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Abstract

Automorphisms of complex surfaces can have various invariant
curves. In this note, we consider families of rational surface
automorphisms with invariant cubic curve.

Such rational automorphism can have, at the same time, an
invariant line, or an invariant quadratic curve, or a pair of lines
intersecting at a point, which are disjoint from the invariant cubic
curve.
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0. Fatou domain



Fatou set

Let f : X — X be an automorphism of a compact complex
manifold X.

A point p € X is a point of the forward Fatou set F;“ if there
exists an open neighborhood U of p on which the sequence
{f"} nen forms a normal family of holomorphic mappings from U
to X.

Define the backward Fatou set F; and the Fatou set fr by

Fr=F ., Fr=F nF;.



Dissipative Hénon map

In the Hénon map case, Bedford and Smilie [BS2] proved :

THEOREM (Bedford-Smilie, 1991) Suppose that f is
dissipative, and () = Q is an invariant Fatou component
satisfying {f"(p) : n > 0} C Q for some p € Q. Then one of the
following occurs:

1. Q = basin of an attracting fixed point, and Q = C2.
2. = basin of a rotational disk, and Q = D x C.
3. Q = basin of a rotational annulus, and 2 = A x C.

REM. Existence of case 3 is an open problem.
REM. Existence of parabolic basins is proved by T. Ueda
(1986, 1991).



Dissipative surface automorphism

Followings are found.
(no rigorous proof for case 2)

1. basin of an attracting periodic/fixed point = C2.

2. basin of a rotational annulus Z"A xC". (?)
3. basin of a rotational Riemann sphere 2"P x C". (77)
4. basin of a curve of periodic points 2"P x C". (?77)

Followings are not found yet.
5. basin of a parabolic periodic/fixed point = C2. (777?)
6. basin of a rotational disk =D x C. (?777)

REM. "P x C" is the normal line bundle.



Example : (case 2) orbit data (3,3,4), cyclic, horizontal
slice

N



Example : (case 2) orbit data (3,3,4), cyclic, in surface




Example: (case 3) orbit data (3,4,5), id, real slice




Example: (case 4) orbit data (3,3,4), id, horizontal slice

JUTH334: T:r: 0.7136, T:i: 0.0000, x:-0.1839, 0.2808 y:-0.1818, 0.1649




Volume preserving automorphism

Suppose €2 is a Fatou component of a volume preserving
automorphism f with f(Q) = Q. Define the set of all limits of
convergent subsequences G by

g:{g: lim f”f:Q—>Q}.
nj—>o<>

If g = Iim,,j_>OO f" is such a limit, then g must preserve volume,

and thus it is locally invertible. It follows that g : Q — Q.

It is known that G is a compact Lie group, by a theorem of H.
Cartan. The connected component Gy of the identity must be a
(real) torus.



Rank of a rotation domain

In the volume preserving Hénon map case, known result is as
follows.

THEOREM (Bedford-Smilie 1991).
Go is isomorphic to T” with p =1 or 2.

Same result should hold for surface automorphism case.

Such a domain is called a rotation domain, and we refer to p
as the rank of the rotation domain.



Reinhardt domain

Let D C C? be a connected open set. We say that D is a
Reinhardt domain if (e/z, e®w) € D for all (z,w) € D and all
0,0 €R.

If Q is a rank 2 rotation domain, then the G-action on Q may
be conjugated to the standard linear action on C?.

THEOREM. (Barrettt-Bedford-Dadok 1989)  There are a
Reinhardt domain D C C?, a linear map L : (x,y) = (ax, By),
|| = |B] = 1, and a biholomorphic map ® : Q — D such that
Pof=Lod.



Volume preserving Hénon map

Volume preserving Hénon map can have rotation domains.
1. Rotation domain of rank 1 (not well understood).

2. Siegel disk =2 Reinhardt domain > D x D.
3. Exotic rotation domain = A x D. (?)

REM. Case 3 is numerically found. We don’t have a proof.



