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This talk

e NoO serious mathematics

e Just relax, smile, have tea & snhacks

Are you ready for this? Go ahead!



Welcome to Japan,

and
welcome to Kanazawa!



By the way,



Where iIs Kanazawa?






Kanazawa
e IS the biggest city in the Hokuriku region,

e has a population of 450,000,

e IS a castletown ruled over by the Maeda family for
three centuries after the first lord Toshiie Maeda.

e In the Edo Era (1603-1868), Maeda family was the
biggest feudal lord (daimyo) except for the Tokugawa
Shogunate. “Kaga Hyakuman-goku” (cf. Banquet :

Kanazawa Daimyo Jaya)




Who i1s Maeda~?



Toshiie Maeda (1537-99, first lord)




And then,
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wWhy Math in Kanazawa?
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Takeshi Saito was born in

Kanazawa.
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Necessary conditions for Good Math

e Historical and beautiful city. “small Kyoto”
Kenrokuen is one of Japan’s ‘“three most beautiful

landscape gardens”
e Delicious seafoods and local speciality

e At least 4 Starbucks in the city
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First of all

Thanks to all the speakers, participants, especially

Teruyoshi and Kai-Wen for helping me a lot.

Five-year program (2009-2012)
Supp by JSPS Grant-in-Aid for Young Scientists (S)

“Comprehensive studies on Shimura varieties, arithmetic geome-
try, Galois representations, and automorphic representations”

Kyoto (Nov 2008), Ehime (Feb 2009), Kyoto (Apr
2009), Kesennuma (July 2009), Kanazawa (Nov 2009)...
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Kyoto (Nov 2008)
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Kyoto (Nov 2008) continued
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ime (Feb 2009)

Eh
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Kyoto (Apr 2009)

Mini-workshop on Iwasawa theory
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Kesennuma (July 2009)
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Bad news...
Unfortunate effect of economic crisis and change of

administration party
e JSPS called off application to ‘“Young Scientists

(S)” after next year (Oct 16).
e The Japanese government decided to reduce the
scientific research funds (Kakenhi) (Nov 13).

e Situation of our grant after next year is unclear...
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Good news!
Finally, I can gather excellent young researchers Iin

arithmetic geometry and related area.

Thank you very much for coming. I'm very looking

forward to attending the lectures!
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Plan of this talk

1. General introduction — finished

2. History of “Sato’s conjecture”
Tea & Coffee Break (10min)

4. Birth of “Sato’s conjecture”
5. Outline of the proof of Sato-Tate conj

(oversimplified exposition)
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I'm sorvry...

Big overlap between this talk and my talks at

¢ RIMS Workshop (Dec 2006)

e WWorkshop on the Sato-Tate conjecture
(Jan 2007, Tokyo Inst Tech)

¢ Ehime workshop (Feb 2009)

e Annual meeting of the Math Soc of Japan

(Mar 2009) (34 ashamed video streaming)
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History of the Sato-Tate conjecture

Recall: An elliptic curve E over Q is defined by a cubic

equation of the form:
E:y?=za234+ax+b (a,beZ, 4a3+27b%2+#0)

e

We would like to study the arithmetic of FE.

— Key : Reciprocity Law
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T he Problem of Reciprocity Law

Problem: For a scheme X of finite type over Spec/,

count #X(F,) and vary p.

Very difficult problem even if X is finite over Spec/Z.
The answer for

X = Spec Z[T]/(T? — a)
IS given by the Law of Quadratic Reciprocity. Striking

fact is that the answer depends only on p (mod 4a).
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Class Field Theory

Class Field Theory (Takagi, Artin, 1920’'s) tells us

the answer depends only on p (mod N) (for some N)

If and only if X ®,Q is a “abelian extension” of Q.

“Sato-Tate Conj”
= “Non-abelian Reciprocity Law for elliptic curves”
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Class Field Theory (2)

A surprising discovery of Takagi is Class Field Theory
exists for all number fields K. It was expected only for
Q or Q(v/—D) (Kronecker’s Jugendtraum) or unramified
extensions of K (Hilbert Class Field). The fact

“All abel ext of all number fields are class fields”

was not even expected before.
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Birth of “Langlands’ Functoriality”
(cf. R. P. Langlands (1936—))

The proof of CFT was complete by Takagi after con-

sidering CFT of all number fields simultaneously.

