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Abstract

The Hénon map can have a locally linearizable fixed point with
eigenvalues of modulus 1.

The so-called "Siegel ball” can be linearized to a logarithmically
convex complete Reinhardt domain.

Numerical trial of linearization will be presented.

(This trial was requested by E. Bedford.)



Abstract

The Hénon map can have a locally linearizable fixed point with
eigenvalues of modulus 1.

The so-called "Siegel ball” can be linearized to a logarithmically
convex complete Reinhardt domain.

Numerical trial of linearization will be presented.

(This trial was requested by E. Bedford.)

Hénon map and rational automorphism of rational surface can
have multiple Siegel balls.

Self-anti-conjugacy of the dynamics makes the coexistence
possible.

Problem of coexistence of Siegel balls was suggested by E.
Bedford.



Multiplicative diophantian condition

(A1, ,Ap) € C" is said to satisfy
a multiplicative diophantian condition
if there are positive constants C and v, such that

’)‘llq AR = A > Clky 4+ ko

fors=1,---,n, and (ki, -, kn) € N", with ky + -+ k, > 2.
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Let A1,---, Ap denote the eigenvalues of dfp.



Siegel’s theorem

Let f : C" — C" be holomorphic near a fixed point O € C".
Let A1,---, Ap denote the eigenvalues of dfp.

THEOREM (Siegel)
If these eigenvalues satisfy a multiplicative diophantian condition,
then f is holomorphically linearizable near the fixed point.
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And assume the non-resonance condition
—Xs#0foralls=1---  nand k € N |k| > 2.

Form>2, let Q(m)= min IAF = Al
2<|k|<m, 1<s<n

THEOREM (Brjuno)

1 1
PO S G

then f is holomorphically linearizable near the fixed point.
THEOREM(Rissmann, Raissy)

Same result holds, if f is formally linearizable and dfp is
diagonalizable.



Siegel ball

Suppose |As| =1, s=1,---,n, and a multiplicative
diophantian condition or the Brjuno condition holds.

The maximal linearizable neighborhood of the fixed point is
called a Siegel ball.

The dynamics in the Siegel ball is holomorphically conjugate to
the linear part of f at the fixed point.

The image, by the conjugacy, of the Siegel ball is invariant under
the linear map dfp.



Renhardt domain

Open neighborhood of the origin invariant under diagonal linear
map of eigenvalues As, |As| =1, s=1,---,nis a Reinhardt
domain.

The inverse map from the image domain to Siegel ball is
holomorphic.

Our Reinhardt domain must be a maximal domain of
holomorphy of this inverse map.

It is a logarithmically convex complete Reinhardt domain.



Hénon map and fixed points

Hénon map Hpc : (x,y) — (X, Y) is defined as

Y X

{ X = x*4+c+by

Fixed points, P = (p, p) and Q@ = (q, q), are given by

p=31-b)+ /B ¢
1
a=3

(1—b)— /82 ¢

REM. a= —c, d = —b. (a, b) in Hénon's original family. d is the
determinant.



Eigenvalues of fixed points

Eigenvalues are given by

A\ =p+/p2+b,
Ag=q++/?+b,

If two eigenvalues )\25 and Ay are specified, the fixed point
Q@ = (g, qg) and the parameters b and c are computed as follows.

vt
q= )\Qj‘ /}Qa
b= —)\Q)\Q,

c=q—q*— bq.



Conjugacy map

Take diophantian numbers 61,6, € [0, 1] such that 6; — 65 is
also diophantian.

Let /\5 = e?™0  and Ag = e2mif2.

Compute parameters b, ¢, so that our Hénon map has a Siegel
ball centered at fixed point Q.

If a point z = (x,y) € C? is in the Siegel ball, then, by setting
L = DHp (@),

n—1
W(2) = lim 3" IK(HE () - Q)
k=0

converges and defines the conjugacy map from Siegel ball to
Reinhardt domain.
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Linearlized Siegel ball




Reinhardt domain




Real slice




Log-log picture




Satellite Siegel ball

Can a Siegel ball have satellites?



Satellite Siegel ball

Can a Siegel ball have satellites?
Can Siegel balls coexist?



Siegel ball with satellites in Hénon map
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Swap-conjugacy and anti-conjugacy

Let T(x,y) = (¥,X) be an involution.
Let us call this map the swap-conjugacy map.



Swap-conjugacy and anti-conjugacy

Let T(x,y) = (¥,X) be an involution.
Let us call this map the swap-conjugacy map.

