Elementary construction
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Abstract

Diller gave a method for constructing many examples of
surface automorphisms of positive entropy.

Uehara gave explicit formulas for Cremona transformations
with invariant cubic curves.

In this note, following their methods, we construct rational
surface automorphisms with invariant cubic curves.

Explicit formulas of quadratic Cremona transformations are
obtained by elementary calculations.
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Birational map

1. Birational map



Birational map

Let fl(Xa}/> 2)7 f2(X7y7 2)7 E’)(X?y7 Z) be homogeneous
polynomials of same degree. In this note, we consider only the
case of degree 2.

Let f : P> — P? be a map defined by
fllx:y:2]) =1y, 2)  Bxy, 2) - B(xy, 2)];
except for the set of indeterminacy points
I(f) ={lx:y: 2] | ilx,y,2) = fa(x,y,2) = fa(x,y,2) = 0}
Such mapping is said to be a rational map.
Rational map f is said to be birational if its inverse map f~ 1 is

also a rational map defined by homogeneous polynomials, except
for the set /(f~1) of its indeterminacy points.



Affine coordinates

Although considerations in P2 is preferable, mostly in the
followings, we discuss in the affine coordinates.

C? can be considered as an open and dense subset of P? by
(x,y) < [x:y:1].

Let fi(x,y) = fi(x,y,1), i=1,2,3.
Define rational map f : P? - — P? by

fl(X7y) fz(X,y)
B(x,y) ABxy)"

fixy) = (

I(f) ={lx,y: 2l [ Ailx ¥, 2) = fa(x,y, 2) = fa(x,y,2) = O}.



Cuspidal cubic curve

2. Cuspidal cubic curve



Cubic curve

Let C denote the cubic curve {y = x3} in P2

This curve has a parametrization
p:C—C, p(t)=(t,1t).

We want to find birational maps f : P2 - — P2, which maps C
onto itself.

F(C) = C.

f has indeterminate points /(f). The equality should be
understood "modulo exceptional points”.

F(C) = £(C\I(F)).



f induces an automorphism of the cubic curve C, which can be
described by an affine map t — A(t + u) for some constants
AeC* uecC.

PROPOSITION. For A € C* and ay, ap, a3 € C with

a; + a» + as # 0, there exists a quadratic birational map
f P2 -— P2, such that

f(C)=C, I(f) ={p(a1), p(a2), p(a3)},

inducing t — A(t + %), with v1 = a1 + a2 + a3.



PROOF. Let vy = ajap + azasz + aza; and v3 = ajaras.
The indeterminate points, p(a;) = (a;,a>),i = 1,2,3, are common
zeros of the system of equations
y —x3 =0
-4+ wmx—vz = 0

As quadratic polynomial f3(x, y) must vanish in these
indeterminacy points, we can choose

f(x,y) = v1x® — vax + 13 — y.



Since f(p(t)) = p(M(t + %)) for t € C, f : (x,y) = (X, Y)
can be written as

_ v (v —x})U(x,y)
X_A<X+3+ A(x,y) >

y = \3 <(x—|— Yiys (y—X3)V(X,y)) 7

3 f3(x, y)
where polynomials U(x, y), V(x,y) are chosen so that f becomes
a quadratic rational map.



To determine polynomials U(x, y) and V/(x, y) we require that

Aley) = ((x+ ZIBCY) + (v =) U(x,y)

flxy) = N ((c+ 2P B00y) + (y = )V(x.y))

are quadratic polynomials. We get

U(Xay) =,
3
1%
V(va) = VIX2 + (V% - V2)X__y+ ?1 — s + 3.

This gives the explicit formula for the quadratic birational map f.



Explicit formula for invariant cuspidal cubic curve case

PROPOSITION.  The quadratic birational map f : P? -— P? in
the previous proposition is given by

3
X=X X—{—ﬂ—l- nly =x7) ,
3 nx2—wmx+uv3—y

Y =\° ((x+1)3+<y—x3)(1+

1/3
V12X + 3 — 1w
3

nx2—ux+uvz—y



Exceptional lines

A quadratic birational map f : P2 - — P? always acts by
blowing up three indeterminacy points in P? and blowing down the
three exceptional lines joining them.

The inverse map f~1 is also quadratic and the images of three
exceptional lines of f are the indeterminacy points of 1.



Parametrization and lines

Our parametrization p : C — C of the invariant cubic curve
has a nice property.

If three points p(t1), p(t2), p(t3) are on a line, say
{y = ax + b}, then

t2—at;i—b=0, i=1,23,

which shows that ti, to, t3 are three roots of cubic equation
t3—at+b=0, hence t; + to + t3 = 0.

Conversely, if t; + to + t3 = 0, then ty, tp, t3 are the three roots
of cubic equation in t :

t3 4 (tity + tots + t3ty)t — tytats = 0,

which implies that p(t1), p(t2), p(t3) are on a line.



Inverse map

In order to compute the inverse map of f, we need to find the
indeterminacy points of £, which are the images of the
exceptional lines of f.

Suppose the exceptional line passing through indeterminacy
points p(a;) and p(ax) is mapped to p(b;), for {/ J,yk} ={1,2,3}.
This exceptional line intersects with C at p(—a; — ax), which is
mapped to p(b;), with

141 2V1
b;:)\(—aj—ak—i—?):/\( —T .
The dynamics of £~1 in the invariant curve C is
)\1/1

ts AL (t—T)

Construction of the inverse map is similar.