“Langlands’ Functoriality’” = relation between CFT'’s
for different groups/number fields

Inevitable tool to understand many thms & phenom-

ena in number theory & rep theory

(Non-abel CFT (= Gal v.s. Autom), BC/AI, Endoscopy,

Sato-Tate, Formal deg conj (cf. Ichino’s talk))
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Prove thms for all K simultaneously

The proof of CFT (for K) doesn’'t seem to work only

with abel ext of K.
e We need to consider CFT for all L ([L: K] < c0),
e We also need non-abel ext L/K at some point.

(unless we have “Kronecker-Weber thm')

Proof of CFT was buried in the forest of many Func-
torialities. (eg. Proof of LLC for GL(n) (Harris-Taylor,

Henniart), “Potential Automorphy”)
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Role of “Ramification”
— seems ubiquitous in number theory

The proof of unramified CFT doesn’'t seem to work

only with unramified extensions.

e Iwasawa Theory, Exp Rec Law, (p,)-modules
— Very ramified extensions simplify the problem
e Euler systems, Taylor-Wiles machinery
— role of “slightly ramified auxiliary ext”
q1,...,qr =1 (mod V)
e Khare-Wintenberger’s proof of Serre’s conj

“Killing ramification”
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Even now, CFT tells us many things

[1] Taylor, “Reciprocity laws and density theorems”,
Shaw Prize Lecture (2007).

[2] Yoshida, “Enigma of Teiji Takagi and Class Field

Theory (EXREALBERHEDH)", Gendai Shiso (FRLEE,
Modern Thought), Dec 2009.

(to appear in bookstores on Nov 27(Fri)).

VT
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Let’s go back to the Sato-Tate conj.
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Sato-Tate Conj (Mikio Sato, Mar 1963)
E:y?2=2a234+ax+b (a,b € Z,4a3+ 27b%2 £ 0)

Elliptic Curve without Complex Multiplication
Define 6, (0= 0, < m) by

p+1—#E(Fp) = 2,/pcosby.
Then, forO< a< 38,

— #{p| pprime, p< N, a<6,<3} 2 8
lim -
N—o0 #{p ‘ p:prime, p = N} T/

The distribution of {6,},

is the graph of y = 2sin?¢

Y

33



Brief History

1920’s Class Field Theory (Takagi, Artin)
1933 Hasse’s thm ‘p +1— #E(Fp)\ <2.p
1955 “Taniyama’'s conj” L(s,E) = L(s, f)
1957 Comp syst of /-adic Gal rep (Taniyama)
1963 *“Sato’s conj”’, “Tate’s conj”
1968 Serre’s book “Abel /-adic Rep and EIll Curves”,
Symmetric power L-functions L(s, E,Sym")
1970— Automorphic Rep/L-Fct,
Langlands’ principle of functoriality,
Langlands conj (Non-abelian CFT)

Weil conj/Ramanujan conj
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Brief History (continued)

1980— Development of Shimura var (LNM 900)
Iwasawa Main Conj
Deform of Galois rep, p-adic Hodge theory
1990— Shimura-Taniyama conj (semistable case),
(= Fermat’'s Last Thm)
LLC for GL(n)
2001— Full proof of Shimura-Taniyama conj
p-adic LLC for GL(2,Qp) & (¢,I)-mod
Framed deformation (— number theory is reduced
to geometry of Gal deform sp (nilp orbits).)

and...
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April 2006

Clozel, Harris, Shepherd-Barron, Taylor announced
a proof of the Sato-Tate conj for elliptic curves
E:y2=z3+ax+b (a,beZ,4a3+27b%2 £ 0)
: __ 1728443 -
when j(F) = 4310752 1S not an integer.
T hey necessarily proved similar results for elliptic curves

over all totally real fields simultaneously

(whose j-invariants are not algebraic integers).
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July 2009

Barnet-Lamb, Geraghty, Harris, Taylor announced
a proof of the Sato-Tate conj for

e all non-CM elliptic curves over tot real fields, and
e all non-CM holom elliptic modular forms (/Q).

Key to the proof, among others

e Fund Lemma (Laumon, Ngo, Waldspurger)

e Geom of Shimura var and constr of Gal rep
(Mantovan, Shin, “Book Project” (Harris))

e Modularity Lifting Thm over Hida families (G)

e Cohomology of Calabi-Yau families (Katz, B-L)

and...
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Very very Recently (October 2009),
Barnet-Lamb, Gee, Geraghty obtained a proof of the
Sato-Tate conj for all non-CM Hilbert modular forms

on GL(2) over totally real fields.
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Tea & Coffee Break

10min
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Birth of “Sato’s conjecture”

1963 (March) Sato made the conj based on
computer experiments. (Sato received Ph.D from
Univ of Tokyo in 1963, then moved to Osaka.)

