Dynamics in the Julia set
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Abstract

Automorphisms of complex surfaces can have various dynamics
in the Julia set.

In this note, we show an example suggesting the dynamics in
the Julia set.

Computer pictures suggest that the dynamics in the Julia set is
semi-conjugate to the natural extension of a subshift of finite type.

This dynamics is a kind of Markov chain.
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1.Surface automorphism

1. Surface automorphism



Surface automorphism

For A € C*, let us consider a birational map
f:(x,y)— (X,Y), defined by

_ x(y+1) N et sl s
X = 3 5 — Y =2A 3 5 T
y+7X—T y+7X—T

Its inverse map f~1: (X, Y) ~ (x,y) is given by

XA~y —1) (A\ly)pR -3 x2- L

X= 3T 3 i Y _ 3 1
Ay -3 x24 L Ay -3 x24 L



Invariant cubic curve

_ x(y+1) N it sl s
X = 3 .2 10 Y =2 3 .2 1
y+7x—7 y+7X—T

This biratinal map preserves three lines {x = 0}, {x = 1},
{x = —1}, passing through a point at infinity.

Each of these lines is mapped onto itself.

03) = (O +5)

(Ly) = (LAly—-1)),
(-Ly) = (=L A(y—-1)).



Picard parametrization

0.y) = (O +5),

(Ly) = (LAly—1)),
(-Ly) = (=L Ay-1)).

3

Define a parametrization of cubic curve x> — x =0, by

1
Pyt (0’ 71:)7 P2t (1’_t)a pP3:t— (_17_1:)'

Through this parametrization, the dynamics in the cubic curve
is described as
t— A(t+1).

PROPOSITION.  For ty, 1, t3 € C,

ti+to+t3=0 if and only if p1(t1),p2(t2),p3(t3) are on a line.



Dynamics in the Poicard coordinate

Assume A # 1.
t— A(t+1).

Fixed pointis : t = ﬁ Its k-th iteration:

ts A AT

Three fixed points of f are:

(07 LL% (]_’ _L)’ (_]_’ _L)

1-2A 1-X

These are (non-flip) saddles with eigenvalues A and A\ =%

(The fixed point at infinity is a source (or a sink, or a center of
a rotation domain of rank 1) with eigenvalues A=* and A71.)



Indeterminacy points

f(x,y) = (X, Y);
~ xly+1) N s
X=—F—"7 5 > Y =2A 3 T

Indeterminacy points of f are as follows.

1
(0,7), (1,-1), (-1,-1).

Their Picard coordinates are all t = 1.
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Indeterminay points of the inverse map

YY) = ()

o XAy —1) ’y:(A—lv)Zf%xL%
Ay — 3 x24 L Ay — 2 x24+ L

The indeterminacy points of the inverse map f~! are as follows.

1
(0’ T 5

=N (L), (-LA).

In Picard coordintes, t = —\, for all.



Surface automorphism

To construct a surface automorphism from a quadratic
birational map, we require that the indeterminacy points of the
inverse map, which are exceptional values of f, is mapped to the
indeterminacy points of f by some iterate of f.

In our case, dynamics and indeterminacy points in three lines
are the same in the Picard coordinates.

In this note, we try to construct a surface automorphism with
orbit data (4,4,4),id., i.e.,

1=M(=A)+ A+ A2+ ),

or
Mo _)r+1=0



Quadratic birational transformation

Let A = 0.580691832... be the smallest positive real root of
equation

A-B - _zr1=0.



Blow-up base

Let
t1 = —>\,

th = —M\2 + )\,
t3 = -A3+ AN+ )\,
th= M+ N+ 4 ),
a; = pi(t;), bi=pa(ti), ci=p3(t;), i=1234

By blowing-up these twelve points, f defines a surface
automorphism.



Real slice

Let Xc denote the complex surface obtained by these blow-ups,
and let

F@ZX(C—>X(C

denote the induced surface automorphism.

As we took \ € R, the real axis RPP?2 ¢ CP? is invariant under
f, the subset Xk, obtained by blowing-up the twelve points in the
real way, is invariant under F¢,

XR C X(C
and Fc induces a real analytic automrphism, Fr = F¢ |x;.

F]R : XR —)XR.



2. Homology

2. Homology



Our complex surface X¢ is obtained by blowing-up the complex
projective space CP? in twelve points.

Let £ denote the homology class of a generic complex line in
CP2.