Inner dynamics

Let 7 : t — A(t + v1/3) denote the dynamics in C.

7 has a unique fixed point ty = %%
By linear change of variables t = rt/, where r = % T s

conjugate to
ot = M+ g)
3N 7
whose fixed point is %
So, by linear change of coordinates x = rx’, and y = r3y’, with
aj = ra;, i = 1,2,3, birational map f has fixed point (%, 2—17)

To construct surface automorphisms by blow-ups, we may
suppose that f fixes (-, 55 ).



Surface automorphism

We have
I(f) = {p(a1), p(a2), p(a3)}

and

I(f~1) = {p(b1), p(b2), p(b3)}

If, for some positive integers ny, ny, n3, and permutation
o:4{1,2,3} — {1,2,3},

p(ar(iy) = F Vp(by),  i=1,2,3,

holds, then f lifts to a surface automorphism by blowing up
(n1 4 n2 + n3) points (provided they are all distinct)

p(bi), F(p(by)),- -+, £ D(p(by)), i=1,2,3.



Orbit data

Positive integers (n1, n2, n3) with permutation o is said an
orbit data.

Following Diller, we look for determinant A and a quadratic
birational transformation f, which maps C onto itself and realizes
the prescribed orbit data.



conditions

In terms of inner dynamics, the conditions are as follows.

- 1.1 .
ao‘(i):AI l(bi_§)+§a I:1a2a3a

2
;:)\a;+?()\—1), i=1,2,3,

1
-1

al-i-az-i-agzx

Eliminate a;, b;j, i = 1,2, 3, to obtain an equation in A, which is
a necessary condition.



Polynomial equations for orbit data ny, ny, n3, o

Necessary condition P(A) = 0 is given by followings.
(case id) o = id.
P()\) — ()\ _ 2)/\n1+nz+n3 + \mtm + \2tns + \Mstm

— AmFL_mEL A oN — 1

(case tr) o is a transposition (o(1) = 2,0(2) = 1,0(3) = 3).
P(/\) — (/\ _ 2))\n1+nz+n3 4 /\n1+nz 4 (/\ _ 1)(/\n1+n3 + /\nz+n3)

—( A= 1)(A™ F A2) 4 A= o) 1.
(case cy) o is a cyclic permutation (o(1) = 2,0(2) = 3,0(3) =1).

P(A) = (A — 2)AMHMFm L (A 1) (A o\t g \mson)

FA=1D)A™ + A2+ A3+ 21— 1.



Picard coordinate of indeterminate points

(case id) o = id.

AMTia-1) 1 ,
a,——ﬁ—&-? (I:172,3).

(case tr) o = (1,2)

AT AT+ 1)(A 1) 1 CN
ai= st (L) =(12).21).

ooaia-1) 1
B 3
(case cy) 0 = (1,2,3)

AT )+ DA 1) | 1

At — 3

((i,j, k) = (1,2,3),(2,3,1),(3,1,2)).

aj =




Characteristic polynomial

Orbit data determines the characteristic polynomial P()) of
f*: H*(X,Z) — H*(X,Z).

Bedford and Kim [BK1] have computed explicitly for any orbit
data ny, np, n3, 0.

PN = A Ep(3) + (~1)79 (1),

where
p(A) =1—2X+ > A% 4y An(1 - ).
Jj=0j JF#0j
The polynomial P()) obtained as a necessary condition and the
characteristic polynomial P()\) coincide (not by chance).



CSPmap (CSPt182st2)







CSPmap (CSPc334

W
Yy,
(L




CSPmap (CSPIc543r)
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3. Three lines through a
point



Three lines

In this section, we consider the case where the invariant cubic
curve is three lines passing through a point (in P?).

Let C, = {(x,y) € C? | x(x*> — 1) = 0}.
Cubic curve C; has three components.
We consider three cases.

(case L3I) f maps each line to itself.

(case L3T) f transposes lines {x = 1} and {x = —1},
while line {x = 0} is mapped to itself.

(case L3C) f permutes three lines cyclically.



Parametrization

Let
P1 :(C—>]P)2a pl(t):(()??)a
p2 (C_>]P)25 p2(t):(1’_t)a
p3:C— Pz, p3(t) = (—1, —t),
be parametrizations of the lines.

Three points p1(t1), p2(t2), p3(t3) are on a line if and only if
t1 + tr + t3 = 0.



PROPOSITION. For A € C* and ay, a», a3 € C with

a; + a» + as # 0, there exists a quadratic birational map
f P2 -— P2, such that

f(CL) = Cr, I(f) ={p1(a1), p2(a2), p3(a3)},

inducing t; — )\(tﬂ(i) + %), i=1,2,3, with vy = a1 + a» + as3.
Here n: {1,2,3} — {1,2,3} indicates the permutation of three
lines.



case L3I

PROOF. In the case of L3/, the denominator f3(x, y) is a
quadratic polynomial representing a parabolic curve passing
through the three indeterminacy points

i‘31)7 (17 _32)) (_17 _33)7

(07 2

given by
f(x,y) = v1x* + (a2 — a3)x + 2y — a1.

fi(x,y) is a quadratic polynomial given by

f -1
L (CY SN )
3(X7y) fé(X,y)

which preserves three lines. (coefficient 14 is chosen so that
fi(x,y) is quadratic.)



case L3I

Dynamics in invariant lines are as follows.