Rational automorphism f : C? — C? is said to be
self-anti-conjugate, if

TofoT =f1
holds.



Self-anti-conjugate maps

Volume-preserving Hénon map, with a Siegel ball of period 1 or
2, can be conjugated to a self-anti-conjugate automorphism:

h(x,y) = (v, BP(y) — f*),

where 3 is a complex number satisfying 85 = 1, and P(y) is a
polynomial with real coefficients.



Self-anti-conjugate maps

Volume-preserving Hénon map, with a Siegel ball of period 1 or
2, can be conjugated to a self-anti-conjugate automorphism:

h(x,y) = (v, BP(y) — °x),
where 3 is a complex number satisfying 85 = 1, and P(y) is a
polynomial with real coefficients.

PRrOPOSITION
h(x,y) is self-anti-conjugate.



Self-anti-conjugacy of Hénon map

h(x,y) = (v, BP(y) — B*x),

TohoT(x,y)=Toh(y,X)
= T(x,8P(x) - 8°7)
= (BP(x) - %y, x),

h_l(x,y) = (B_IP(X) - B_Z%X)a

Hence Toho T = h~1 holds if P(x) = P(x) and 3 = 3~1.



Siegel balls of period 1 or 2

PROPOSITION

If the classical Hénon map has a Siegel ball around a fixed point,
or has a cycle of Siegel balls around periodic points of period 2,
then it is conjugate to a self-anti-conjugate map.



Conjugacy from the classical Hénon map

Suppose a fixed point of Hénon map H(x_,y) = (y,y?+ c+ bx)
has a Siegel ball with eigenvalues S\ and G, |5] = |A\| = 1. We
see —b = det(DH) = 3°. Then the Jacobin matrix at the fixed

point (g, q) is _
0
DH(q,q):ﬁ( -8 qu >

We require the trace of this matrix to be real, we set g = 8,
t € R. Then (t3)? -1+ B?)tB + ¢ = 0 must hold and ¢ = —ab,
with a = t2 — (3 + B)t € R.

The conjugacy from Hénon map is given by x' = fx,y’ = fy,
with b= —f2,c = —ab and P(z) = 22 + a,a € R.



case of 2-cycle of Siegel balls

If periodic point of period 2 has a cycle of Siegel balls, the
Hénon map is conjugate to our self-anti-conjugate map.

Let (p, q) and (g, p) be the periodic points of period two, which
satisfy g=p> +c+bg, p=qg>+c+bp, p#gq. We have
p+gq=b—-1, pg=(b—1)>+c, and |b|=1.

The Jacobian matrix of the 2-cycle is given by

(H2) — 1 215

D ( , ) — b < 2 4 ) .
. 5 1+
We require the trace to be real.

4 _ _
2+%:4(b+b)+4cbeR.
Let ¢c=—ab with a€R.

Conjugacy map to self-anti-conjugate map is same as before.
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Anti-conjugate orbit

(The following arguements hold if P(Z) = P(z).)

Forward orbit of an initial point is anti-conjugate to the
backward orbit of the swap-conjugate inititial point.

If 20 = (Xo,yo) and Wy = T(Zg).
Then h"(z) = T(h™"(wp)) forn =1, 2, ....

Especially, if initial point is self-swap-conjugate, say
T(z0) = 2o, then z, = T(z_,).

If initial point is mapped to its swap-conjugate point,
71 = h(z0) = T(z0), then z, = T(z_p41), for n=2,3,...
We will say this pair zp and z; a swap-conjugate pair.



Anti-conjugate periodic orbit

Suppose periodic orbit zg, z1,- -, zp—1 of h contains a
self-swap-conjugate point, say T(z) = zo.
Then we have T(z) = zp4, k=1,2,---.
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Anti-conjugate periodic orbit

Suppose periodic orbit zg, z1,- -, zp—1 of h contains a
self-swap-conjugate point, say T(z) = zo.
Then we have T(z) = zp4, k=1,2,---.

If pis even, then z,/, is a self-swap-conjugate point.

If pis odd, then z,_1),> and z,,1)/2 is a swap-conjugate pair.



Anti-conjugate periodic orbit

Suppose periodic orbit zg, z1,- -, zp—1 of h contains a
self-swap-conjugate point, say T(z) = zo.
Then we have T(z) = zp4, k=1,2,---.

If pis even, then z,/, is a self-swap-conjugate point.
If pis odd, then z,_1),> and z,,1)/2 is a swap-conjugate pair.
Suppose periodic orbit contains a swap-conjugate pair.

