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ABSTRACT

There exists a real two-parameter family of complex Hénon maps such
that the number of coexisting cycles of Siegel balls is unbounded in the
subfamily of any open set of parameters.

1.1 Complex Hénon map

For parameters (a, ) € C?, define our Hénon map H, 5 : C* — C* by

Hﬁ(y) - (6(y2+z)—62x)'

It is conjugate to the classical complex Hénon map

(x) (:I;2+c+by)
hb,c =
Y T

1.2 Fixed point
The fixed point P, = ( Y ) of Hénon map is given by quadratic

Yx
equation



or
ve— (B4 8y +a = 0.
The Jacobian matrix at the fixed point is as follows.
B 0 1 _ 3 0 g7t
" —5> 2By —B 2.

trace DH,p = 2By., det DH,p = 52,

DH, g

1.3 Our family

We specify the eigenvalues at the fixed point. For eigenvalues Su, Bu 1,

we have

poA ! .
yo = —5— and a = (8457 )y —yr.

Our family is given by
f = cosf+isinf, pu = cosp+isine.

with
Y« =COS@, « = 2cosfcosp— cos? ©.

Co-existing cycles of Siegel balls

2.1 Abundance of Siegel balls

THEOREM  For any open set U C (R/27Z)* and any integer N > 1,
there exists a point (Ay,pn) € U such that the Hénon map H, g for this
parameter has more than N cycles of Siegel balls.



The proof of this theorem is based on the following theorem of parabolic
bifurcations.

2.2 Elliptic-parabolic bifurcation

Let p > 1 be an integer, and let v be a prime p-th root of unity,
V£l (k=1,---,p—1), P = 1.
If v is an eigenvalue of DHa’5| p., then

_ pr+ Bty

trace DH, g 5 ,

ap = (B+ B Ny, —y.

Suppose {P,} = {( z" )} is p-periodic. From

n

Tn+1 = Yn, Yn+1 = 5(3/721_'_05) - 5237717
we have

B_Iyn-i-l = y?z + o — ﬁyn—l-

THEOREM For prime p-th root v of 1, and for all g € C, except
for a finite number of values, there exists a constant a; # 0 and a family
yn(e) of p-cycles for parameter o = «(e?), such that

a(e’) = apg+ aue” + O(E™),  ynle) =y + 1"+ O(?),
holds for € € C near € = 0.

PROPOSITION The constant «y in the previous theorem depends
upon [ and is a non trivial rational function of 5.

2.3 Self-anti-conjugate cycles

THEOREM In the previous theorem, if || = 1 then oy € R and
a1 € R. Moreover, if a € R, near g, then

Yn =Y-n or Yn = Y1—n



for some ¢.
THEOREM If p-periodic orbit is self-anti-conjugate, i.e.
Yn =Y-n or Yn = Y1-n,
then the jacobian matrix along the orbit is of the form
D(HZ)\p, = BPA,
with det A = 1 and trace A € R.

2.4 Trace function

Let
7(8,a) = [P trace D(H;?5)|p0.

PROPOSITION  7(f3, «) is holomorphic near (3, ap), and non-constant
with respect to a.

PROPOSITION If |5 = 1 and o € R, then 7(8,a) € R near
(B, 0(B)), and —2 < 7(5,ap(B)) < 2. (Except for finitely many values of

5.)
3.1 Discrete Fourier expansion
Recall the equation of p-periodic point. (Yp+p = Yn)

B Y1 = v24+a— By, n=0,---,p—1L1

Discrete Fourier expansion

2 -1
Yo = Ug + V"uy + vy 4 -+ g P )”up_l
p—1
— Z Z/knuk
k=0

gives rise to the following equation.

p—1
(FO) (5 + 6—1),“0 = U(% + ; Ugly—¢ +
=1



p—1
(Fy) (B + B 'w)ur = 2ugus + 3 wpttysqo,

/=2
k-1 p—1
(Fk) (ﬁﬂk + ﬁ_ll/k)uk = 2upu + Z UpUf—p + Z UpUp i f—¢-
/=1 {=k+1

k=2 .p—1.