(0,y) = (0,A(y + 2)),

6
(Ly) = (LAY = 3))
(~Ly) = (LAY = 3)).

So, we can arrange as follows.

_ h(xy) N (x> =Dy — %)
Y= f3(x,y) —)\{(y 3) V1X2+(32—33)X+2y—31}‘




cases L3l

We obtained in the case of n = id.,

vix(x? — 1)

v1x2+ (ap — a3)x +2y —ar’

O G 2 )
3 rx?+(ap—a3)x+2y —a1 |

X[IX—

vi=x{v-



case L3T

In the case of transposition 7 = (2, 3), we have

vix(x? —1)

nx?+ (a2 —a3)x+2y —ar’

(= nly - 3) }

X2+ (a2 —a3)x+2y — a1




case L3C

In the case of L3C, the indeterminacy points are same as in the
case L3l.
The dynamics in the invariant lines t; — A(t,() + %),

i=1,2,3, give
V1

(0.y) = (1, =2A\(y + =),

(Ly) = (=1, Ay — g)%



case L3C

Denominator f3(x, y) vanishes at the indeterminate points, we set

a
f(x,y) = kO +x)(y +a2) + £ = x)(y +a3) = (k+0)(x* = 1)(y — 31)»
for some constants k and ¢, so that f3(x,y) is a quadratic polynomial.
Then the numerator f(x,y) must be as
14}

hlx,y) = k(< +x)(y + 2)Ay - 3)

V1

FUE =0y + )3~ D)

— (k+ 00 = 1)(y — 5)( 20)(y +

And we get ¢ = —2k, for f,(x, y) to be quadratic.

V1

6)'



case L3C

Weset k=1, 0= —-2.
Now, f; takes the form

Q
P’

x+1

J— 2_
S Bly) —x03 - 1)

fl(X’y) ==

for some polynomials P, Q. As f; has no poles, P is a multiple of 3x — 1.

We can set
) __xtl (), dx0)
fs(Xa}/) 3x—1 fé(X,_y) .

By posing this to be a quadratic rational function, we require that

f(x,y) +x(x —1)Q

has factor 3x — 1. And we conclude Q = 2v4.



case L3C

In the case of L3C,

Xe= X! <1+2V1X(XU>7

3x-1 f3(x,y)
v M=)yt nx (@ a)x—a) -~ -1y ~ %))
‘ Axy)
where

a a
f(x,y)=0CBx—-1)y + (—51 4 ap — 2a3)x? + (a2 + 2a3)x + 51



Orbit data for three lines

Orbit data (n1, np, n3), 0 must be compatible with the
permutation 7 of the three lines Ly, Ly, L3.
If
p,-(a,-) e L, i=1,23,

then
pn(i)(bi) € Ln(i)7 =123

And
™ H(i) = a(i).



Orbit data (ny, mp, n3), 0

(case L31) n = id.

o=id.

(case L3T) n = (i,j) (transposition),
o =id, and n;, n; are even.
o =, and n;j, n; are odd.

(case L3C) n = (i,j, k) (cyclic),  {i,j, k} ={1,2,3}.
o=id,and nj=nj=n,=0 ( mod 3).
o = (i,j), and nj, nj, ny are distinct ( mod 3)
with ny, =0 ( mod 3).
oc=nandnj=nj=n,=1 ( mod 3).

c=n"tand nj=n=n=2 ( mod 3).



L3Cmap (L3Cc174r)

JULCCR174: T:r: 0.6988, T:i: 0.0000, x:-1.5000, 1.5000 y:-1.5000, 1.5000




L3Imap (L3li344r)

JULiIR344: T:r: 0.6320, T:i: 0.0000, x:-1.4668, 1.4836 y:-0.2622, 0.2536




L3Tmap (L3Tt372r)

JULLTR372: T:r: 0.7478, T:i: 0.0000, x::

4796, 1.4748 y:-0.2638, 0.0570
522 oAy

o)
?



L3Tmap (L3Tt372r)

=] 5 = = £ DA
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4. Conic and a tangent line



Conic and a tangent line

In this section, we consider the case where the invariant cubic
curve is a conic with a tangent line.

Let Co = {(x,y) € C? | x(xy — 1) = 0}.

And let @ = {(x,y) € C? | xy =1}, L= {(x,y) € C? | x = 0}.
We consider two cases.

(case QQ) f(Q) = Q, and (L) = L.

(case QL) f(Q) =L and f(L) = Q.



Parametrization

Let
po:C—P*  po(t)=(t 1),
pL: C— P2, pL(t) = (0, —t),

be parametrisations.

Three points po(t1), po(t2) and pi(t3) are on a line if and only
ifti+t+t3=0.



case QQ

PROPOSITION. For A € C* and ay, ap, a3 € C with

a; + a» + a3 # 0, there exists a quadratic birational map
f P2 -— P2, such that

f(Q)=Q,f(L) =L I(f)={pq(a1), pq(a2), pr(a3)},

inducing t — A(t + %), with v1 = a1 + a2 + as.



Proof

PROOF. Dynamics in @ and L are as follows.

"

3

4!

)= AT+ )T+ ),

V1

(an) = (07)‘(}/ - ?)), in L.