1963-68 Tate and Serre gave theoretical explanation

using L-functions (“Tate’s conj = Sato’s conj”)
Computer experiments by Kanji Namba (logician).

Ref. Namba, “Dedekind n functions and Sato’s sin?-
conjecture” (in Japanese), 16th Symposium on the

history of mathematics, Tsuda Univ, 2006.
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Fig 2.
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Fig 3. (Letter from Sato
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Fig 4. (Calculation for Xy(11), 1900 primes except 11)

0° <6 <10° 1 60° < 6 < 70° 177 120° < 0 < 130° 146
10° <6 < 20° 12 70° < 0 < 80° 194 130° < 6 < 140° 103
20° < 0 < 30° 40 80° < 6 < 90° 198 140° < 6 < 150° 72
30° <60 <40° 68 90° < 6 < 100° 212 150° < 6 < 160° 34
40° < 6 < 50° 110 100° < 6 < 110° 206 160° < 6 < 170° 9
50° < 0 < 60° 142 110° <6 < 120° 174 170° < 0 < 180° 2

P 1

V.S. sin24 V.S. siné
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Fig 5. (Kato’s comment)

Y

looks like




Ref.

e Tate, “Algebraic Cohomology Classes”, Woodshole
(July 1964). (Published as “Algebraic cycles and

poles of zeta functions”)

e Serre, “Abelian /-adic Representations and Elliptic

Curves’”’, Benjamin 1968.
He gave theoretical explanation in terms of Gal rep.

“Sato-Tate’” seemed to appear for the first time.
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Tate wrote

Assuming f(t) = f{r-t) we coﬁclude that c, = 0 for V odd, and
consequently | |
£(t) = -J-'- (1 - cos Zt) = -;zr-sinzt

I understand that M, Sato has found this sznzﬁstrzbutmn law experimentally

with maclune computataona. Congecture 2 seems to offer an explanation

for itl

Conj 2 = Tate conj (on poles of Hasse-Weil zeta)
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Unfortunate misunderstanding
Sato’s contribution was sometimes overlooked in num-

ber theory.

e.dg. Wrong explanation seemed to appear in
Birch, “How the number of points of an elliptic curve

over a fixed prime field varies”, JLMS 43 (1968)

Possible reason : Serre was not aware of ‘“which Sato”

made such a striking conjecture.
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Q. How many Sato’s are there?



A. SO many
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Sato families

In fact, Sato is the most famous family name in Japan.

1. Sato : 4.7 million families
2. Suzuki : 4.2 million

. Takahashi : 3.5 million

. Tanaka : 3.2 million

. Watanabe : 2.68 million

. Ito : 2.65 million

OO O~ W

17. Saito : 1.47 million

1947. Hida : 4 1953 Hida families
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Sato and Tate

The 2002-2003 Wolf Prize in Mathematics has
been awarded to Mikio Sato, of the Research Insti-
tute for Mathematical Sciences, Kyoto University,
Kyoto, Japan; and to Joun T. TATE, Department of
Mathematics, University of Texas, Austin. Sato was
honored “for his creation of ‘algebraic analysis’,
including hyperfunction and microfunction
theory, holonomic quantum field theory, and a
unified theory of soliton equations.” Tate was
honored “forhis creation of fundamental concepts
in algebraic number theory.” The two share the
$100,000 prize.

Mikio Sato

Mikio Sato’s vision of “algebraic analysis” and
mathematical physics initiated several fundamen-
tal branches of mathematics. He created the
theory of hyperfunctions and invented microlocal
analysis, which allowed for a description of the
structure of singularities of (hyper)functions on
cotangent bundles. Hyperfunctions, together with
integral Fourier operators, have become a major
tool in linear partial differential equations. Along
with his students, Sato developed holonomic quan-
tum field theory, providing a far-reaching extension
of the mathematical formalism underlying the
two-dimensional Ising model, and introduced along
the way the famous tau functions. Sato provided
aunified geometric description of soliton equations
in the context of tau functions and infinite-
dimensional Grassmann manifolds. This was
extended by his followers to other classes of equa-
tions, including self-dual Yang-Mills and Einstein
equations. Sato has generously shared his ideas

Mikio Sato John T. Tate

with young mathematicians and has created a flour-
ishing school of algebraic analysis in Japan.