This equation has a solution, corresponding to the elliptic-parabolic
fixed point P,.

Uy = Yx, U1=UQ="':Upf1:0, a = Q.

Rewrite these equations as follows.

p—1
(Fo) (B4 8 Yu = uj+ ; UgUp—p + Q,
p—1
(F) (B + 87w —2ug)uy = Y ugttpr1-e,
(=2
k—1 p—1
(F}) (55k + ﬁ_le —2up)up = > Uplp—¢+ D Uplpik—o-
=1 (=k+1

k=2---,p—1.
3.2 Emanating branch of periodic points

Parameter « appears only in (Fj). For each (5, let ¢ € C be a small
parameter and let § € C be a constant to be determined. Dependence upon

£ will be considered later. Suppose vy = vy, — 7517 ,and u; = ev;. From
equation (F"), we may suppose, inductively, up = vy, (k=2,---,p—1).
Here, v1,v9, -+, v,—1 are functions of e. (Later, we see they are functions
of eP.)

o

(Ep) Uy = Ys — 7519,

(Ek) up = Sk’l}k, kIl,---,p—l.

_ B+ BT

to get the
9 ) g

Rewrite equation (F') using (F), with y.

following equation.



p—1

(G1)  du = X vy,

=
k-1 p—1

(Gy)  (BE"=0)+ B (VN —v)+ 8Py = VUp—g + €8 D vUppi—y,
=1 (=1

k=2 ,p—1.
Note that o will be computed by (Fp), afterwards.

3.3 Principal part equation (L)

Let vp = ap+0(), k=1,---,p—1. And let y» = BEF* -
)+ B Hw* —v) for k=2,---,p— 1. Equation (G), as ¢ — 0, yields the
following equation.

p—1

(L) dar = > awapiiy,
(=2

k-1
(Lr) Yeak = Y aag—¢, k=2,---,p—1
=1

Inductively from (Ls),---, (Ly—1), we have

1 k=1 .
ag = — D Qag—g = Tay,
Tk =1
with np = ni(8) rational function of 5, for k =2,---,p — 1.

Or
1 k=1

m=1n=—"2 NMi_e
Vi =1

From (L,),

with a rational function ®(53).

PROPOSITION. ® () is a non-trivial rational function of f.



PROOF. Obviously, ®(/) is a rational function of 5. We show that
®(—v) > 0. If B = —v, then

e = 2— (@ 4N, k=2, p—1.

Therefore, 0 < vy, (—v) < 4, for k=2,---,p—1. These imply n;(—v) > 0,
for k=2,---,p—1. And we have &(—v) > 0, since

2(8) = :Z_ém(ﬁ)npﬂz(ﬁ)-

If || =1, theny, € R, (k=2,---,p—1),meR, (k=1---,p—1),
and ®(5) € R. These are non-zero except for a finite number of values of
.

Now, we determine the constant § by 6 = ®(5). Equation (L) has a
solution

CL1:1, ak:nk(ﬁ)a k:277p_1

If |5 = 1, then a;,---,a,_; are all real. Other solutions give the same
periodic orbit ( for different choice of initial point).
Now, we go back to equation (G).

p—1
(G1)  our = X vpia-e,
(=2
k—1 p—1
(Gk) (7k+55p)vk = > v + " ) VeUp+k—0,
(=1 (=k+1

k=2 p—1.

Observe that ¢ appears only as P in this equation. Let k = ¢ and rewrite
the equation as follows.

p—1
(1) wr = Y vwpyrg — v,
(=2

k—1 p—1
(Tx) W = Y, UVk—¢ — VkUk + K ( > Uik — 5Uk:) :
/=1 (=k+1

k=2 p—1.



