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Abstract

Rational surface is constructed by blowing-up the complex
projective space CP? in several points. Under certain conditions,
birational map from CP? to itself can be extended to the rational
surface and defines an automorphism of the rational surface.

Such surface automorphisms are studied by E.Bedford, KH.Kim
and C.McMullen. Some of them have invariant cubic curves.

In this note, we derive the explicit formula of invariant cubic
curves by an elementary computation executable by hand.



Linear fractional recurrences

Birational map studied in [BK1],[BK2],

fap(x:y) = (y, ){12)
Birational map studied in [M],
o) = (a,6) + (v, %)
Self-anti-conjugate map
y+a

f(x,y) = (v, +iB),

x+iB



Intrinsic parametrization of birational maps

These families of birational maps are equivalent under
correspondence of parameters and change of coordinates.

When there exists an invariant cubic curve, the curve contains
one or two of fixed points. And the cubic curve has a singularity
there. So, we suppose the origin is a fixed point where the
invariant cubic has a singularity, and choose the trace 7 and the
determinant ¢ of the Jacobian matrix at the fixed point, as our
parameters of birational maps.  Our family is as follows.

TV — U

F =
(0,0) = (v, =

).



Equation of the invariant cubic curve

Let P(u, v) be a cubic polynomial which defines a cubic curve
with a singularity at the origin.

The equation to be satisfied is as follows. (Formulated and
solved in [BK2].)

(%) Po F(u,v) = tP(u,v)det DF, )

for some t € C.
Rem: This equation is for meromorphic eigenform n = gl(l/l)%’
with tF*n =n.




Invariant cubic curves
Assume 0 # 0, 7 #0, t # 0, £1.

THEOREM A. The equation of invariant cubic polynomial has
solutions (up to a constant multiple) in the following cases.
(M) 7=+, 0=1,

1+t+t2 v

(tu — )2

P = uv(t
1(u,v) =uwv(tu+v)+ 11 .

(M) 7=-t—1t28=13
Py(u,v) = (tu+ v)((1 + t)uv + tu + v).
(M3) 7=—t, 6=t>

P3(u,v) = uv(tu + v).



In these three cases, invariant cubic curves were computed in
[BK2]. But the formulas are complicated and not easy to
understand.

(M) Irreducible cubic with a cusp.
(M) Line tangent to a quadric.
(3) Three lines passing through a point.



Uniformization

THEOREM B. Uniformizing functions can be taken as follows.

£0C? £0C? > g - (1=0(E -1
sy G0 — .

(“’wdozz<«+¢xg+n’@+ﬂxc+i> e

) 0@ = (o ooyt D).

_ t~1¢ tC 1—t
Ye(¢) = (t—lg—kl(t_ 1), 0+ 1t> ;

(¢ B2-1 ¢ 1-8
) (@)= (o1 e ).

[t 1-8 _ t¢ -1
10 = (Fe00) w0 - (05551,




Schroder's equations

THEOREM C.
(M) F op(¢) = ¥p(t().

(M) Fowu(C) = va(td),
Fovq(¢) = ¥u(t¢).
(M) F o to(C) = ¥1(t¢),
Fo1(¢) = v2(tC),
F o 42(¢) = o(t).



Indeterminate points

The indeterminate point of F is p = (71 T—?) and the
indeterminate point of F~1 is g = (=2, =2).

2
Let o= 5= o= 15

THEOREM D.

(M) Ye(Cp) =P,  Yp(Cq) =g

(M2) Ve(Cp) =p,  ¥qo(¢y) =q.
(F3) Yo(Cp) =P,  %o(Cq) = q.



eigenvalues

THEOREM E. In these cases,
F'(q)=p ifandonlyif (,=1t"(,.

REM. xn(x) = x"1(x3 —x — 1) + (x3 +x2 — 1) is the
characteristic polynomial of F* : HY1(X) — HY1(X). Here, when
F"(q) = p, X is a compact complex surface obtained by blowing
up the projective plane CP? at the n + 3 points
er=1[0:1:0],eo=[0:0:1] and Fi(q),0 <j < n.

If {, = t"(q, then xp(t) = 0.



Coxeter element and Siegel ball

THEOREM. For all n sufficiently large, the standard Coxeter
element w € W, can be realized by a surface automorphism with a
cycle of Siegel balls.

REM. McMullen proved the following.

THEOREM(McMullen, 2005). For all n sufficiently large with
n # 2,4 mod 6, the standard Coxeter element w € W,, can be
realized by a surface automorphism with a Siegel disk.



Proof of Theorem A

Let
P(u,v) = Cou® + CiuPv + Guv? + Gsv3 + Dou? + Diuv + Dov?.