From the dynamics in L, we can assume
fl(ovy) = 05

2(0.) = Ay = 3)( +23),

3(0,y) =y + a3.

in Q,



Then set
fA(x,y) = A1 (Ax + By + O)x,

for some A, B, C.

Along Q, by setting x = y~!

, we must have
Ay Ly) =AYy 2By + Gy + A) = Ay 2 (y — an)(y — a2).

which gives A = a1a,,B=1,C = —(a;1 + a2).
Hence we find

fi(x,y) = A Y(a1axx® + xy — (a1 + a2)x).



Next, set

B3(x,y) = (Px+ Qy + R)x + y + as.

1

Along @, by setting x = y™~, we require
—1
oy =
This gives
P = ﬂ;-)132, Q= —gul, R = ajay — ﬂ(31 + a7).
3 3 3
We get

v 2 v
B(x,y) = ?13132)(2 -3yt (ar1a2 — ?1(31 + a2))x +y + as.



Similarly, we find

Hix,y)=A (5x2 + Txy + Ux+ (y + a3)(y — ﬂ)) ’

3
where
vt
S=_—aa,
g 1%
4 5
I = gli T ard — vi(ay + a2),
2 1
U= sraax — 71/12(,31 + a»).

3 9



case QQ

Summing up.

A*1(31a2x2 + xy — (a1 + a2)x)

Xoq = )
Uaraox? — Jvaxy + (ar1a2 — %(a1 + a2))x + y + a3
Yoo = A(Sx2+ Txy + Ux+ (y + a3)(y — %)) |
YUajapx? — Suixy + (a1a2 — (a1 + @2))x +y + a3
where )
1%
S=laa,
g 2122

4
T = 61/% + ajax — Vl(al + 32),

2 1
U= §V13182 — §V%(31 + 32).



case QL

PROPOSITION. For A € C* and ay, ap, a3 € C with

a; + a» + a3 # 0, there exists a quadratic birational map
f P2 -— P2, such that

F(RQ) =L f(L)=Q, I(f)={pa(a1), pq(a2); po(a3)},

inducing t — A(t + %), with v1 = a1 + a2 + as.



Proof
PROOF. Dynamics in @ and L are as follows.

() e (0 -A + ). in Q.
V1\— V1

0.y) = (A My =)A= 3), in L

From the dynamics in Q, we assume
fl(Xay) =Xy — 17
From the dynamics in L we can assume

n

MQWIAU—§%

£(0,y) = =Xy - 3



Set

f(x,¥) = M(Ax+ By + C)x + y — %)

Then along Q, we have

_ A v
By L) = P(A+ By? + Cy +y> — glyz),

which must be factorized by

v —umy? + vy —vs=(y —a1)(y — a)(y — a3).

Hence

2
A:_V3a B:_?Vlv C:V27

which gives
1

2
B Y) = Mvaxd = Sy +vax+y = ),



Next, set

flx.y) = =X((Dx + Ey + F)x+ (y = 5)°).
Then along @ we must have
Ay~ y) 2
= 77 = _—\ + = ,
B(y~1,y) b+3)
which gives
1 4 1
D=——wv3, E=vy— —V%, F=—uin —vs,

3

Vv 4 v v
hlxy) = =N (=325 (o= gt ey (G- va)xt(y -



case QL

Summing up :

XoL =

xy —1

AM—v3x® — vaxy +vpx +y — %)

2
A= x2 + (v — 4%)Xy + (B2 —v3)x+(y —

YQL =

(—3x® = Svixy +vox +y — %)



Orbit data for conic and a tangent line

Orbit data (n1, n2, n3), 0 must be compatible with the
permutation 7 of @ and L.

(case QQ) f(Q) = Q, f(L) = L.
po(a1) € Q, po(a2) € Q, pu(as) € L,

pq(b1) € Q, pq(b2) € Q, pi(b3) € L.
o=1id.oro=(1,2).

(case QL) f(Q) =L, f(L) = Q.
pa(ai) € Q, po(bi) €@, i=1,23.

o any, ni, np, n3 odd.



QQmap (QQIi363r)

JUQIIR363: T:r: 0.6427, T:i:-0.0000, x:-38.5121,37.9893 y:-0.

2583, 0.3575




QLmap (QLc173r)
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Cubic curve with nodes

In this section, we consider the case where invariant cubic
curve has nodal singularities.

In this section, it is somewhat inconvenient to work with our
affine coordinates. We also use homogenious coordinates with
(x,y) ¢ [x :y: 1], if necessary.

(case ND3) cubic curve consists of three lines L, = {y = 0},
L, = {x = 0}, and the line at infinity L, C P2 .

(case ND2) cubic curve consists of conic Q = {xy =1} and
the line at infinity L,.

(case ND1) cubic curve has one node. In this case the surface
automorphism obtained by blow-ups has entropy zero.



case ND3

Parametrization of the cubic curve in case ND3 is as follows.
Let t € C/Z.
px(t) = (e2”it 0) € Ly,

py(t) = (0,&*™") € Ly,
po(t) = [1:—e¥t:0] € L,.