Example: (case 2) Siegel disk




Example: (case 2) Siegel disk




Example: (case 3) exotic rotation domain (?)




Example: (case 3) exotic rotation domain (?)




Volume preserving surface automorphism

Volume preserving surface automorphisms can have various
kinds of rotation domains.

1. Rotation domain of rank 1.
2. Siegel disk = Reinhardt domain D D x D.
3. Exotic rotation domain ="A xD". (?)
4. Super-exotic rotation domain = "P x D ". (77)
5. Ultra-exotic rotation domain = "A x A". (?77)
REM. In case 1, there are various types, not well understood.

REM.  Case 3 is numerically found without proof.
REM.  Case 4 is numerically observed.
REM.  Case 5 is not found yet.

REM. "Px D" is the normal disk bundle.



Example: (case 3) exotic rotation domain (?)




Example: (case 3) exotic rotation domain (?)




Example: (case 3) exotic rotation domain (?)




Example: (case 4) super exotic rotation domain (77)

T T —




Example: (case 4) super exotic rotation domain (77)




1. Cremona transformation



Cremona involution

Cremona involution J : P? — P? is defined by

Jxiy:izl=[xt iy iz =[yz: 2x : xy].

VAR

For linear transformations Ly, Ly € PGL(P?),

f=LioJoly

is a birational transformation.



Cremona transformations with invariant cubic curve

A birational transformation f : P2 — P2 is called a Cremona
transformation.

A quadratic transformation f : P2 — P2 always acts by blowing
up three (indeterminacy) points I(f) = {p;", p5 , p3 } in P? and
blowing down the (exceptional) lines joining them. The inverse
map f 1 is also a quadratic transformation and
I(f~1) = {p1,p5,p3 } consists of the images of the three
exceptional lines.

pi = f(lp;,py)) for  {ij,k} ={1,2,3}.

Here, ¢(p, q) denotes the line passing through p and gq.



Orbit data

Suppose that for natural numbers n1, ny, n3, and a permutation
o:{1,2,3} — {1,2,3}, f satisfies

= pr) = Py i=1,23.
Upi p) = i = £(pr) = = Py = UPsy Pory)-
By blowing up in ny + ny 4 n3 points

prof(pr)s ™ Hpr) = Py

Py f(py)s- - F 7 (py) = Pl

p??a f(p:;)a ) fn3_1(p?:) = p;r(3)a

f lifts to a surface automorphism.



2. Surface automorphism



Quadratic Cremona transformation

Let C be a cubic curve of one of the following :

(case C) a caspidal cubic curve
(case L) three lines passing through a point,
(case Q) a conic and a tangent line.

THEOREM. (Diller 2011) Let orbit data nq, no, n3, 0 € X3
be given. Except for some specific cases, there exists an
automorphism f for each root of P()\) that is not a root of unity,
which realize the orbit data, with determinant \.

Such f is unique up to conjugacy of linear transformation
preserving C.



Uehara's formula of birational transformation

Uehara(2016) obtained an explicit formula for Cremona
transformations with an invariant cuspidal cubic curve.

For A € C* and a;, ap,a3 € C with a; + a» + a3 # 0,

v vi(y—x%)
Xc x4+ )

Ve = X ((x+ 2P 4y -+ ) (x+ ) - 1)

v1xX2—uyx+r3—y

where 11 = a1 4+ a» + a3, ¥» = a1a> + aras + azai, and v; = a1ap3a3.



Three lines passing through a point

In the case of three lines passing through a point,
Uehara(2019) obtained an explicit formula.  There are three cases
for the permutation of three lines {x(x? — 1) = 0}.