As F(u,v) = (v, 252), we have det DF = (;iV++1§2. Then the

equation (x) gives rise to polynomial

®1(u,v) = (tu+1)3(Po F(u,v) — tP(u, v) det DF(u,v)),
which vanishes identically with respect to (u, v).

Expand ®1, and observe that it defines a system of linear

equations.
It may be hard to expand the formula ...



®1(u,v) = Gov3(ru+1)* + Cv3(rv — Su)(tu + 1)°
+ Gv(rv — du)?(tu + 1) + G(7v — du)® + Dov?(ru +1)3
+Dyv(rv — du)(Tu+ 1)? + Do(rv — Su)?(Tu + 1)
ft(7'2v+5)(7‘u+1)(C0u3+C1u2v+C2uv2+C3v3+Dou2+D1uv+D2v2).

Only one term contains u*. Hence —t67Cy = 0. As we assumed
téT # 0, necessarily Gy = 0.

Similarly from the term containing v*, we have G3 = 0.

Then from ®1(u,0) = §u?(6Ds — tDo)(Tu + 1), we get
D, = £ Dy,

From these we get ...



®o(u,v) = (P1(u, v) — P1(v,0))/(v(ru + 1))
= G {v(rv — du)(Tu+1) — tu’(r?v + 6)}
+Co{(rv — du)? — tuv(r?v + 6)}
+ Di{(7v — Su)(Tu + 1) — tu(r?v + 0)}

+ Do{v(ru+ 1)2 —tr%u? + %(Tzv —270u — tV(T2V +0))}.

And from  ®,(u,0) = {§(6Co — tC1) — 7(6Dy + t7Dp) }u?
—{0(1+ t)Dy +2tTDo}u,

—2tT t(t—1)
d G —-tG =
A5 S G NE P

Assume these conditions to get ....

we have Dj =




®3(u, v) = (P2(u, v) — $2(u,0))/v
= G{(rv—ou)(tu+1)— t7'2u2} + C2{7'2v —270u — tu(72v+6)}

2
Dy {r(ru+1) — tr2u) + Dof(ru+1)% — £2 + %(1 —tv))

And from ®3(u,0) =0, we get

2 _ 2
G VL
T
G+ (2r+ )G = g(m — t)Dy + 2Dy),

(5+t7’)C1 =71Dy.



Finally, from  ®4(u, v) = (3(u, v) — ®3(u,0))/v
2.2

=7(ru+1)G +7%(1 — tu) G — tTTDO =0,
t27
weget G =1t(, and G +76 = TDO'

Clearly, if all the conditions above are satisfied, they define an
invariant cubic curve.

Summing up the above conditions under G = G3 =0, Dy = gDo,
and t7d # 0, t # £1,we obtained the following system of seven
equations.



Equations

(eq.7)

G+Q2r+t)G =

2T
Tt
2 1) _ +2
Dlzé(t 1) —tr Do,
76
G = t(y,

(6 + t1)CG = 7Dy,
2

G+176 = %Do,
t(t — 1)7r2
6C2 - tC]_ - El—l_t;éDo,

T

5((1— 07Dy +2Dp).



Equations (eq.1),(eq.3),(eq.4) determine the solution for given Dy.
Other equations should be compatible with these equations.

To have (eq.1) and (eq.2) hold, we have two cases.

—2tr  §(t? —1) — tr?

(casel) Dy #0, and

(1+16)0 6
(case Il) Dy =Dy =0.
In case |, we have
tr2 —2(1+1)
0= — d D;=——"Dy.
1+n2 7 0
PROPOSITION.  In case |, (%) has a nontrivial solution if and

only if

(%) P4 (t-)7r -1+t =0.



Eliminate 6, C; and D; from (eq.4) --- (eq.7) to get

(eq.4")

(eq.5")

(eq.6")

(eq.7")

t3
A PO e =
Ao e

2 _42(1 2
tre —t°(1+ t) G, = Do,

L+ 022 —1)
1

- (2 —
t(1+t)2(7— —|—t7’)C2 Dy.

Evidently, (eq.5") and (eq.7") are equivalent.



Equation (eq.6’) can be rewritten as

1
t(1+ t)?

> 1_ 1{72 +tr -t (r+ 1+ t)2)}} Co = Dy.

{7'2 4+t +
If (eq.4") and (eq.5’) has a nontrivial solution,
(%x) P24 (t-tr—t3(141)2%=0

must be satisfied. Conversely, if (xx) is satisfied, (eq.4'), (eq.5'),
(eq.6’), and (eq.7’) are all satisfied.