Three points p.(t1), py(t2), pz(t3) are on a line if and only if
ti +th+t3=0 mod 1.



case ND3

PROPOSITION.  For a1, az,a3 € C/Z and by, by, b3 € C/Z, with
ait+a+taz=bi+by+b3E0 modl,
there exists a quadratic birational map f : P?2 - — P2, such that
f(Ly) =L, f(Ly)=1L,, f(L;)=1L,

and /(f) = {px(a1), py(a2), pz(a3)},
inducing t; — t; + bj, i =1,2,3,in L, L,, L, respectively.

REM. Multiplier is always 1. Do not confuse with b; in
cuspidal case.



ND3

PROOF. Let A; = e2™a1, A, = e27ia2 Az = €233 and
Bl — e27r/b1v 82 — eZmbgv B3 — e27rlb3_ Then,

px(a1) = (A1,0) € L, py(22) = (0,A7) € Ly,

pz(a3) =[1: —A3:0] € L.

We construct quadratic birational transformation of the form

fl(Xay) f2(X7y)
%(Xay)’ f3(XvY)

f(Xa)/):( )

The line at infinity L, is mapped to itself, the denominator f3(x, y)
must be a polynomial of degree 1, which defines a line passing
through indeterminacy points py(a1) and py(a2), we set

f(x,y) = —A'x— Ay +1.



ND3

As the y-axis is mapped to itself, and in the x-axis Ly, f induces
x = e27rit1 s X = e27ri(t1+b1) — BlX,

we can set
f;l(Xay) = le(_Al_lx + ay + 1)7

for some constant a.
As the x-axis is mapped to itself, and in the y-axis L,, f induces

y = e 2Tty e—27r/(t2+b2) _ B{1y7

we can set
H(x,y) = Byly(Bx — Ay +1),

for some constant (.



ND3

The mapping induced on the line at infinity L, is

Y _ _ /B—AQZ
z=2—Z7=—~B Btz "7 |
X X o —Al_l—l—az

As the induced dynamics in L, must be as z — Bsz, we get
By = —B;'B; 1A = — BBy M Avat

From the condition a1 + a» + a3 = by + by + b3, we have
A1A2A3 = 818233. Hence

a=-ATATY B =AM



ND3

We got
-1 —14-1
X _ Bix(“ATx—ATAT Ty + 1)
s = A Ay +1
vo o By ly(—AxAsx — Agy + 1)
NDs = —A;lx — Ay +1
Or

(Ay — ATT AT Y)xy
~AMx — Ay +1 )7

(A1 — AxA3)xy
~Alx — Agy +1

Xnpz = Bi <X+

Ynps = B;* (Y+



Orbit data for ND3 map

In this case, as each component of the smooth part of the
invariant cubic curve is isomorphic to C/Z, possible determinant A
is +1. Possible combination of the permutation 7 of the three lines
and the determinant 7 is 7 = id. and A =1 as a candidate for
surface automorphism of positive entropy.

Let (n1,n2,n3),0 = id be an orbit data. Suppose the
characteristic polynomial of this orbit data has a real root greater
than 1.

We need (my, mpy, m3) € 73 to determine a quadratic birational
transformation f preserving the nodal cubic curve {xyz = 0}, and
having the prescribed orbit data.



Conditions

Let pf, p;r, p;r € C/Z denote the parameter values of the
indeterminacy points /(f) = {px(p; ), Py (P35 ), P2(P3 )}

And let p; ,py,p3 € (C/Z denote the parameter values of the
indeterminacy points /(f 1) = {p«(p1 ), Py(P5 ), Pz(P3)}-

We look for translations by, by, bz € C/Z, together with {p,i}
Set b= by + by + bs.

The conditions to be satisfied are as follows.

py +py +p; =b modl,
pjfzpjr—kbj—b mod1l, =123,
ijr =p; +(nj—1)bj mod1l, ;=123



Translations
From the second and third conditions, we have
njbj=b mod 1, j=12,3.
To solve these, we set (abusing notation)

I'I’,'b_j:b—‘,-m’,'7 j=1,2,3.

And with
bJ:7(b+m_/)7 J_17273a
nj
1 1 1 m m
b=bi+by+by=(—+—+ )b+ —+ =+
m n2 n3 n n2
we get
b — mynon3 + Monyn3 + mM3nyny
o ninpn3 — nNihp — Nanz — n3n1’
i 1
b= 4 —p =123
n; n;

J J



Choice of indeterminate points

We can choose

p

by + b b1 + b b1 + b
]—_i- 2 3 + 1 3 ;_ 1 2—/’1—[’2,

2 +r17 p2 = 2 +r27 2

for any r,mn € C.

Choice of r; and r» induces change of coordinates
(x,y) s (e¥Tinx, e=2mirny), Dynamical systems are all
conjugate to each other.

If n = rn =0, the obtained map has a symmetry



Pictures from NO3map (ND3i445R122,ND3i445R111)
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ND3map (ND3i5565110)




case ND2

The case ND2 is treated as follows.

Take parametrization in curve {z(xy — z2) = 0} as follows
Let t € C/Z.

pa(t) = (2. ™) € Q= {xy =1},
pr(t) =[1:—e?":0] € L = line at infinity.
Let pjr € C/Z, and set A; = 2P j=1,2,3.

For translation b in the hyperbola Q, set B = e2mib.
For translation c in the line at infinity L, set C = 27/,



Picard coordinates

Suppose t; £ ty.
If three points po(t1), po(t2) € Q. pi(t3) € L are on a line,

then it ot
—2mity _ ,—2mity
€ € _ 2mits

e27l'ft2 _ e27‘rit’1
This gives
(1 o e27’l’i(t1+t2+t3))(efz7rft2 o 6727Tft1) — O,
and
t1+t+t3=0.