Then we have another swap-conjugate-pair if the period is even.
We have a self-swap-conjugate point if the period is odd.



Jacobian matrix of self-anti-conjugate cycle

THEOREM H

If periodic orbit z9, z1,- -+, z,—1 of h contains a
self-swap-conjugate point or a swap-conjugate pair, then the
Jacobian matrix of the cycle is of the form

D(hP),, = BPA,

where det(A) =1 and trace(A) € R.



Anti-linear algebra

For 2 x 2—matrix A = < j :, ) define its anti-conjugate

matrix A' by,



Anti-linear algebra

For 2 x 2—matrix A = < i :, ) define its anti-conjugate

A!—<_55 —;).

Anti-conjugacy is an involution. We see immediately the
followings.

matrix A' by,

A" =A (AB) =B'A", B'=p (as scalar matrix).



Self-anti-conjugate matrix

We say A is self-anti-conjugate if A' = A.

Clearly, if A is self-anti-conjugate, then a,d € R, b= —¢,
and det(A) and trace(A) are real.

PRrOPOSITION
BB' is self-anti-conjugate for 2 x 2-matrix B.

PROPOSITION

If A is self-anti-conjugate, then BAB' is self-anti-conjugate
for 2 X 2-matrix B.



Self-anti-conjugate periodic cycle

Suppose 29,21, -+ ,zp—1 be a periodic cycle of our Hénon map

h(Xay) = (yaBP(y) - /82X)1 where Zk = (Xka}/k)'
Let us assume that the period p =2g + 1 is odd, and zj is
self-swap-conjugate, so that

T(20) = 20, T(zq) = Zg+1-

The derivative of h at z = (x, y) is given by

on.=( e s )= (D pi )



Derivative at swap-conjugate pair

At the swap-conjugate pair zg = (xq, yq) and
Zq+1 = (Xq+17)/q+1) = T(Xq,yq), we have

Vg =Xq+1 =Yg =Xq+1 € R, and yg41 =Xq.

Hence,

_ o p
Dth_5<_5 P/(yq)>7

and by setting Dh,, = 3A,, Aq is a self-anti-conjugate matrix.



Derivative at self-swap-conjugate point

Let us consider the derivative Dh at self-swap-conjugate point.
20 = h(zp-1), T(20) = 20, 21 = h(z), T(z1) = zp-1.

Note that y,_1 = X1 and x1 = yp, hence y,_1 = yo.
We compute the derivative of ho h at z,_1, as follows.

_4( 0 B a0 B
Dhs, —B( 5 Ply) > Dhs,_, _5< S5 Pl >

Hence, by setting Dh,, = 3By, thp_1 = BB(!),
we see that D(hoh),_, = 8>BoB;, and Ag = BoBy is
self-anti-conjugate.



Derivatives at swap-conjugate points

Let z, and z,_, be swap-conjugate points, i.e. zp_x = T(z).
Note that Zp k-1 = T(Zk+1), and Yp—k—1= Xp—k = Yk-

Compute the derivatives Dh,, and Dh as follows.

Zp—k—1

- 0 3 B 0 B
o =5( 5 iy ) O = (S b )

Hence by setting Dh,, = 8By, Dh,,_, |, = ﬁB}(.



Composition of derivatives along periodic orbit

Suppose zg, 21, - ,zp—1 be a periodic cycle of our Hénon map

h(x,y) = (v, BP(y) — 8°x), where z = (xi, yk)-
And assume that the period p =2g + 1 is odd, and z is
self-swap-conjugate.

ProroSITION
For k=1,---,q, derivative of h?¥ at Zp_i is of the form

D(h?*), , = B**A_1,

where Ai_1 is a self-anti-conjugate matrix, i.e. A!kf1 = Ak_1.



Composition of derivatives

Proor

Let Dhy, = 3By, then Dh,, |, = 3B},

Set Ay = BoBy, then Ay = Ag and D(h?),,_, = ?Aq.

Now assume D(hzk)zpik =% Ax_1 and A, = Ax_1.