These define a map

F:CxCxCrt—qrt

by

F(B; KR,U1,° " va—l) — (w17 Tt nwp—l)'

' is a quadratic polynomial in vy, - - -, v,_1, with coefficients rational in

B, and affine in k.

3.4 Matrix Ag

Except for a finite number of values of 3,

F(ﬁvoaala'“vap—l) - (07

holds.The jacobian matrix Ag = ( dw;

-0
2@1
2&2

2&3

2ap_1 QGp_Q

—72
2&1

2&2

QGT_Q 2ap_3

an

0
3
2&1

0
—V4

2@2

)

2@1

All components of Ag are rational functions of .

PROPOSITION
number of values of [3.

PROOF

B. We show that it is non-trivial. Let

—0
ay
as

as

ap—1
—72
ai

az

ap—3

Qp—2

0
-3
a1

0
—74

as

aj

0)

) at (5,0,a4,---,a,_1) is as follows.

0
—Yp-1

If p > 3, the matrix A is regular except for a finite

Obviously, the determinant of Ag is a rational function of

0
—Tp-1




Equation (L) is equivalent to

As we have non-trivial solutions for all values of 3, except for a finite
number of values,
det Mg =0

holds as a rational function of .

Observe the sweeping-out process of Mg. To sweep out the off-diagonal
components of the first line, other lines of Mj are used with diagonal
components s, ---,v,—1 as pivots. These pivots are non-trivial rational
functions of B. To suppress a term in (1, k)-component of Mgz, say i, we
add the k-th line multiplied by ¢/, to the first line. Then the (1,7)-
component, say c¢;, becomes

¢+ Py, =1 k-1
Yk

In this process, all the components of the first line, except for —d, are sums

of terms of the form |

A Mgt

ey " Tk
When all the off-diagonal components of the first line are swept out, the
first line vanishes.

Next, let us compute det Ag in a similar way. To compare the sweeping-
out process, let b, = a; and rewrite the off-diagonal components of Ag as

2a, = ay + by, k=1,---.p—1.

Sweep-out the off-diagonal components of the first line of Ag to get a lower
triangle matrix. The terms without b;’s are exactly same as in the sweep-
out procedure of Mpg. The terms without a;’s contribute exactly same.
There are other terms consisting of a;’s and b;’s. Anyway, all the terms
are always sums of terms of the form

1

mi myg*

Y, " Vi



After the sweeping-out, in the (1, 1)-component of the triangle matrix, —¢
cancels the ag-only terms. And bi-only terms gives 0. The remaining terms
are a sum of terms of the form

1
mq my
Ve, " Vhy

with positive coefficients.

The (1,1)-component of the triangle matrix is obviously a rational
function of 5. To prove the non-triviality of the rational function, we show
that it does not vanish for g = —v. As

Ww(B) = B" =)+ (" —v),
w(-v) = 2— @ M) >0, k=2, ,p— L.

These imply the positivity of a;, - - -, a,—1 and ¢. Furthermore, terms of the
form

1
’Y]Tg?l .. .ryl’gz@
are all positive. Hence the (1, 1)-component of the triangle matrix is strictly
positive and greater than 6. We conclude that

det A_, # 0.

3.5 Solution of Equation (I')

Now, we go back to equation (I').
p—1

(I'y) Wi = Y VUpyi1—¢ — OV,
=2

k—1 p—1
(Tx) Wp = D VUk—t — YUk + K ( . VUpip—i — 5vk> ,
=1 1<k

k=2 p—1.
F(/BJ R, U1y """ 7vp—1) — (w17 e 7wp—1)-

PROPOSITION For any Sy € C, except for a finite number of values,
there exists a neighborhood, U, of (5y,0) € C?, such that implicit functions

Ul(ﬁﬂ%)aUQ(ﬁ) ’Lﬁ)a e '7Up—1(67’€)



defined by
F(ﬁ,/ﬁ,vh'“,?}p—l) — (0”0)
with
ve(50,0) = ap(Bo), k=1,---,p—1,

exist and holomorphic in U.

