λ′) 6= φ

is proved by looking at the construction of current T−f by the
Ahlfors current of entire functions of unstable manifolds.

The normalized pushforwards λ−nf [f n(Du)] of a disk
Du ⊂W u(S) converge to a nonzero multiple of T−f . Then
T+
f ∧ λ

−n
f [f n(Du)] converge to a nonzero multiple of the measure

µf . It follows that T+
f ∧ λ

−n
f [f n(Du)] must be nonzero for some n.

This implies W u(S) ∩W s(Λ′) 6= φ.
And W u(S) ∩W s(Λ′) ⊂ Jf .
As J∗f ∩W u(S) = {S}, J∗f ∩W u(S) ∩W s(Λ′) = φ.
We get

J∗f 6= Jf .



6. Pictures



Real slice, colored by backward iteration



Real slice with Julia set



W s(S), colored by backward iteration



Real slice and W s(S)



W u(S), colored by forward iteration



W u(S), and real plane



W u(S), W s(S) and real plane



W u(P3) and W s(P3), P3 ∈ Λ



W u(P3), W s(P3) and real plane



W u(R)



W u(R) and real plane



W s(A2), A2 is the 2-cycle attractor



W s(A2)



Conjugate diagonal slice, forward and backward iteration



W s(A2) and conjugate diagonal plane



Γ2-family
Same results hold for Γ2-family and Γ3-family of surface

automorphisms. Γ2-family is given by

a =
1 + t + 2t2 + t3 + t4

2t(1 + t)2
, b =

t3 − 1

2t(1 + t)
.

Theorem(Bedford-Kim 2006).
Assume n ≥ 8 is even. Then (a, b) ∈ Vn if and only if

χn(t) = 0.

In this case, fa,b has an invariant cubic curve consisting of a
line and a quadric tangent to each other in a point. A fixed point
of fa,b and a cycle of period 2 are in the invariant cubic curve.
Eigenvalues of the jacobian matrix at the fixed point, are −t and
−t2. Eigenvalues of the jacobian matrix of the cycle of period 2,
are t−2 and tn+2. The dynamics in the invariant curve is
conjugate to ζ 7→ tζ, with correspondence ζ = 0↔ fixed point,
ζ =∞↔ 2-cycle.



Γ3-family

Γ3-family is given by

a =
(1 + t)2

2t
, b =

t2 − 1

2t
.

Theorem(Bedford-Kim 2006).
Assume n ≥ 9 is a multiple of 3. Then (a, b) ∈ Vn if and only

if χn(t) = 0.

In this case, fa,b has an invariant cubic curve consisting of
three lines intersecting in a point. A fixed point of fa,b and a cycle
of period 3 are in the invariant cubic curve. Eigenvalues of the
jacobian matrix at the fixed point, are ωt and ω2t. Eigenvalues
of the jacobian matrix of the cycle of period 3, are t−3 and tn+3.
The dynamics in the invariant curve is conjugate to ζ 7→ tζ, with
correspondence ζ = 0↔ fixed point, ζ =∞↔ 3-cycle.



Appendix



Numerical observations

F+ = W s(A2) ≈ C2 t C2,

F− = W u(R) ≈ C2,

F = W s(A2) ∩W u(R),

J+ = {R} ∪W s(S) ∪W s(Λ),

J− = A2 ∪W u(Λ) ∪W u(S),

J = Λ ∪ (W u(S) ∩W s(Λ)).



Entropy

Theorem(Diller-Kim 2017). Let f : X → X be an
automophism as above. And let fR : XR → XR be its restriction to
the real sub surface. Then h(f ) = h(fR).

Theorem(Bedford-Lyubich-Smilie 1993, Cantat 2001) Let X
be a smooth projective surface over the real numbers R. Let f be
an automorphism of X defined over R. The entropy of
f : X (R)→ X (R) is equal to the entropy of f : X (C)→ X (C) if
and only if all saddle periodic points of f which are not contained
in rational periodic curves are contaioned in X (R).

Corollary. There is no saddle periodic point of f in
X \ XR.



Cycles of period ≤ 30

Fixed points : 1 repeller(R), 1 saddle(S)
Period 2 : 1 attracting cycle(A2)
Period 3 : 1 saddle cycle(P3)
Period 5 : 1 saddle cycle
Period 7 : 1 saddle cycle
Period 11 : 1 saddle cycle
Period 13 : 1 saddle cycle
Period 16 ≤ k ≤ 22 : 1 saddle cycle
Period 23 ≤ k ≤ 26 : 2 saddle cycles
Period 27, 28 : 3 saddle cycles
Period 29, 30 : 4 saddle cycles



Ahlfors current

Let ξ : C→ X be an entire curve.

A(r) =

∫ r

t=0

∫ 2π

θ=0
||ξ′(te iθ)||2κ t dθ dt,

N(r) =

∫ r
0 [ξ(Dt)]dtt∫ r

0 A(t)dtt
.

Theorem. Let X be a compact Kähler surface with Kähler
form κ. Let ξ : C→ X be an entire curve. There exist sequences
of radii (rn) going to ∞ such that (N(rn)) converge toward a
closed positive current T . If ξ(C) is not contained in a compact
curve, then [T ] intersects all classes of curves positively, and
〈[T ], [T ]〉 ≥ 0.



Fixed-point formulas

Lefschetz’s formula

∑
f (p)=p

sign(det(Dfp − Id)) =

dimRX∑
k=0

(−1)ktrace(f ∗|Hk (X ,R)).

Atiyah-Bott formula

For r = 0, · · · , dimCX ,

∑
f (p)=p

trace(∧rDfp)

det(Id − Dfp)
=

dimCX∑
s=0

(−1)strace(f ∗|Hr,s(X ,C)).



Trace

The characteristic polynomial of f ∗|H2 is :

χn(x) = xn+1(x3 − x − 1) + x3 + x2 − 1 =
n+4∑
j=0

ajx
n+4−j .

Let λ1, · · · , λn+4 be the roots of χn.

trace(f ∗|H2) =
n+4∑
j=1

λj = a1 = 0.

trace(f ∗2|H2) =
n+4∑
j=1

λ2
j = a2

1 − 2a2 = 2.

trace(f ∗3|H2) =
n+4∑
j=1

λ3
j = a3

1 − 3a1a2 − 3a3 = 3.
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