Then by setting Ay = BkAx_1B;, A = A and
D(h2(k+1))zp,(k+1) — thkD(h2k)Zp_th

Zp—(k+1)

= BBk Ak_18B) = 2K B A1 B, = BPFTD AL



Eigenvalues of self-anti-conjugate cycle

Proor oF THEOREM H

As proved in the proposition, if periodic cycle contains a
self-anti-conjugate point, say zp = T(zy), and period p =2g+ 1 is
odd, then the Jacobian matrix of the cycle is of the form

D(hp)zq = quAq—lﬂAq = BPAg-1Aq.
Here, Aq—1 and A, are self-aniti-conjugate matrices. Set
A= As_1Aq.
As is easily verified, det(A) =1, and trace(A) € R.
Other cases of self-anti-conjugate cycles can be similarly proved.
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Rational automorphism of complex surface

Here, we notice that similar results hold for some rational
automorphisms of complex surface.
Rational automorphism,

Y+« +'/3)

f(X,y)Z(y7X+i5 i

is self-anti-conjugate if o and 3 are real.
More generally, rational automorphism

P(y)
"x+ i

fx,y) =y + 1)

is self-anti-conjugate if § is real and P(x) = P(x).



Self-anti-conjugacy of rational automorphism

P(y)
X+ ip

TofoT(x,y)=Tof(y,Xx)

P(x)
ip

fx.y) =y,

+iB),

+if) = (y — i, x),

and P(x
1 y) = ( (5

Hence Tofo T =f"1 s satisfied.

iB,x).



Jacobian matrix of self-anti-conjugate cycle

THEOREM R

If periodic orbit z, z1,- - - , z,—1 of self-anti-conjugate birational
automorphism, f, contains a self-swap-conjugate point or a
swap-conjugate pair, then the Jacobian matrix of the cycle is of
the form
Xi + if3|

D(hP),, = MA, )\_H|xk+/[3

where  zx = (xk, yx), det(A)=1 and trace(A) € R.



Derivative of f

The proof is mostly similar to the Hénon map case.
Suppose zj is self-swap-conjugate and the period p =2g+ 1 is
odd. For k=0,--- ,p—1,

Df. — 1 ( 0 Xk+l'ﬁ>
o +iB\ vk +iB8 P(v) )

As zg is self swap-conjugate, T(z) =29, T(z1)= 2p_1,
X1=Yo=X = Yp-1, and y1 =X, 1.

Df. — 1 < 0 Xo—l—iﬂ)
2 x+iB\ —n+if Plw) )’

o, —— 1 < 0 XP‘1+i5>.
P X1+ i\ Yo+ iB P(yp-1)



at self-swap-conjugate point

By setting
1

— Bo,
xo+ I8 0

Dfy, =

we have

1 |
Df, ,=——B
Zp—1 Xp_1 + IB 0

and Ag = ByBj is self-anti-conjugate.



at anti-conjugate pair

As we supposed, zg and z,41 is an anti-conjugate pair satisfying

T(zq) = zp—q = zq+1 = f(2q).

Yag+1 = Xq, Yq = Xq+1 = Yq-
Df. — 1 0 Xq + If3
T oxg+iB\ —yer1+iB Py )

Set szqzxq%iﬁAq, then A, is self-anti-conjugate.



Composition of derivatives along periodic orbit

As in the Hénon map case, suppoose zy,z1, - ,2,—1 be a
periodic cycle of our birational automorphism f.

And assume the period p =2qg + 1 is odd, and Zzj is
self-swap-conjugate.

PRroproOSITION
For k=1,---,q, derivative of 2 at Zp_y is of the form
k—1 1
D(f*%),,_, = H Ak—1

iy (xj +iB)(Xp—j—1 + iB)

where Ai_1 is a self-anti-conjugate matrix, i.e. A!kf1 = Ak_1.



Proof of proposition

For k =1,

1
B R AP
as shown in the computation above.
Now, aasume
o k—1 1
P =\l om0+

Jj=0

Ak—1

holds with self-anti-conjugate matrix Ax_1.



derivatives

Then

D(F2(k+1)y = Df, D(f?),,_, Df,

Zp—(k+1) p—k " Zp—(k+1)

$B ﬁ 1 A ;B!
xic+ 6\ g O+ i8)(pjm1 +8) | T o y + 7B

k
B.Ar_1B,.
(H (xj 4+ iB)(Xp—j— 1+’5)) Kk Pk

J

By setting Ay = BkAk_lB}(, Aj is self-anti-conjugate.



Proof of Theorm R

The Jacobian matriox of the periodic cycle is given by

D(fP),, = D(f*9),, ,Df,,

Zp—q

1
A,_1—A
H(XJ+I,3 pr1+/B) qlxq—i-lﬁ q

p—1 1

L1555 ) At

Note that det(A;—144) € R and trace(A;—144) € R, since
Ag—1 and A, are self-anti-conjugate.