PROOF Except for a finite number of values of j3,

F(ﬁvouala'”vafp—l) — (0770)

dw;
81:7> at (570761’17'”7@])—1)

is regular. Apply the implicit function theorem to get the implicit function.

holds. As we verified, the jacobian matrix Ag =

3.6 Parameter «

Functions vy, - - -, v,_1, with Kk = £? give solutions of equation (G). Next,
let us go back to equation (F'). We introduced redundant parameters ¢ and
0. Parameter 6 was determined as a rational function of 8. The redundant
parameter k = &P is related to the remaining parameter o by equation
(Fp). From equation (Fp), we have

N 0 o p—1
(K)  a = (B+8 )y - 7’43) — (y= — 7’43)2 - HKZ VeUp—t,
=1
which is a function of 8 and k.
As 5 g1
v+ 0 v _
go = S = (B4 57— o,
p—1 ) ) 52 )
ad—0ay = —K Zvﬁvp—é_y*5+7(ﬁ+ﬁ_ ) - R
=1 2 4
p-1 ) 1
= —K (Z agay—¢ + ?(6(1 —U)+ (1 - 1/))) + o(k).
=1
By setting

o = = (S w500 -9+ 570-0)



we have

a = ag+ a1k + o(k).
PROPOSITION «q is a non-trivial rational function of 5, and takes
real value if |3] = 1.
Proor If § = —v, then, as in the preceding proposition, a;, - - -, ap—1
and ¢ are real and positive. Moreover, S(1—0)+871(1-v) = 2—(v+7v) >
0. Hence, a1(—v) < 0, which shows «y is non-trivial. If |5| = 1, then

371 = B. The reality of 1, +,7,-1, a1, -, a,1, and § is obvious.

PROPOSITION For all 3y € C, except for a finite number of values,
there exists a neighborhood, U, of (8, ap(f)) € C?, such that the implicit
function £ = k(8, ) satisfying (5, ao(By)) = 0 defined by equation (K)
exists and holomorphic in U.

4.1 Choice of initial point

Now, fix fy with |G| = 1, and set ay = ap(fy) € R. If a € R,
and |a — o) is sufficiently small, then k(fy, @) is real, since the preceding
procedure keeps the realities.

Solutions vy, - - -, v,—1 of equation (G) are real, since (8, a) € R. We
choose a p-th root, €, of K(fy, a) and a self-anti-conjugate periodic orbit
as follows. Choice of € determines the choice of the initial point of the
periodic orbit.

case I If pis odd or k(fy, @) > 0, then the equation e? = k(fy, «) has
a real root. Real ¢ gives real solutions uy, - - -,u,_1 of equations (F) and
(E). These give rise to a periodic orbit y, = ug+v"u;+---+ V(p_l)”up_l,
with real yyo. We see that y_,, = 7.

CASE II If pis even and x(fy.a) < 0, then take a solution of e = k(fy, @)
satisfying € = v€. The solutions of equation (F) are as follows.
0 k

uO:y*_7€p7 U = €& Vg, (k?:]_,,p—l)



As up and vy, - - -, vy are real, we have

p—1 p—1 p—1
Yo = S U = ug+ > MRy = o+ Y =Nk,
k=0 k=1 k=1
p—1 p—1
= ug+ Y v heDeky, = N pkl-nly, = g7,

In both cases, the obtained periodic orbit is self-anti-conjugate. The
jacobian matrix along the orbit is of the form

D(Hgfﬂ)hjo - BpAa
with det A = 1 and trace A € R.

4.2 Trace function

Let
T = 7(8,0) = B77 trace D(H2?5)|Po'

7 is an algebraic function of complex parameters (5, ). Note that 7 does
not depend on the choice of € among the p-th root of k, since the choice
of £ corresponds to the choice of the initial point in the periodic orbit. 7
is locally univalent and continuous near (S, o). Hence 7 is holomorphic
in (8, a) near (By, ap). As we saw, if |3| = 1 and « € R, then 7(8,a) € R
near (fy, ap), and —2 < 7(8, ap) < 2.