X . . — ulx(xzfl)
L = vixit(a—as)xi2y—ar
Yo = Aly-— %) " A-1)(*—1)(y—2)

V1X2+(32733)X+2y731

vix(x3—1
XLT = —X + V1X2+(2127(33)§(<32y731
—1)(x*— _a
Yir = Ay - 2)+ 20—

3 v1x2+(ap—az)x+2y—ax

. x+1 2v1x(x—1)
Xic = 3x—1 (1 + (—F +ar—2a3)x2+(a2+2a3)x+(3x—1)y+ %
Y, _ Ay =) Cy+rilH(a—az)x—a) = A (X —1)(y— %)
Lc (— % +a2—2a3)x2+(a2+2a3)x+(3x—1)y+ 2




Conic and a tangent line

Uehara(2019) obtained an explicit formula also in the case of
conic and a tangent line. There are two cases for the permutation
of components : conic {xy = 1} and a tangent line {x = 0}.

ala2x2—(al+a2)x+xy

X = g
QQ )\(713132X2*§V1Xy+(2132**(31+32))X+y+83)
2 v
v )\(%alazx2+(gulz)nyrszr(%ulalan L(ar+a))x+(as— 2 )y— —133)
R = Lajapx®—2vixy+(a1a— L (a1+a2) ) x+y+as
XQL — xy—1

—)\(1/3X2+ V1Xy — VX — y+" )
] 1 ) e i e O,
vax?+ 35Xy —vax—y+ 3




Characteristic polynomial

Orbit data determines the characteristic polynomial P(\) of
f*: H*(X,Z) — H*(X,Z).

Bedford and Kim [BK1] have computed explicitly for any orbit
data n1, np, n3,0.

PN = N Ep(3) + (~1)79 (1),

where

p(A) =1—2X+ D> AW+ A1 - 1),

Jj=0j J#0j



Characteristic polynomial for orbit data nq, np, n3, o

(case id) o = id.
P()\) — (/\ _ 2)/\"1+"2+"3 4 2\t + 2\t + 2\mtm

— AT AL ATt 9N — 1
(case tr) o is a transposition (o(1) = 2,0(2) = 1,0(3) = 3).

P()\) = ()\ _ 2))\"1+"2+"3 4ot ()\ _ 1)(>\n1+n3 + )\n2+n3)

—( A= 1)(A™ F A2) 4 AL o) 1,
(case cy) o is a cyclic permutation (o(1) = 2,0(2) = 3,0(3) = 1).

P()\) _ (/\ _ 2))\n1+n2+n3 4 ()\ o 1)()\n1+n2 + )\n2+n3 + >\n3+n1)

FA =A™+ A2 4 AB) 20 - L.



Orbit data to parameters

From orbit data (n1, n2, n3),0, parameters ay, az, a3 are
determined by the followings. To simplify the computations, the
Picard coordinate of the fixed point is fixed to %

1
aatat+az=—-—1.

A
1 - 1
o)~ 5 = A" Hb = 5),
1 1
== (- ) A1
b 3 A (a 3)—1—)\
for i=1,2,3.

These equations have a solution iff P(A\) = 0 (assuming A is not
a root of unity).



Picard coordinate of indeterminate points

(case id) o = id.

AMTia-1) 1 ,
a,——ﬁ—&-? (I:172,3).

(case tr) o = (1,2)

AT AT+ 1)(A 1) 1 CN
ai= st (L) =(12).21).

ooaia-1) 1
B 3
(case cy) 0 = (1,2,3)

AT )+ DA 1) | 1

At — 3

((i,j, k) = (1,2,3),(2,3,1),(3,1,2)).

aj =




Indeterminate points

(case C) caspidal cubic curve {y = x3} :

p,+ = (a,-,a3), i = 172u37

pi = (b, b?), i=1,23.
(case LI) three lines {x(x? — 1) = 0}, each line mapped to itself.
1
731)7 P;_ = (1;32)7 p; = (—1,33).

2

1

pi = (0,—5 ). B = (L), i = (-1bs).

PT = (Oa_



Indeterminate points

(case LT) three lines {x(x? — 1) = 0}, {x = £1} mapped to each
other. )

pr = (Oa — 5

> 31), p;_ :(1;32)7 PQ— :(—1,23).