The homology classes of the exceptional fibers at base points
a;,b;,c;, i=1,2,3,4, will be denoted as A;,B;,C;, i =1,2,3,4.

Homology group Ha(Xc,Z) ~ 7112 is generated by

£7A17A25A35A4)Bla625837847C1)C2563ac4'
Homomorphism induced by automorphism F¢ acts as follows.
£F—>2£*A1*31*617
./41 >—>A2, .Az '—>A3, .Ag i—>A4, .A4i—>£—81—(71,

Blf—>82, 82'—>B3, B3'—>B4, B4*—>E—A1—C1,
Cll—>Cg, CQi—>C3, C3l—>C4, C4i—>£—./41—51.



Characteristic polynomial

These data describe the linear isomorphism
Fes : Ha(Xc, Z) — Ha(Xc, Z), whose characteristic polynomial,
xc(z), is as follows.
xc(z) =282 — 2212 +328 —32° 127 - 1,

xc(z) = (z—l)(z —1) (z —23—22—2—1—1)

We denote by C¢, the cyclotomic factor and by S¢, the Salem
factor.

Ce(z)=(z—-1)(z*-1)?, Sc(z)=z*-2 -2 —-z+1.



Eigenvalues and traces
Let A1, A2, -+, A, be the eigenvalues of n x n-matrix L, with
characteristic polynomial

det(zl — L) = P(z) =z" + 22" Vb apz" 2+ ay,.
Let .
Tk = Z AF = trace(L"),

i=1
Tk = Z )‘f1>‘l'2 T )\ik = (_1)kak'

h<bp<-<ik

Then
TeOk = (Z X)( Z i Ay Ai)
o << <k

= 2. D0 Mk Ay

W <ip<-<ik ig€{ir, ik}

+ ) PP YPYPYREPY

1 <b<-<ik iod{i, ik}



Traces

Traces 7, can be computed from the coefficients of the
characteristic polynomial, inductively.

Ok = (—1)kak,

Tk = Tk—101 — Tk—202 + -+ -+ (—1)/(7'1ka1 + (_1)k+1k0k'

T1 = —ai,
Ty = a% — 282,
T3 = —af + 3a1ap — 3as,

Ty = af — 4a§a2 + 23% + 4a1a3 — 4a,.

We denote as 74(P) to indicate the trace of linear map with
characteristic polynomial P(z).



3. Lefschetz formula

3. Lefschetz formula



Lefschetz number

Let |K| be a finite polyhedra, and let f : |K| — |K]| be a
continuous map.

Let T;(|K|) denote the torsion subgroup of the homology
group Hi(|K|,Z).

Let Bi(|K|) = Hi(IK|,Z)/ Ti(IK]).

f induces a homomorphism £z (k) : Bi(|K[) — Bi(|K]).

Lefschetz number A(f) of f is defined by

dim K

N(F) =D (—1) trace(£| g (k1))

i=0



Lefschetz formula

Suppose M is a compact smooth manifold without boundary.
And suppose f : M — M is a differentiable map satisfying
det(Df — 1) # 0 at all fixed points.

The Lefschetz index of fixed point p of f is defined as

Ind(f; p) = sign(det(Df, —1)).

The Lefschetz formula is

dim M

S md(fip) = Y (~1)ktrace(fluymz)-

f(p)=p k=0



Surface automorphism F¢

Let us consider the case of F¢ : X — Xc.

Ho(Xc, Z) ~ Z, trace(Fulp,) = 1,
Ho(Xc, Z) ~ Z12, trace(Fu|p,) = 2,
Ha(Xc, Z) ~ Z, trace(Fy|p,) = 1.

By the Lefschetz formula, we conclude that F¢ has four fixed
points, because in the complex dynamical system case, Lefschetz
index is always 1.



The characteristic polynomial of Fgy|p, is :

xc(z) = 283 — 2212 +328 —32° 127 1,

xe(z)=(z-1D)(* -1 -2 - 22—z +1).

Then
/\(F(é) =2+ trace(F(é*|H2).

gives the number of fixed points of F(é.

Trace of F&, |k, can be computed from the coefficients of the
characteristic polynomial.



Partial trace

In the followings, we shall examine the contribution of each
eigenvalue to periodic orbits.

Our characteristic polynomial factorizes into cyclotomic
factors, Cc(z), and a Salem polynomial, Sc(z).

Ce(z)=(z—1)(z*-1)?, Sc(z2)=z*-22-22—z+1.