PROPOSITION 7(5, @) is holomorphic in (3, «) and non-constant
with respect to « near (5, ag).

PRrROOF Consider the analytic continuation of 7. As 7 is algebraic,
continuation along the real axis of a exists by avoiding branch points choos-
ing some branch. If |a| is sufficiently large, then all the periodic points of
the Hénon map are hyperbolic, and |7(5y, a)| > 2 there.

Trace function can be computed as follows.

(0 p! (0 0
v = 0 4] wa = ()

T = B trace D(H,)|p,



s (G ) ()
=trace (B+Y, 1) ---(B+Yp)).

5]

.

k=0 0<iy <ig<--<ip_op<p(With some extra condition)

(—1)F2r—2* ( > YinYis yk) ~

Here, the extra condition can be described as follows. The complement of
the indices {0, 1,---,p—1}\ {41, - -, ip—or } consists of k pairs of consecutive
indices {j1,j1+ 1, j2,jo+ 1, -, jr, Jx + 1}. Coefficients of 7(x) are rational
functions of .

5.1 Abundance of Siegel balls
For (6, ¢) € (R/27Z)?, let
B = cosh—+isinf, a = 2cosfcosy — cos®p,

which defines a family of self-anti-conjugate Hénon maps

2 _ Y
Ha’ﬁ(y> B (6(92+a)—ﬁ2x)’
with || =1 and « € R.

THEOREM  For any open set U C (R/27Z)* and any integer N > 1,
there exists a point (Ay, pn) € U such that the Hénon map H, g for this
parameter has more than N cycles of Siegel balls.

Proor  Fixed points of H, 3 are given by
yx = cosf + (cosf — cosp).

We choose
Ye = COSQ

and set
(L = CcOS +1sin .



Eigenvalues of jacobian matrix at the fixed point

_ 0o g
DHO"ﬁ_B<—[3 2cosgo)

are Ou and Bji. The arguements of these eigenvalues are
04+¢ and 6—¢  (mod 27).

By Siegel’s theorem (or Brjuno’s theorem), there is a subset Wy C (R/27%)*
of full measure, such that the fixed point of the corresponding Hénon map
has a Siegel ball.

We set

Up = U, pi=1 and Vi = U NW,.

Inductively, we assume U, is an open subset of U and V,, is a full measure
subset of Uy, such that H, s for any (0,¢) € V,,, has m cycles of Siegel
balls of periods p1,-- -, pm-

In open set U, there is a point (6, ¢) € Uy, such that 5-(6 + ¢) = =4
is rational with p > p,, and, p and ¢ are mutually prime. Then perturb
(0, ) keeping 0 + ¢ = %, so that § = cosf + isinf avoids the values of
p forbidden in the preceding propositions.

There is an open set of parameters containing such a parameter, such
that the Hénon map H, s has a neutral cycle of period p, which is self-anti-
conjugate with eigenvalues of the form SP\ and BP), with —2 < 7(8,a) < 2.
The trace function 7(f5,a) is a non-trivial analytic function with respect
to a. Determinant of Hgﬁ is 5%. Hence, the eigenvalues of the neutral p
cycle varies effectively.

Note that 7(5,a) € R, if @ € R, and —2 < 7(5, (5)) < 2. This
implies that there is an open subset U,,.1 C U,, and a full measure set
W, C U1 of parameters, such that the Hénon map has a Siegel ball of
period p.

Set Vi1 = Vo N W, C Ui, and ppg1 = p. Vg is a full measure
subset of U,,,1. Continue this procedure until m = N.

Vy is a set of positive measure. Hence, we can find a parameter

(On,on) € Vy CU.