_ 1 _ _
P1 :(07_7b1)7 P> :(17b3)7 Ps3 :(_17b2)

(case LC) three lines {x(x?> — 1) = 0}, mapped cyclically.
1
p]-.~_ = (07 _731)7 p;_ = (15 32)7 P;— = (_la 33).

_ 1 _ _
Py :(07*7b3)a P> :(Lbl)a P3 :(717b2)-



Indeterminate points

(case QQ) conic {xy = 1} and a tangent line {x = 0}, each mapped
to itself.

pf_ = (3173;1)7 P;— = (327351)7 p;’_ = (07_33)'

pr = (b, by ?), py = (b2, b5 "), py = (0, —bs).

(case QL) conic {xy = 1} and a tangent line {x = 0}, mapped to
each other.

p]__'— = (8178;1), p;_ = (327 351)7 P;_ = (337 a:;l)'

pr = (b1, b7Y), py = (bo, b5 Y), py = (b3, b3 Y).



Determinant and Eigen meromorphic form

In our cases of cubic curve, each component of regular part is
isomorphic to C. Automorphism f : S — S restricted to the
invariant cubic curve is an "affine” map. The "derivative” D(f|c¢)
is called the determinant of f.

Meromorphic (1, 1)-form 1 with pole along the invariant curve
C is mapped to a scaler multiple of 7.

*n = Xf)n.
THEOREM
D(f|c) = A(f).
A(f) is also called the determinant of 7. If p€ S\ Cis a

periodic point of period k, then

det DFS = A(f)*.



3. Invariant line



Attracting invariant line

In the dissipative case, (0 < A < 1), the determinant with

respect to the two-form 7 is equal to A.

If there is an invariant curve, disjoint from the cubic curve, and
the intrinsic dynamics in the extra invariant curve is neutral, then
this extra curve must be an attractor, since 7 is regular in S\ C.

According to [DJS], invariant curve must be a tree of genus 0,
if it is not contained in the cubic curve.



Invariant curve

THEOREM. (Diller-Jackson-Sommese 2007)
Let f : S — S be an algebraically stable map with Af > 1, and
suppose that C = f(C) is a connected curve with g(C) = 1.
Then by contracting finitely many curves, one may further arrange
the following.

(1) C ~ —Ks is an anticanonical divisor.

(2) I(f™) C C for every n € Z.

(3) Any connected curve strictly contained in C has genus zero.

(4) If W is a connected f-invariant curve not completely
contained in C, then W has genus zero, is disjoint
from C, and is equal to a tree of smooth rational curves,
each with self-intersection —2.

REM. Here Af means the first dynamical degree of f.



Example : (case C) orbit data (3,4,5), id, diagonal slice

JU1D345: T:r: 0.6034, T:i: 0.0000, x:-1.5000, 1.5000 y:-1.5000, 1.5000




Attracting invariant line with irrational(?) rotation, real
slice

: T:r: 0.6034, T:i: 0.0000, x::
Ay A

N




Attracting invariant line with irrational(?) rotation




Invariant line (necessary condition)

If there exists an invariant line disjoint from the anticanonical
cubic curve, it passes through three points to be blown up, one of
which is an indeterminate point of the base birational map.

The sum of the Picard coordinates of the three blowup points
vanishes.

The intersection of the invariant line and a component of the
anticanonical curve, counted as points in P2, must be equal to the
degree of the component.

This line necessarily contains two fixed points.
( Our automorphism has four fixed points.)



Following cases are inadequate.

(case LI) three lines passing through a point, each line mapped
to itself = antocanonical cubic curve contains four fixed points.

(case LT) three lines passing through a point, two of them are
swapped = automorphism cannot have an invariant line
intersecting the three lines.

(case QQ) conic and a tangent line, each component mapped
itself = automorphism cannot have an invariant line intersecting
two components.



Invariant line (sufficient condition)

Suppose that the anticanonical cubic curve of our surface
automorphism is one of the followings.