Mikio Sato was born in 1928 in Tokyo. He re-
ceived his B.Sc. (1952) and his Ph.D. (1963) from the
University of Tokyo. He was a professor at Osaka
University and at the University of Tokyo before
moving to the Research Institute for Mathematical
Sciences at Kyoto University in 1970. He served as
director of that institute from 1987 to 1991. He is
now a professor emeritus at Kyoto University. He
received the Asahi Prize of Science (1969), the Japan
Academy Prize (1976), the Person of Cultural Merits
award of the Japanese Education Ministry (1984),
the Fujiwara Prize (1987), and the Schock Prize of
the Royal Swedish Academy of Sciences (1997). In
1993 he was elected to foreign membership in the
U.S. National Academy of Sciences.

JohnT.Tate

For over a quarter of a century, John Tate's ideas
have dominated the development of arithmetic
algebraic geometry. Tate has introduced path-
breaking techniques and concepts that initiated
many theories that are very much alive today. These
include Fourier analysis on local fields and adele
rings, Galois cohomology, the theory of rigid
analytic varieties, and p-divisible groups and
p-adic Hodge decompositions, to name but a few.
Tate has been an inspiration to all those working
in number theory. Numerous notions bear his name:
Tate cohomology of a finite group, Tate module of
an abelian variety, Tate-Shafarevich group, Lubin-
Tate groups, Neron-Tate heights, Tate motives, the
Sato-Tate conjecture, Tate twist, Tate elliptic curve,
and others. John Tate is a revered name in algebraic
number theory.

John Tate was born in 1925 in Minneapolis. He
received his A.B. from Harvard College (1946) and
his Ph.D. from Princeton University (1950). He was
aresearch assistant and instructor at Princeton
(1950-53) and a visiting professor at Columbia Uni-
versity (1953-54) before moving to Harvard Univer-
sity. He was a professor at Harvard until 1990, when
he accepted his present position as professor and
Sid W. Richardson Chair in Mathematics at the
University of Texas at Austin. Tate received the AMS
Cole Prize (1956), a Sloan Fellowship (1959-61), and
aGuggenheim Fellowship (1965-66). He was elected
to the U.S. National Academy of Sciences (1969) and
was named a foreign member of the French Acad-
emy of Sciences (1992) and an honorary member of
the London Mathematical Society (1999).

About the Wolf Prize

The Israel-based Wolf Foundation was estab-
lished by the late German-born inventor, diplomat,
and philanthropist Ricardo Wolf. A resident of
Cuba for many years, Wolf became Fidel Castro's
ambassador to Israel, where Wolf lived until his
death in 1981. The Wolf Prizes have been awarded
since 1978 to outstanding scientists and artists
“for achievements in the interest of mankind and
friendly relations among peoples, irrespective of na-
tionality, race, color, religion, sex, or political view.”
The prizes of $100,000 are given each year in four
out of five scientific fields, in rotation: agriculture,
chemistry, mathematics, medicine, and physics.
In the arts the prize rotates among architecture,
music, painting, and sculpture. The 2002-2003
prizes will be conferred by the president of Israel
ata ceremony at the Knesset (the Israeli parliament)
in Jerusalem on May 11, 2003.

—Allyn Jackson

Mikio Sato and John Tate received the Wolf prize.

Sato and Tate Receive 2002-
2003 Wolf Prize

It seemed the first time for them to meet each other.
But, “Sato-Tate” was mentioned only for Tate’s work.
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Yoshihiko Yamamoto (1941-2004)
a student of Sato, wrote Master’'s thesis (Feb 1966,

Osaka Univ) on the “Sato conjecture” (in Japanese),
but it was not published.

He wrote

‘Sato conjecture’: “If E is not of CM type,

the distribution of 6, is proportional to sin?6.”
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Yamamoto’s Master’s Thesis (Feb 1966, Osaka Univ)

<7 - 41
Sate * R i1r~>u T - }( ey = IF' ZPTP A/

) LT A ] - .

A f?‘ N SZ fl_Eg_dgﬂszEﬁ,ﬂ Y ), (RRas FIE Erigny
1[2 j: ‘M‘ il o , ' - K e KB e n<,)
7’;‘1%&{44&!@4/7— ' . 3 B

| TA Bk Aikle 2T e o RIR pndiis |

x piv?) YL E ML T
_ \} = ‘lf-()-) . P i L )~!
- i 2.
m oA i} f(a) =it dn v aiy + de & 7023 - n SA-Jlar) Lo o T
i i ) ] N : — § 4. SR TLA) ananaces o 3206 du L |
| (Z R EIRIR ) ¢ E R ok &&&f,ﬁ’u ) = * i |
Sale ‘,) ',{fi e B _( b 75, paBRBT, T oxocumlp 1 aseduclion FtAr= EP}— |
LT 4233 200 T cannome s g {Eulbnwn( /
= ! T, 3. { ey

|2 RbEROLTE) L5, fpy . G Fran - et
Ef;v) /“:lfla,aﬁ e F/M) L 43% P \
Lt dpy +pu®
- (=~ Ci~pu) ) N B ¢ 3
RS A A,r,,u,,,,l, Ve ; E s W —UWE)_iEAA = : ~
RIEAR ((Gulpennchionablin ) 235 Lo v 31