And if t; 4+ t» + t3 = 0, then the three points are on a line.



case ND2
PROPOSITION.  For p;, pS, p; € C/Z and b, c € C/Z, with
pf—kp;—i-p; =2b+c*0 mod]l,
there exists a quadratic birational map f : P? -— P?, such that
Q) =@, f(L)=L

and 1(f) = {pq(p), Pa(p3 ), P(P3)},

inducing
t—t+b, in Q,

t—t+c, in L

REM. Multiplier is always 1. Do not confuse with b; in
cuspidal case.



case ND2

We construct birational map f : (x,y) — (X, Y), as follows.
As the line at infinity is mapped to itself, the denominator must be
of degree 1 defining the line passing through the indeterminacy

points po(pf) = (A1, A7) and p(py) = (A2, Ay), the
denominator can be set to

fi(x,y) = x— A1 — Ax+ AAsy.

Recall f(pg(t)) = po(t+b), ie, X =Bx,Y =B~ lyin Q.
The dynamics in the hyperbola {xy = 1} is (x, y) — (Bx, B~1y).

Let u( 0
Xy —
X=B(x+ ,
(X x— (A1 + A2) + A1A2)/)

Y=8"1 <y+ 1 V(X}:l_ D 1,1 )’
y—= (A" +A7) + AT Ay x

for some U, V € C.



case ND2
Recall f(p.(t)) = p(t+c), ie., =—Z =—Cz in L.

As the dynamics in the line at infinity is z — Cz, with z = y/x,

: B2 z+(1+ V)ATIASE
Z= lim Y/X= L2
i, Y/ 1 +A;1A;1UZ z+ (AAr + U)

gives U= A;' — A1Ay and V = A1 ApA; — 1.
(Used 82C = A1A2A3.)

The Cremona transformation F : (x,y) — (X, Y) is given by

(A5 — A1A)(xy — 1)
X=B|x+ ,
(X X — (A1 + Az) + Aoy

yv_ g <y+ (As = A A (v — 1) ) |

y—(ATT+ AN + ATTA X



Orbit data for ND2

Relation between parameters of indeterminate points and
translation b and c :

p +p3y +pf =2b+c mod 1.
Relation between parameters of indeteminate points :
- — .t

pi =pf —b—c, p; =p, —b—c, p; =p; —2b mod 1.

For orbit data (ny, ny, n3), 0, parameters must satisfy
followings.

p:(j) =p; +(nj—1)b modl, j=1,2,

py =p; +(n3—1)c mod 1.

Here, o is either id. or transposition (1,2).



extra data

Choose integers my, my, ms. Take representatives b, c € C
(abusing notations), and compute in C.

p +ps +pi =2b+c,

py =pf —b—c, p; =py —b—c, p; =pj —2b,

py =p; + (n3—1)c+ ms.

Maybe other choice of extra data, case by case.



(ND2) transposition case

For integers my, mp, m3, and a complex number s, we get
(n3 — 1)(m1 + m2) +2m3 d1
(n1+n2—4)(n3—1)—4 ’

2(my 4+ ma)+ (m +nm—4)ms
(n1 —+ np — 4)(”3 — 1) —4

o

mod 1,

c
and
np —
2
n1_1b+s+ﬂ mod 1
2 2 ’
pi=b—2s mod 1.

mod 1,

1
n b+s—

my
2

+
2

Parameter s gives choice of coordinates. When s = 0, the map has
symmetries. It is reversible by the complex conjugation, and it is
symmetric with respect to the conjugate diagonal. It is also
reversible by swapping involution (x,y) — (v, x).



(ND2) case 0 = id.

In the case of o = id., we need n; = n».
For mi,my € Z, ¢ € Z and (1,(o € C, we get

(n3 — 1)m1 + m3

b= mod 1,
(n1 — 2)(/73 — ].) -2
2mi + (n1 — 2)m3

c= mod 1,
(n1 — 2)([73 — 1) -2

and 2b+ ¢+t
c

p1+573 +¢G+CG modl,
2b+c+ /¢

P2+573 +C¢ —¢ modl,

2b 4
p;_ = % —2(1 mod 1.

Parameters (1, (» gives choice of coordinates.



example

In the case of orbit data (nq, n2, n3) = (4,3,5), 0 =(1,2), and
(my, ma, m3) = (1,1,1), with s = 0, we have

1 7

b= — = -

4 ‘T g
3 3 1
PTET, ng?’ P;ET

And

__ 5 _ 1 __ 3
P1=§a p2:47p3 T

Observe the symmetries of the Cremona transformation.

(ATt = A1)y — 1) )
X =B
<X+ x = (AL +A) +AlAy )’

y _ B—l (y + (A3 B A1_1A2_1)(Xy - ]‘) )
y— (AT + A + ATTA X



When s = 0,

Py =—p3, Py =—P{. P; =—P3,

we see _
f=f1=So0foS, TofoT=Hf,

where S : (x,y) = (v,x), T :(x,y)w (¥,X), are involutions.
Therefore, f : (x,y) — (X, Y) is reversible with respect to involution S,
and involution by the complex conjugation. It is symmetric with respect
to involution T.