(case C) caspidal cubic curve

(case LC) three lines passing through a point permuted
cyclically

(case QL) conic and a tangent line permuted by the
automorphism

THEOREM. In the case of orbit data (3, np, n3) with
o(1) = 1, the surface automorphism has an invariant line passing
through three blowup points p;", p;, and f(p; ).

REM. In this case, the self-intersection of the strict transform
of this invariant line is —2.



(Cuspidal) Orbit data (3,4,5),id, real slice

JU1TR345: T:r: 0.2128, T:i: 0.9771, x:-1.5000, 1.5000 y:-1.5000, 1.5000




Example: super exotic rotation domain (?)




PROOF. Let pj = (a1,43), p; = (b1, b3), and f(p; ) = (c1, &}).
Then,
_dP(d-1) 1 d-1 1 did-1) 1

PERE] +3, 1 + C +

a= A1 3’ $B-1 3

Immediately we see that a; + by + ¢; = 0. Hence three points

pi, Py, f(py) are on a line. Let L denote this line. As L passes through
the indeterminate point p;’, its image f(L) is a line. Since f(L) passes
through pi = f2(p; ) and f(p; ), it coincides with L.

In our case, L is disjoint from the invariant cubic curve.

Invariant line intersecting the cubic curve will be treated later.



Line of periodic points

THEOREM. In the case of orbit data (3,3,n), o = id. or
o = (1,2), with n > 4, the surface automorphism f has an
invariant line of period-three periodic points.

PrOOF.  Similarly as in the case of (3,2, n3), o(1) =1, f has an
invariant line, say L, passing through points p;", p;’, and f(p; ). In this
case we have pj = p; and p, = p; . The image f(p;) is the line
passing through p, and p; . The point in the strict transform of L must
be mapped to a point in the same line. So p;~ is mapped to p, . This
shows that the Mdbius transformation f|, has a periodic point of period
3. Consequently, all the points of L, except for two fixed points, are
periodic points of period 3.



Orbit data (3,3,4), id, P x ID(?), t3, rank 1.




Orbit data (3,3,4), id, P, t,, attractor, diagonal slice

JU2D334: T:r: 0.7136, T:i: 0.0000, x:-1.5000, 1.5000 y:-1.5000, 1.5000




4. |nvariant conic



Attracting quadratic curve

There are cases where the attractor is an invariant quadratic
curve, disjoint from the cubic curve.

Following pictures are in the case of caspidal cubic curve.
Invariant quadratic curves exist in other cases, too.



Orbit data (2,4,4), transposition (1,2), diagonal slice

JU2D244: T:r: 0.73563, T:i: 0.0000, x:-1.5000, 1.5000 y:-1.5000, 1.5000




Attracting quadratic curve with irrational(?) rotation, real
slice

0.7353, T:i: 0.0000,

-0.2451, 0.3292

-0.0073, 0.0104




Invariant conic (necessary condition)

If there is an invariant quadratic curve, disjoint from the
anticanonical cubic curve, it must pass trough 6 points to be blown
up, two of which are indeterminate points of the base birational
map.

The sum of the Picard coordinates of these 6 blowup points
vanish.

The number of blowup points in each component of the
anticanonical curve must be 2 times the degree of the component.

The invariant quadratic curve contains two fixed points.



Invariant quadratic curve

Suppose the anticanonical curbic curve of surface automorphism
is a caspidal cubic curve.

THEOREM. In the case of orbit data (2,4, n) with
transposition (1,2), the surface automorphism has an invariant
quadratic curve passing through six blowup points

Py PPy Py f(Py ), F2(Py).



Caspidal, orbit data (2,4,4),tr, t3, real slice

JU2R244: T:r:-0.6778, T:i: 0.7352, x:-4.0838, 7.