In case |, there are two subcases.
Equation (#x) can be factorized as

(r—? =) (r+t+1°)=0.
We obtained two cases
(case I'1) T=t2413, 5=t

(case I'p) T=—t—t%, §=t.



Now, we go back to (eq.1)---(eq.7) and consider the case Il, i.e.,
D1 = Dy = 0. We look for a non-trivial solution of

(eq.3") C1 = t(G,

(eq.4") (0+tr)G =0,
(eq.5") G+716 =0,

(eq.6") 0CG —tCy =0,
(eq.7") G+ @2r+t)&=0.

If § + tT # 0, then these equations has no non-trivial solutions.
Hence if there is a non-trivial solution, we must have

(case I'3) T=—t, and &=t



In cases (case I'1),(case '2),(case I'3), solutions of (x) is obtained
as in THEOREM A.

(M) 7=t+8,0=1°,

14+ t+4t2
L(tu_ﬂ)?

P = uv(t
1(u,v) = uv(tu+v) + 5t "

(M) 7=—-t—t%30=1t,
Py(u,v) = (tu+ v)((1+ t)uv + tu + v).
(M3) 7=—t, 6=t

P3(u,v) = uv(tu + v).



Theorem B

THEOREM B. Uniformizing functions can be taken as follows.

) wc(o=< €o¢’ éo¢? >,§ _ - -1

C+DEC+E) (C+1)(C+1D) t2

) 0@ = (i rog D).

_ t71¢ tC 1—t
0ol = (gD )

(¢ -1 ¢ 1-8
) w(@) = (o e ).

_ t71¢ 1-13 _ t¢ t3-1
Y1(¢) = <t1C+1t’O> , (Q) = <0’tC+1t2> :




Proof of Theorem B

The invariant cubic curve {P(u, v) = 0} has a uniformization
coordinate ¥(().

Theorem B gives the explicit formulas for each cases. It was
computed in [BK2]. Here, we try to execute the computation by
hand.

In (u, v)-coordinates, the other fixed point is (£p,&p), with

T—0-1

T

& =

Incase (M), & = —(t—1)2(1+t+ t?)/t%



case (1)

In this case, 7 = t2+ t3, § = t°, and

1+ t+t2 v

P = uv(t tu— )2
1(u,v) = uv(tu+v) + 5t (tu )

The cubic curve C = {P1(u, v) = 0} has a caspidal singular point
at the origin. The cubic curve contains the other fixed point

(€0, %0)-

We look for a uniformizing rational function ¢¥¢ : C — C, satisfying

¥c(0) =(0,0), vc(o0) = (§0.%0),  Pu(vc(¢)) =0,

and

Fovc(C) = vc(t().



We set ¢c(¢) = (u(¢), v(¢)), and

o0 = B+ 6ol
N 1+30C+b0C2+C3’

v(C) = a( + b2 + &
14 agC + bpC2 + (3’

where constants a;, b; depend on t.

Then compute

(1+ a0 + bo¢? + ¢3)3
C2

Vi(¢) = P1(u(C), v(€))-

May appear cumbersome ...



V1(¢) = ¢(a1 + biC + &¢%) (a2 + bal + £0¢P)
x(tay + a2 + (thy + b2)¢ + (t + 1)&¢?)
1+t+1t2
1+t

x (ta; — a—: + (thy — le)C +(t — %)foCZ)z-

(1+aoC + boC2 + ¢3)

As W1(¢) =0, from W1(0) = 0, we have ap = t2a;. From
Vi (0) =0, we have ajay(ta; + a2) = 0. Thus, we have

81282:0,

provided t # 0, t # —1.



Next, let

(C) = Clzwl(c)

= (®(b1 + &C) (b2 + &C)(thy + ba + (t + 1)&0C)

1+t+ t2 2 3 b2 1 2
— (1 b thy — —= t— — )
15t (14 ao¢ + bo¢” + ¢)(thy t+( t)ioC)

From W5(0) = 0, we have by = t2by.
Then from the terms of lowest degree, we have
1+ t+t2 1.
b tb —(t
1ba(thy + bo) + Tt :

Hence we get
313 3
t°by = &



We choose b; = %50. Then by = t&y. (Other cases give similar
formulas with slight change of coordinates.)
Then

Va(0) = 7 ¥2(0)
=601+ 0) (#4040~ (L6 + o+

Hence we get

a[):bo:1-|-t+%-
And for ¢ (¢) = (u(¢), v(¢)),

<
O=ery O Gy oy




Note that around the other fixed point (&g, &o), the invariant curve
is regular and can be uniformized by y = (7! as

_ctoxxtlt ) Slox(er )
T Tk + Dix+ o)




case (I,)
In case (M), 7=—t— t2, 6 = t3, and
Pa(u,v) = (tu+v)((1+ t)uv + tu + v).