—_ e L4\
Z U=
F( 7

g — '4:' /}Hw\
MR 2/ F 2 A /4R 1 uv-ak F / TE3se R lM T EY) dav s 6‘[»:: (rnedomw 30 F2 1)
' rraaz, ( (L) ] b n3z® ) Lo, 2T) at®r =K A7 3
Ly g Ea CM®rnnes 9%53xu 348 ePRoT —f3 >
— '—70.15(7:?1 Lt apd+pu ._,{p aput)( | oy u) ,D 7‘ t "5 ’
| V;’ :,/"Famﬁp ] | LA E) o b2 A T HE ol RERLSFLE Do
& Y o JT e v Bpa L pn s — 1 F 1 B3 Rbmg, Nuaw
H

N -
dx K Al }115 « I ] . ‘S 1p BT ) ez . N o «
A E VNI mlwﬂ@@mw; aler P g thL,. HaNAne >Ra38Y 1AL
@ . __ - ,
E o CM S 1orin pigyz an Y Vi SR aredilf
7]

bonllus

it -

KPR K 2B B B 28 B

54



Interview with Sato (Notices AMS 54 (2007))
In the interview, elliptic curves/modular forms were

never mentioned.

Interview with Mikio Sato

Mikio Sato is 2 mathematician of great depth and onginality, He was bom in Japan in 1928 andre-
caived hisPhD, from the University of Tokyoin 1983, He was a professor at Osaka University and the
Univarsity of Tokyo before moving to the Ressarch Instituts for Mathermatical Sciznczs (RIMS) at Ky-
ato University in 1870, He servad as the dirsctor of RIMS from 1987 to 1991 He is now a professor
emmeritus at Kyoto University. Among Sato's many honors ave the Asahi Prze of Science (1989), the
Japan Acadeny Prize (1976), the Person of Cultural Merit Awand of the Japanese Education Ministry
(1984), the Fujiwara Prizs (1987), the Schock Prize of the Roval Swadish Avademy of Stiences (1897),

and the Welf Prizz (2003).

Thisinterviewwas conducted in August 1990 by the late Bnmanuel Andranikof, a brief account of
his life appears in the sidebar. Sato’s contributions to mathematics are describedinthe article "Mikio
Sato, a visionary of methematics” by Fiarre Schapira, in thisissue of the Motizes.

Andronikof preparad the interview transcript, which was editzd by AndreaD'Agnolo of the Univer-
sita degli Studi di Padova Masaki Kashiwara of RIMS and Tetsuji Miwa of Evoto University helped in
various ways, induding checking the interview text and assermbling the list of papers by Sato. The
Moticesgratetully acknaowledges all of these contributims.

—Allyn Jackson

Learning Mathematics in Post-War Japan
Andronike fWhat was it ke, Jearning mathema-
ics in post-war Japan?

Sator You know, there is a saying that goeslike
thiz. in happy times lives are all the same, but
sarrows bring each individual a different story. In
other words, T ean tell of my hardships, but this
will not answer your gereral question Besides 1
think the reader’s interest should lie in the for
mation of the ideas of hyperfunctions, microlocal
analysis, and so forth, It s trus that in my young
age T encountered some difficulties, but T don't
think I should put emphasis on such personal
matters

Andronicof SHIL T think we could gart from a
persond level We could mix up journalism with
mathematics and go from one to the other. After
all you might not have become a—I would say,
such a—mathematican without the experience of
these hard tmes.

Sator Let me tell you this. In pre-war Japan,
sthool was organized like the old German system
Elernentary school ranged from the age of six to
twelve, then followed middle schodl from twelve
0 sewentesn, then thres vears of hizgh school be-
fore entering university, where you graduated
after three years. After the War, the system was
changed to the American one the five years of
middle schocl were replaced by three vears of ju-
nior high school and three years of high school In
ordertobecome a graduate student, one then has
to attend university for four years

When I entered the middle school in Tokyo in
1941, Twas already lagging behingd: in Japan, the
schodl year starts in zarly April, and [was barnin
late April 1828, The systemn was rigid, and thus I
had to weit me year before getting . Actually,
it did not really matter, since I was not a quick
boy. On the contrary, when I was a child, say, four
like my son is now', Twas called bonchan, which
means a boy who is very slow in responding, very
inadequate T think I am very much the samenow,
hal hal Anyway, I turned thiteen right after enter-
ingmiddle schodl. In Decamber of that year, Japan
anterzd the war against the allid forces: U5, UK,
Hollsnd, and China

Andrenikef: Hectic times?