3.3007




Quadratic curve in rotation of rank 2(7)




PROOF.  Quadratic curve is mapped to a quadratic curve by
Cremona transformation if the quadratic curve passes through exactly
two indeterminate points. If there exists a quadratic curve passing
through these 6 points, its image by f is a quadratic curve, since p;” and
ps are indeterminate points. Points pi” = f(p; ), p; = 3(py ), f(py ),
f2(p; ) are in the image quadratic curve. The line passing through p;"
and p5, which contains another point in the quadratic curve, is mapped
to p; . Hence p; is in the image of the quadratic curve. Similarly, p; is
in the image, too. The image quadratic curve must be the same
quadratic curve, since 6 points determine the quadratic curve.

So, we only need to prove the existence of a quadratic curve passing
through the 6 points.



Let

dd*+1)(d—-1) 1 a__d3(d2+1)(d—1)+7

BT @1 T3 2T s —1
_ (PH+)d-1) 1 _ (d*+1)(d—-1)
bi=—"0 1 T3 b= d—1 +
_ d(d@®+1)(d-1) 1 . _ dX(dP+1)(d-1)
a= a5 — 1 37 27 a5 —1

These are the x-coordinates of the blowup points.
P:T = (a1, 3‘;’), Py = (b1, b%)v
p;_ = (32, 3:2)))7 P; = (b27 bg)a
f(py) = (a1, ), fpy) = (e, S).
Immediately, we see that

aata+b+b+c+c=0.



Consider polynomial of degree 6 :
P(z) = (z = a1)(z — &) (z = b)(z — b2)(z — a1)(z — )

=20 4+ Ayt 4+ A3+ A2+ Az + Ao

Let Q(x,y) be a quadratic polynomial defined by
Q(x,y) = y* + Asxy + Agy + Axx® + Arx + Aq.

The 6 points pi, p;, s, P>, £(p5 ), F2(p, ) satisfy Q(x,y) = 0.
Hence the quadratic curve Q(x,y) = 0 passes through these 6 points.

We conclude that quadratic curve {Q(x,y) = 0} is invariant under f.

REM. The strict transform of this quadratic curve has
self-intersection —2.



Other cases of invariant conic

There are other cases.

THEOREM In the case of three lines passing through a point,
permuted by transposition n = (1,2), with orbit data
(4,n,2),0 = id., the surface automorphism has an invariant
quadratic curve passing through six blowup points

pr . f(pr), F2(py), Py P53 Pe-

THEOREM In the case of conic and a tangent line, permuted
by transposition 77 = (1,2), with orbit data (1,5, n),c = (1,2)., the
surface automorphism has an invariant quadratic curve passing
through six blowup points pi", p; , f(p5 ), F2(p5 ), F3(py ), P5 -



Still other cases of invariant conic

THEOREM In the case of caspidal anticanonical curve, with
orbit data (4,2, n),0 = id., the surface automorphism has an
invariant quadratic curve passing through six blowup points
P1 > f(pl_)a f2(p1_)7 pf_v Py ,D;.

In this case the quadratic curve consists of two lines passing
through a fixed point and permuted by the automorphism.

THEOREM In the case of caspidal cubic curve, with orbit
data (1,5, n),0c = (1,2)., the surface automorphism has an
invariant quadratic curve passing through six blowup points
Pl Py f(py). F2(py), £(p2): p3-

In this case the quadratic curve consists of two lines passing
through a fixed point and permuted by the automorphism.



Quadratic curve in a rotation domain of rank 2 (?)




Invariant curves of self intersectin —1

There are many cases of surface automorphisms having an
invariant line, an invariant quadratic curve or both of them with
self intersection —1, which can be blown down.

There is a case where three disjoint lines permuted cyclically,
disjoint from the anticanonical cubic curve in the case of a conic
with a tangent line, each component mapped to itself, with orbit
data (2,3,7),0 = id.



Thank you !
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Example: (case 3) exotic rotation domain (?)




Example: (case 3) exotic rotation domain (?)




Example: (case 3) exotic rotation domain (?)
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