To describe periodic cycles in terms of Lefschetz index, for
me N and k € Z, let

_fm k=0 (mod m)
m(k) { 0 otherwise

Then
A(FE) = 3-1(k) + 2 - 4(k) + 7(Sc).

7'l(S(C) =1, 7‘2(5@) =3, 7‘3(5@) =17, 7’4(5@) =T.



4. Real slice

4. Real slice



Real surface

Consider the real slice Fr : Xg — Xg.

Xg is a non-orientable real 2-dimensional analytic manifold
without boundary.

In this case, Xg is invariant under F¢ : X¢ — Xc .

Ho(X]R, Z) ~ Z,

Hy(Xg, Z) ~ 7o ® 212, By(Xg) ~ 212,
H>(Xg,Z) ~ 0.

Let A;, B;, C; denote the 1-dimensional homology class
representing the real slice of A;, B;,C;, respectively, with the
clockwise orientation, for i = 1,2,3, 4.

And let L, denote the homology class of the line at infinity
with counter-clockwise orientation.



Xr — Xg

Fr




Homology group

Let @ denote the homology class of the invariant cubic curve.

Q=Lot+A1+Ar+A3+A4+B1+By+B3+Bs+C+Co+ G+ Cy.

Immediately, we see that 2Q = 0 in Hi(Xg). The torsion
subgroup T1(Xg) is generated by Q.
The quotient group Bi(Xg) is spanned by

A, Bi, Ci, i =1,2,3,4., by eliminating L, and setting Q to be 0.
In the followings, we abuse these homology classes with those
in Bl(XR)

That is, homology classes are regarded as that modulo Q.



Local index

In our case, Fg has an eigenform n = dXX3A_de satisfying
Fgpn = X717, in the complement of the invariant cubic curve

{x3 —x=0}.

A > 0 is a reciprocal of a Salem number.

If p€ Xg \ Q is an isolated fixed point of Fg', then
det DFZ’|, = A" > 0.

If pis a sink or a source of period m, then Ind(f™, p) = 1, since
Ind(f™, p) = sign(det(Df;" —1)).
If pis a saddle of period m, with eigenvalues 1, 2, then
Ind(f™, p)=1, if w1 <-1<pp<0. (bi-flip saddle)

Ind(f™,p) =—1, if 0<pu1 <1< pz. (non-flipsaddle)



Lefschetz index of saddles

If pis a bi-flip saddle of period m, with Ind(f™, p) = 1, then
Ind(F™ p) = —(-1Y, j=1,2,--

If p is a non-flip saddle of period m, with Ind(f™, p) = —1,
then '
Ind(A™, p) = —1, Jj=1,2,---.

m k =0 (mod m)
0 otherwise

)

Using notation m(k) = {

Ind(F£, p) = m(k),  for source or sink of period m,
Ind(FE, p) = m(k) — 2m(k),  for bi-flip saddle of period m,
Ind(FX, p) = —m(k),  for non-flip saddle of period m.






Jacobian of Fp

The determinant of Fy is as follows.

Ay +1)y = 5+ 353X — 5 = 3%)
(v =5+ 3
The determinant of Fg, with respect to the real coordinates

(x,y), changes sign across lines of critical points, curve of poles,
and across the line at infinity.

det( DFR) =




Xr — Xg

Fr




Homomorphism Fg,

Indeterminacy points As, By, C4 are mapped to lines through
two of the blown down points A1, By, C;.
By Fr«, generators of Hi(Xg,Z) are mapped as follows.
Ar—= —Ap, Ay —Asz, Az — —As,
A= Q+AI+Ar+A3+As+ B+ B3+ Ba+ G+ G+ g,
Bi— —By, Bo— —Bs, B3+ —B;y,
Bi—» Q+A+A3+As+Bi+ B+ B3+ By — G — G— (G,
CG— -G, G —-0G, G— —G,
G Q4+A+A3+A— By — B3 — By + G+ G+ G+ G,
Q+— Q.



Linear action on Hi(Xgr,Z)/Z,@Q

The characteristic polynomial is given by the determinant of
the following matrix.