Sato: Mot so much in the beginring, as Japan
was in 3 winning position. After Pearl Harbor, the
Eritish flast was destroyed in the Far East, Sin-
gapore was oceupied, and so on, Things looked
favrable for Japan, But soon affer, a year or so
later, things started changing

This was the beginning of rmy hard experiences
My reguler courses in middle school lasted for
anly to years, and the Test of my school Life was
total chaos. The war i the Pacific snded on May
15, 1945, Ths first atomic bornh was droppzd on
August 6, 1945, after which the USSR daclared
waT on Japan in order to sscurs the Kurilsk snd
Sachalin islands. At that time I was fifteen, Being
a teenager, T had to work in factories. From 1943
t0 1945, 1 had to carry coal. Very hard work. .. bad
food .. In late 1944, the systzmatic bombings of

1That s, in August 1990,

memorizing names and years and so on is im-
portant, and in this fidld my performance was ex-
tremely low. That gave me the feeling that study-
ing at school was 2 kind of uipleasant job. Doing
my own mathematics—that is, not schodl matha-
matics, but reading those books I mentionsd—was
like watching television would be for a prasent-
day boy. Sze, I was probably indulging in such
things to forgst the unpleasant school courses
A way to escape the school systemn. During and
after the war things
became harder and
barder and 1 went
deeper omd deeper
inta  mathematics,
50 to speak, like an-
gther wold  dive
into aleohel.

after middle
school—though  we
had mot complsted
.0 was  admit-
ted to high school
At that time,
school was Tather
ditist, more like

Sato at blackboard, around 1972 £rals Polytachniqie

ar Eeole Normnale
Supériews in Fronce. The high school that I en-
tered was called the First High School, and was
closely attached to Tédad® (mperiol University
at tha tims). Eoth wers natimal, 1 2, non-private
The First High Schoul is considered to be the top
of dite schools, and I was lucky emough to skip
the sntrancs sxaminations, because of the war
Well, there was a kind of test, but just to cheeck
serne shilityinmathematics: if they had tested my
knowledge, then | couldn’t have mtered. Taday,
there are entrance exarninations at many univer-
sities, including Tokyo or Kyoto: a bad tast Eut
this is not intzresting
After the war, chaos occwred again—or rather,
persisted. 4s T said, because of the devahiation
of the ven, my family was starving. My father
was sick, and Thad a younger sister (by nine years)
and o yowger brother (by five years). | had to
swpport them, s0,in 1848, aftarthres years of the
First High School, I imenediately started to work
as a full-time teacher ot the newhigh school, just
when the school systern was changed and middle
school was eut by half. Housing and food condi-
tioms were extremely bad at the time, as you can
imagine: like in Eastern Europe or Southeast Asia
now, I entered Todaiin 1849, having failed to en-
terin 1946 1 had vary littls tims to gat preparad,
then.
These hard times as schooltcacher lasted ten
waars, from 1948 to 1958 Tn 1958 [ publishad the

Ztmtversity of Tokyo.

theory of hyperfunctions, in order to get a job at
the university. I was an old student at the time,
but it was liks today: finishing university is sort
of automatic, provided you succead in gatting in,
where the competitionisverytough

Andronikof:I read in your CV that you got g
BSc in physics after your BSc in mathematics at
Todas

Sator You see, in Japan teaching depends on
eachprofessor, and me of my professors was very
strict. Atthe time Iwas to graduate, he called me
up, andtoldzme that my term paper was very good
but T had not sttended the mandatory exerdiss
sessions—not even nce This was an obligation
that T didn't know of Remernber, that's why [
was callad bopchan when T was a little boy, and
T still very much that way now. So, he said: 1
cannet give you the points, so you cannet grad-
uate” Then, he remained silent and watched mz
for a good minute. He opened his mouth again
and said: “Okay, Tl give you the lowest peirts, so
you can just graduate. Your paparisthe top me”
But this barred mz from getting a position at the
university as an assistant, which is custcmary for
top students. Being assistent inJapan is a terured
position. The second-best student may also get
same spedal posttion, end henee is asswed of
same top fnancial sapport. Anywag, 1 lost that
kind of chance then Since at the timea I had also
bacome interested in theoretical physics, 1 just
movad to physics for two yzars under the new,
Arnericar style university system Iwas still tzach-
ingfull thne in high school, 30 inphysics [ran into
the same academic problams as in mathamatics
After two years at the Todai Physics Department,
Imoved to the graduats schocl of another univer-
sity, Takeyo School of Education, whers Professor
Tomonaga taught theoretical physics. T stayed
therzuntil 1956