Real slice for ND2map (4,3,5),0 = (1, 2)




Conjugate diagonal slice for ND2map (4,3,5),0 = (1,2)




Conjugate diagonal slice for ND2map (4,3,5),0 = (1,2),
some part




Conjugate diagonal slice for ND2map (4,3,5),0 = (1,2),
zoomed out
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Diagonal slice for ND2map (4,3,5),0 = (1,2)
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Diagonal slice for ND2map (4,3,5),0 = (1,2), zoomed in




Elliptic curve

6. Elliptic curve



Elliptic curve

Diller [D] stated the existence of surface automorphisms with
positive entropy preserving a smooth cubic curve.

ProprosITION(Diller, 2011).  Suppose that f is a quadratic
transformation properly fixing a smooth cubic curve C. If f has
positive entropy and lifts to an automorphism of some modification
X — P2, then either

C =2 C/(Z + iZ) and the multiplier for f|¢ is %i; or

C =2 C/(Z + €™/37) and the multiplier for f|c is a prime cube
root of —1.



WeierstraB g-function

We use WeierstraBB -function as parametrization of invariant
smooth cubic curve.

Let 7€ C\R and A; = Z + 7Z be a lattice.

WeierstraB g-function p : C/A; — P is defined by

:zz+z( w)z_ 12)’

weN

where A = A, \ {0}.

THEOREM The WeierstraB p-function satisfies a Weierstral
equation

(¢)? = 4p° — 2p — g3,

with g =60 ) w™* and gz=140 ) w™®
weN, weN,



parametrization

The parametrization of elliptic curve {y? = 4x3 — gox — g3} is
given by

p(t) = (p(t), ¢'(1)), teC/A,.

TureorEM(Diller, 2011) Let C C P? be a smooth cubic curve.
Suppose we are given points p(p; ), p(py ), p(P3) € Creg, @
multiplier a € C*, and a translation b € C/A. Then there exists at
most one quadratic transformation f properly fixing C with
I(f) = {p(py), P(P3 ), P(PT)} and F(p(t)) = p(at + b). This f
exists if and only if the following hold.

pi +p3 +pi £ O

a is a multiplier for Creg;

a(p +p3 +p3) =3b.
Finally, the points of indeterminacy for f~1 are given by
p; =ap —2b j=1,2,3.



Cremona transformation

The most basic non-linear birational transformation
J : P2 — P2 can be expressed as

[x:y:z] = [yz:zx: xyl].

J acts by blowing up points e; = [1:0: 0],
e =1[0:1:0],e3 =[0:0:1] and then collasping the lines
{x =0}{y =0},{z =0} to e1, e, e3 respectively.

A generic quadratic Cremona transformation can be obtained

from J by pre- and post- composing with linear transformations
f=LioJolLy"



conditions

We see that
I(f) = {La(e1), La(&2), La(e3)}, I(F71) = {Li(er), L1(e2), L1(e3)}

The choice of L; and Ly is not unique, since specification of
three points does not determine a linear transformation uniquely.
We need a supplementary condition to determine the
transformation with uniqueness.

A unique biquadratic transformation f = Lo Ko Jo L2_1 is
obtained by specifying a linear transformation K : P> — P2, which
fixes e1,e2, e3, and setting

K= 0 k 0 |,



Take a fixed point ty of the inner dynamics t +— at + b. Then
point p(tp) must be a fixed point of f. We can choose K by

L7 (p(t0)) = K o J o L3 (p(t0))-

Obtained biquadratic transformation f = Lo Ko Jo L;l is the
unique one satisfying

1(F) ={p(p}), p(P3). p(P3)},  1(F1) ={p(py), P(Py), P(P3 )},

and  f(p(to)) = plto).



orbit data to transformation

As at most one quadratic transformation properly fixing C, this
f is the quadratic transformation described in the above theorem.

We have two cases.
(case ELI)  C=C/(Z + iZ) and the multiplier for f|c is £i;

(case ELW)  C = C/(Z + €™/3Z) and the multiplier for f|¢ is a
prime cube root of —1.



case ELI

In case ELI, let A = Z + iZ, and we suppose the multiplier for
f‘c is /.
The case of —i is similar.

Suppose the translation of the inner dynamics is b € C/A.

Conditions for orbit data (n1, n2, n3), o are as follows.
pi +p +pi =-3ib£0 mod A,

p; = ipjr —2b mod A, j=1,23.

1+ 1+
- b
2 )+ 2

P:(j) = ’njil(Pj

b modA, j=1,23.



case ELI

The inner dynamics z — iz + b is periodic of period 4. We
don’t have nj > 5 as a realizable orbit data. So necessarily, to have
a transformation of positive entropy, we need

nj<4, j=1,2,3.

If nj = 4 for some j, with o(j) = j, we have
pi =pf +3ib mod A,
which gives 3ib = 0. This case is not allowed.

If n1 + ny + n3 <9, then the topological entropy of the surface
automorphism is 0.



case ELI

Therefor in the case of 0 = id., we have ny + ny + n3 < 9. In
this case, the topological entropy of the quadratic transformation
is 0.