The cubic consists of a line L = {tu + v = 0}, and a quadric
Q = {(1 + t)uv + tu+ v = 0}. They are tangent at the origin.

Periodic points of period 2 are Ry = (3£, ¢t — 1), and
Rl = (t - 17 %)
Rye L, and R € Q.

Uniformizing rational function v, : C — L satisfies ¢, (0) = (0,0),
and ¥ (o0) = Rp. We can take

w@ = (5 ZHe-n).




Uniformizing rational function 1o : C — Q should satisfy
¥1(0) = (0,0), ¥o(c0) = Ry, and

Fouyr(¢) =vo(tC),  Fovg(C) =vi(td).

Hence we have

[t t¢ 1—t
¢Q(C)_<t—1c+1(t_1)’ t§+1t>'




case (I'3)

In case ([3), 7 =—t, 0=t and
P3(u,v) = uv(tu + v).

The cubic consists of three lines Ly = {tu+ v =0}, L1 = {v = 0},
and Ly = {u = 0}. They intersect at the origin.

Periodic point (3)f period 3 are Sp = (t3t§1, 1_—;3) S = (1_tt3, 0),
and S; = (0, £51).

t2

So€ly, S1€li, Se€lb,
S1=F(S), S2=F(S1), So=F(S)



Uniformizing rational functions ¥; : C — L;, i=20,1,2 should
satisfy

w,(O) = (070)7 w:(oo) = 5/7 I = 07 1727
Fo w,(C) = 1/},'+1(tg), (I mod 3)

Hence we have

¢ t3-1 ¢ 1-1¢
C+1 t2 "¢C+1 ¢t ’

[t 1-8 _ t¢ -1
0@ = (Freeo0)s w0 - (05 5.

Yo(C) = <




Proof of Theorems C, D, E

Proof of Theorems C, D, E are straightforward.



Theorem C.

THEOREM C.
(M)
(T2)

(T3)

Foyp(C) = ¢p(tC).

Foy(¢) = vq(tC),
Fovq(¢) = ¥u(t¢).
Fo4o(¢) = ¥1(t¢),
Fo1(¢) = v2(tC),
F o 42(C) = vo(tC).



Theorem D.

The indeterminate point of F is p = (71 T—?) and the
indeterminate point of F~1 is g = (=2, =2).

2
Let o= 5= o= 15

THEOREM D.
(M) wP(CP) =P, T/JP(Cq) =4q.

(M2) Ve(Cp) =p,  ¥qo(¢y) =q.
(F3) Yo(Cp) =P,  %o(Cq) = q.



Theorem E.

THEOREM E. In these cases,
F'(q)=p ifandonlyif (,=1t"(,.

REM. xn(x) = x"1(x3 —x — 1) + (x3 +x2 — 1) is the
characteristic polynomial of F* : HY1(X) — HY1(X). Here, when
F"(q) = p, X is a compact complex surface obtained by blowing
up the projective plane CP? at the n + 3 points
er=1[0:1:0],eo=[0:0:1] and Fi(q),0 <j < n.

If {, = t"(q, then xp(t) = 0.



from J, 7 to a, 8

Let us derive the parameter correspondence between our
parameters 6, 7 for family

TV — U

F =
(0,0) = (v, =

),

and parameters «, 8 of our family of self-anti-conjugate maps

Fley) = (v L5 +16).




Fixed point (xs, xs) of f is given by
x2—xs =a— (.

And the Jacobian matrix of f at the fixed point is

0 1
Df = _ Xsta 1 .
(xs+iB)?  xs+if

_ 1 — _Xsta ;
So, we have 7 = prarcl and § = CatiB) From these equations,

we get

a_2(5—7’—’7’(5 iﬁ_l—(s
N 272 ’ 27
0(1—r7) 1-46

T



Finally, we get the following.

(T1) r=t2+1¢3, §=1t5
—1—t42t3 5o 5 1—1¢t°
o= = ————
2t2(1 4 t)? ’ 2t2(1 + t)’
(M) T=—t—t%, §=1¢t,
1+t+2t2+ 34+ ¢ 5 31
= / = —
2t(1 + t)? ’ 2t(1+t)’
(T'3) r=—t, 6=t
1+ t)? 2 -1
a:( —21_ ) ; ’B: 5
t 2t



In [BK2] functions ¢;(t) are as follows.

t—3—t* 110
(1+1t)2 7 2(1+1t))°

() a0 = (

([t +t+1?) -1
(r2) 902(t)—< " ,t(Ht)).

(M3)  3(t) = <1 +t, t— 1) :
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