This was the end of my twenties. At the tine
I was undergoing some kind of crisis in physical
strength. Sinee by then my younger brother and
sister were able to support themselves, my duty
to them was sort of accomplished. [ was able to
return to my own life, 30 to speak, and go back to
mathematics

The EBirth of Hyperfunctions and
Microfunctions

Andronikof So you decided to go back to mathe
matics, rather than physics?

Sator Yes, and it was a good decisimn since
competition in physies seemed stiffer. See, after
these tough years I was beginning to feel physi-
cally tirad, and my youth was leaving me. Bven if
T was't 3 man of quick responss, T nevertheless
understond that Thad to face reallife, 50 to o sk,
and totry to show what Teould do inmathematics

Sato and Emmanuel Andronikof, 1990

an official seminar in Toda, but rather a kind of
“Jaeobin Club", Ameng the participants, thae
wieTe many very sager young students, meuding
Kawsi and Kashiwara, I met them thare for the
first time, and the group of Kawsi, Kashiwers, and
myself was formed that year.

In spring 1969 same old friends of mine in
Komabs, which is part of the Faculty of General
Education of the University of Tokyo, arranged
to have me go there as a professor, | stayed in
Komaba fortwm years

Ardronikof: And when did you come to RIMS?
It was in
1970, Actu
ally, in Tokyo 1
had a great un
derstanding  with
Komatsu and other
seniors, a5 well as
with many young
mathematicians who
gathered at our sem-
mar  Among the
participants,  he-
sides Kashiwrara and
Kawai whe were ex-
tremely active, there were Morimato, Kancko,
Fujiwars, Shintani, Uchiyama, and some others
5o, I could supervisz a lot of people who ware
very sager to stady mathematics with me, and I
thought I should better stay at Todel than come
to RIS Anyway, Professor Kassku Yosids, who
was director of the Instituts from 1969 t0 1972,
and of whom I wes once an assistant, put great
pressure on me to come to RIMS. He had already
asked on the occasion of the seminar he had
organized in 1969, But since I had a positiom
at Komabs, that was delayed wntil 1670, T was
unhappy when [ had to mave to Kyoto because
it meant | would bz ssparated fram this zroup: [
could bring Eawai and Kashiwara to Eyote, but I
had taleave others behind.

The Katata Conference and S-K-K
Andronilof A s for the “milestones” in the birth of
Byperfriaction and microfrnction theory, can you
comment onthe famous Katata conference in fall
1977

Sator Actually, what T said at that conference
was sort of completed quite sarly, just after
1869, Thave already told you how microfunctions
originated in preparing the talk T gave at the
international syrnposium at RIMS in April 1968,
had planned topresent some of the things I had
in mind, like the cotangential decomposition of
hvperfunictions, so I had to check whether my
ideas were working or not. [ startzd to check this
in the threshour shinkanses? trip, commuting

84 high-speed Jopanese tram.

from Tokyo to Eyoto (or vice versa, I doret re-
member) to attend a pre-symposium meeting at
RIMS. You could say that the basic part of the
theory was concsived during thesz thrae hours
But later I checked it in detail, and it was com-
pleted at the international symposiurn. The final
touth was a proof of microlocal regularity for
slliptic systems?® At the time, [ smplovad Fritz
John's method of plane wave decomp osition
Of courss, the idea went back to 1960, when
I attended Professor Hitstumatr's talk on the
edge-ob-the-wadge theorem

Andronikoft When were the famous SE-K°
procesdings written?