Determinant and Jacobian matrix of the cycle

Now, consider the determinant of the Jacobian matrix.

det(Df,,) = M

Xk-¥iﬂ
p_ly X i pl)‘( iB
det(D(fP);,) = [[ 72— Tkl LB
et(D(F")z,) Pt xk+/ﬁ H Xk + i I:IOXk-Hﬁ

Then |det(D(fP),,)| = 1. Hence, by setting

p—1 . p—1
[k + iB| 1
A= T2 A = ) A A,
kl;‘[)XkJrlB ,];[O!XkJrlﬁ\ e
D(fP), = MA,
with |A] =1 and det(A) =1, trace(A) € R.



Other cases

Other cases of self-anti-conjugate periodic cycles are proved
smimilarly.



Rational automorphism

Bedford and Kim studied rotation domains for a surface
automorphism £, 6(x, y) = (v, (y + 2)/(x + b)).

PRropPOSITION
If £, 5 has a siegel ball around a fixed point, then the
automorphism is conjugte to our self-anti-conjugate automorphism.



Proof of Proposition

The fixed point (p, p) satisfies p(p+b) = p+a. Assume the
eigenvalues of Df; , at the fixed point are A and A,
[A\| = |¢| = 1. Then

p+a 2
det(Df, = —— =)
et( ,b)(pyp) (p+ b)2
By eliminating a, we obtain
P=1x PTP=1 052



The differential at the fixed point is

0 1 0 A
D(fab)(p,p) = . =2 (:\;/\) :

Hence we require _

(A=X)
R.
b S
Weset b=2i3, f€R, and A =cosf+ isinf. Then we
have 3 ) 0
2iB\ . cos
=1 gt
2
ﬁ C0596+16

=p(p+b)—p=
sin? 0



As
B2 cos 6

—— + —>B €R,
sinZ0 " sind P

seta=a+ifB. Then x =x+iB,y'=y+iS givesthe
conjugacy from £, p(x,y) = (v, (y +a)/(x + b))  toour
self-anti-conjugate map

o =

/ Y +a
"X +if

f(xX'y") =y +ip).



2-cycle case

PropOSITION

If 5 has a cycle of siegel balls around periodic point of period
2, then the automorphism is conjugte to our self-anti-conjugate
automorphism.



Proof

Suppose 2-cycle of f, ;, has Siegel balls. Let (p, q) and (q, p)
denote the periodic point of period 2.

_qg+ta _pta
p+b’ 9 qg+b’

and p, q are two roots of x>+ (b+1)x+ b+ 1—a=0. Hence,
pg=b+1—a and p+qg=—-b—1.

p+a qg+a l—a+b

det(D(f; b)(pq)_(q+b)2(p+b)2_ 1—a



Now, assume eigenvalues of the cycle are  Au and Aj,
[A\| = |u| = 1. Then

l-a+b

A2
1—a

det(D(fa%b)(p,q)) =
Compute the Jacobian matrix of the 2-cycle,

B 1 —q(p+b) p+b
D(fb) (o) = (p+b)(q+b) < -q  —p(g+b)+1 )

As (p+b)(g+b)=1-a= %, by setting

D(fz,b)(p,q) = AA,

a
We have

detA=1, trace A= )\;[))\(23 — 1+ b%>—b).



bA

Eliminate a byusing 1—a= 5 And by setting

A =cosf + isinf, we get

1
trace A= —2cosf + 2isinf (b+ E)'

As eigenvalues of A are i and i, we require the trace to be real.
We conclude that b is pure imaginary.
Let b=2i3. Then

bA _2/B(c059—isin9)_1_c059

A— N isinf ==l tis

a=1-—

Llet a=1—-<53 andget a=a+is.

sin 6
Conjugacy to self-anti-conjugate map is same as in the case of

Siegel ball around a fixed point.



Self-swap-conjugate periodic point

ProroSITION

If self-swap-conjugate point, zp = (xo, yo), is a peiodic point, of
period p, of a self-anti-conjugate map g, then the Jacobian matrix
of the cycle is of the following form.

D(g")z, = A,

where, |A| =1, det(A) =1, and trace(A) € R.



Proof

As g is self-anti-conjugate,
TogPoT =g".
And as zj is self-swap-conjugate,
T(z) = 2.

Hence

T o D(gp)T(ZO) oT =D(g ")y
We have

ToD(gP) o T =(D(g)z) "



Proof continued

Set

Then we have

d c)_ 1 d —b
b 3) ad—bc\ —c a
And J
ad—bc:—_:i.
d 3

Seta=rXand d=sAwithr,se€Rand |[\| =1. Then

(o) (a2
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