Al A Az As B, B, Bs B, C1 C2 C3 C4

A [ —t 1

Al -1 —t 1 1 1
Az -1 —t 1 1 1
Ay -1 1-—t 1 1
B —t 1

B, 1 -1 -t 1 -1
B3 1 -1 -t 1 -1
B, 1 -1 1-—1¢ -1
G —t 1
G 1 -1 -1 -t 1
G 1 -1 -1 -t 1

Cy 1 -1 -1 1-t




Characteristic polynomial

The determinant of this matrix turns out to be as follows.
e(t) = (t—DHE+ 1)t + 2 -2+t +1)

= 12 34143410, 49 94811847 22401 18¢° 9?1343t 3¢+ 1.

Decompose it to cyclotomic factor, Cg(t), and Salem factor,

Sr(t).
Ge(t) = (t— D" +1)?, Sp(t)=t*+2 -2 +t+1.
As Cr(t) = (t = 1)*(t* — 1)?/(¢* - 1)%,
NFE) = 1(k) — (4 - 1(k) + 2 - 8(k) — 2 - 2(K) + 7(SR))-
And since Sp(—z) = S¢(z),

7 (Sr) = (—1)*7(Sc).



Lefschetz numbers

Compare this with that of complex version.

Ce(2) = (z—1)(z* - 1) Sc(z) = z* — 2222 —z+1

/\(FC) =3-1(k)+2-4(k) + 7(5c)-
7'1(5@) = 1, 7'2(5(3) = 3, 7'3(5((;) = 7, 7'4(5@) =17.

More precisely,

N(FE) = 4 - 1(k) + 2(k) +2- 4(k) + (7(Sc) — 1(k) — 2(k)).
And

N(FE) = 1(k) — (4-1(k) +2- 4(k) — 2 2(k) + 7«(Sr))

= 1(k) =3 1(k) — 2 4(k) — (-=1)“(me(Sc) — 1(k) — 2(K))-
Here, we used Tk(SR) (—=1)*7(Sc), and

1(k) — 2(k) = —(-1)*1(k).



Compare
ANFE) = 4 - 1(k) 4 2(k) + 2 - 4(k) + (7&(Sc) — 1(k) — 2(k)).

A(Fig) = 1(k) = 3 1(k) — 2 4(k) = (=1)*(ru(Sc) = 1(k) — 2(k)).

These show that the four fixed points in X¢ became one
source(or sink) and three non-flip saddles,

Cycle of period two is in X¢ \ Xg.

All other periodic points are in Xg, and cycles of odd period
are bi-flip saddles and cycles of even period are non-flip saddles.



5. Julia set

5. Julia set



The measure of maximal entropy

THEOREM(Bedford-Lyubich-Smilie 1993, Cantat 2003). Let f
be a loxodromic automorphism of a complex projective surface X.
Let Per(f, k) be the set of isolated periodic points of f with period

at most k. Then 1
DI

f pePer(f k)

converges toward pr as k goes to co. The same result holds if
Per(f, k) is replaced by the set Pers,4(f, k) of saddle periodic
points of period at most k.

If p is a saddle point, either p is contained in the support of
e, or pis contained in a cycle of periodic rational curves.









Homology classes

PROPOSITION.  There are homology classes in Hi(Xg,Z),
such that the subspace spanned by the classes is invariant under
Fr+, and the characteristic polynomial of the action of Fg, in the
subspace is the Salem factor Sg.

PROOF. Let o, B,7,0 € Hi(Xr,Z) be as follows.
a=Q+A —A3— Ay — B+ B3+ By — G + G+ Gy,

B=A1—A—2A3-2A4—B1+B>+2B3+2B4— Ci+ G +2C3+2C,,
Yy=A1—A3—2A3 — B1 + B3+ 2Bs — G + G3 + 2y,
0=A1— Ay — B+ By — GG + G.






These classes are represented by lifting smooth loops passing
through base points in RIP?, respectively,

o a, —> by = ¢y — ap,
52 a1—>b2—>c1—>a2—>b1—>c2—>a1,
v a; > b3 > c; > a3 —+ by — c3 — ay,
0 ai >bs - ¢y —vas — by —c4— ag.

They are mapped by Fg, as

a——y, B —B—7v, vy—=—-B-6, §—= —a.



In matrix form:

leY 0 0 0 -1 «Q
r gl | 0o -1 -1 0 B
Bl 5 -1 -1 0 o0 v
) 0 0 -1 0 )

The characteristic polynomial of this linear map in the
sub-lattice spanned by these is same as the Salem factor

Sp(t)=t*+3 -2+t +1.



L3li444

JULiID444: T:r: 0.5807, . 5000, 1.5000 y:-1.5000, 1.5000
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