In the case of cyclic permutation o = (1,2, 3), possible orbit
data for quadratic transformation to have positive entropy are:

(4,4,4), (4,4,3), (4,3,3).
(case (4,4,2) does not have a solution)

In the case of transposition o = (1, 2),possible orbit data for
quadratic transformation to have positive entropy are:

(4,3,3), (4,4,3).



case ELI, o is cyclic
(case (4,4,4), o =(1,2,3))

1 1 1
b= -8, pf =8ib+ -a, pf =5ib+ -a, pj =2ib+ -a,

3 3 3
where € (A\3A)/9A and o € A/3A.
(case (4,4,3), 0 =(1,2,3))

O =

b=

1 1 1 1
B+=a, pf = (5—41')b+§oz, py (5—i)b+§a, py = (5—|—2i)b+§a,

L

15 2
where € (A\5A)/15A, =0, or B € AN/I5A, a=1+1.
(case (4,3,3), 0 =(1,2,3))

2 i 5 1 i 1 7 i
= — R— + = _7. — + = — — + = 7_' [
b= —f+-—a, p; =(2 2/)b—|—20z7 py = (2—&—2)b—&—2047 p; = (2 b =

15" 15
where € (A\5A)/15A, € {0,1,i,1+i}.



case ELI, o is a transposition

(case (4,4,3), 0 =(1,2))

_lg - 2@ T N A S YA
where 8 € (A\ 2A)/6A, v € (1+ A, a€A.
(case (4,3,3), 0 =(1,2))
_1 :Z_f 3 +:Z i X (7
where 5 € ((1 4+ )A\6A)/18A, « € (1+ i)A/2A.



ELImap (ELIc433Rb40)




case ELW

In case ELW, let € = €™/3 and A, = Z + ¢Z. We suppose the
mutiplier for f|c is €.
The case of € is similar.

Suppose the translation of the inner dynamics is b € C/A..

Conditions for orbit data (ny1, na, n3), o are as follows.
py 4+ Py +ps =B—3e)b£0 mod A,
pJT = epjr —2b mod A, j=123.

p:(j) =Y (p; —eb)+eb mod A, j=1,2,3.



notations

By eliminating p; . we get

p;’(/.) = e"f'pjr + (€ — 2¢W — €M)b.

To simplify notations, let

ke =€e—2Ft— €k k=0,1,--- 86,

1
Ok = —,
K71 ek
Then the equations are :

pjg) = e”f'pjr +kmb mod A, j=1,2,3.

with
py +ps +ps =(3—-3e)b£0 mod A..



case ELW, o = id.

As the dynamics t — et + b = ¢(t — eb) + €b is periodic of
period 6, we need
ny, n2, N3 < 6.

The case o(j) = j and n; = 6, is not appropriate, as

0=kreb=(3¢—3)b mod A..

For orbit data (n1, n2, n3), o = id., ny + na + n3 > 10, with
nj<6,j=123,,

/8 - 6n1a1 - 5!72&2 - 5n3a3
Op Kny + Onykny + Opykin, +3€ — 3

b= mod A,

pj‘ = 0p(knb+ ;) mod A, j=1,2,3.

where a1, ap, a3, 5 € A..



case ELW, o = (1, 2), transposition

In the transposition case of orbit data (n1, n2, n3),0 = (1,2),

with ny,np <6, n3 <6, N+ np+ n3 > 10, and ny + ny # 6, we
have

B — 5n1+n2((€n2 + 1)a1 + (enl + 1)&2) - 5,,3&3

b
5n1+n2((6n2 + 1)“!?1 + (6n1 + 1)’{"2) + 5"3“"3 +3e—-3

mod A,

pl+ = Opyt+ny((€™Kn, + Kny )b+ €™ag +a2) mod A,
Py = Oty (€™ Ky + Ky )b+ €™ + 1)  mod A,
p;_ = Opy(Knsb + a3) mod A,

where a3, a2, a3, 8 € A..



case ELW, o = (1,2, 3), cyclic permutation

In the cyclic permutation case of orbit data (ny, n2, n3),0 = (1,2,3),
ny + ny + n3 > 10, with ny, ny, n3 < 6, and ny + ny + n3 # 12, we have

B — Araq — Aran — Azaz

b
5ﬂ1+"2+"3 (AlK’nl + A2’€"2 + A3"<'3n3) +3e—3

mod A,

where A; = €™M 4™ 41, Ay = ™TM LM 11, Ay =Mt 4 eMm 1,
Py = Gt mprny (€2 Kpy +€™ Kpy+Kng ) b€ T B +e™azt+as) mod A,

P = Sty (€T Koy +€™ Kopy+n, ) b€ M ap+emaz+a)  mod A,
Py = Omtmotns (€M™ Kny+€™ Kp +hin, ) b+e™ TP az+e™ar+az) mod A,

where a1, ap, a3, 8 € A..



ELWmap(ELWi543Rb31a01a10a00)




Appendix
Theta functions. Let g = €™ denote the nome.
> 2
Yo(z) =1+ 22(—1)"q” cos2nrz,
—ZZ )"q("t2 2)’ sin(2n + 1)7z
Ya(z) =2 Z g2 cos(2n + 1)nz
n=0

o
v3(z) =142 Z q" cos2nnz.
n=1



Weierstral3 @-function.

o) = 720303 202) — Lo 1 o),

2192(2) 3
z)0 2)%(z
& = (V5 + 95+ 5),
38 3 3

g3 = —n°(¥93% — 779319‘3‘ — 719‘2*192 + 032).

27"

Here, ¥; = 9;(0), i = 0,2,3.
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