Sator The basic structure of the paper hinges
anmytalk at the Eatata conference, but the man-
uscript was completely prepared by Kawel and
Kashiwera. Let us say [ presented the whele story,
but did not prove every detail For example, con-
cerning the notion of microdiffersntial operatars,
Iworked out some cohomalogical constructions,
but then Kawsi and Kashiwara gave a better, morz
direct presentation, by which the proof of the in-
wertibility for microelliptic operators, instead of
using Fritz John's plane wave method, reduced to
akind of abstract nonsense. Kawai and Kashiwara
rmust have taken a lot of effort to complete every
detail

The work was done between 1968 and 1871
surely the golden age of microfunctions. &t the
time, the three of us werz working together, in
the same places. In 1988 we were in Tokyo, then
we moved to RIMS in 1970, Kawai came here as
an assistant, while Kashiwara had only a kind of
grant since he was very young at the time He
became assistant in 1971 1 think the main part
of the job was finished prier to the Katata confer-
enre, and was already prasented in my talk atthe
Micz Congrass [International Congress of Mathe-
maticians]in 1970. To be pracisz, in the Nice talk
the structure theorem for microdifferential sys-
terns was not yet finished It was presented at the
surnmmer school on partial differential equations
at Berkeley in 1971. I also prepared a kind of
preprint, which did not appearin the proceedings
of the Berkeley summer school, though it was
distributed. There, [ stated the structurs theo-
rem, asserting that all microdifferential systems
are—at least generically—classified into three
categorizs, the most important being what we
called Lewy-Mizohata type system. The proof of
this reduced to sane simple nonlinear equations

Mow knnown a5 Sato’s theorem

1. Sato, T. Kawa, and M. Kashiwars, Microfunctions
and peends-differential equations, In Komatsu (ed),
Hyperfunctions and pseudo-differential equations, Fro-
ceedings Katata 107T, Lecture Notes in Mathematizs, no.
287, Syringer, 1973, py. 265520,
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More crucially,

Sato didn’t publish papers on “Sato’s conjecture”. His

colleagues (e.g. Kuga) wrote few expository articles.

Sato seemed to dislike number theory although he
made significant contributions to it (e.g. Kuga-Sato,
Sato-Tate, etc).

There is a big “Sato school” at RIMS on algebraic
analysis, microlocalization, D-modules, hyperfunctions,
soliton equations,... etc. Nobody was interested in

number theory as far as I know.
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My Conclusion

e According to the scratch papers, Sato seemed to
consider elliptic modular forms (n-products) also.
e Usually, “Sato-Tate” is a conj for ell curves.
It’s not precise. “Sato-Tate for modular forms”
makes perfect sense (theoretically and historically).
e It is not clear (to me) whether Sato conjectured
“Sato-Tate Conj is true for some ell curves” or
“Sato-Tate Conj is true for all ell curves”.
(We need Gal rep to believe it for all ell curves.)
e Anyway, “Sato-Tate” seems an appropriate name.

Both contributions are big (as well as Serre’s).
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Outline of Proof of Sato-Tate conj

(Oversimplified Exposition)

Idea

e Control the arithmetic of an elliptic curve E via
analytic properties of zeta functions and L-functions
associated to FE.

e Analytic properties of L-functions are established

via the Reciprocity Law (= automorphy of Gal rep).
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Ex. (Hadamard, de la Vallée-Poisson, 1896)
The Riemann zeta function ((s) is holomorphic and
non-vanishing on Re(s) > 1 (except s=1)

= Prime Number Theorem
log N
im (#{p)prime}. 0 ) =1

N —o00

Tate and Serre (1963-68)

defined symmetric power L-functions L(s, E,Sym™)

and proved if L(s, E,Sym™) is holom and non-van
on Re(s) > 1+ 75 (for n > 1),

then ‘“Sato-Tate conj’ is true.
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Symmetric power L-functions
E:y2=a34+ax+b (a,b€Z, 4a3+ 272 £ 0)

non-CM elliptic curve
p+1—#E(F,) = 2,/pcosbp, ap= /pe'r, B, = /pe”

Def.

L 1
Lis, B) 3= 11_9[ (1- Oéppn_s)(l — Bpp~?)

1
L(s, E,Sym") :=
P r=0l—akppFps

(We ignore bad factors, although I Ilke them.

I'm a bad person.)
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Non-abelian CFT = Sato-Tate
(1) L(s, E,Sym") is the L-function ass to
Sym”pg ,: Gal(Q/Q) — GL2(Q) — GL,,41(Qy).
(2) Sym"pg , is irreducible (Serre, 1972).
(3) Non-abelian CFT predicts Sym"pg , is automorphic.

Namely,
L(s+5,Sym"pg ) = L(s + 5, £,Sym™) = L(s, 7)
for a cusp autom rep 7 of GL,1(Ag).

(4) L(s,w) is holom and non-van on Re(s) > 1
(Jacquet-Shalika, 1976/77).
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Breakthrough after 2006

Clozel, Harris, Shepherd-Barron, Taylor.... established

“Potential Automorphy” of Symanjg.
(Automorphy was not yet established.)

Thm (CHSBT, BLGHT,...)
For n > 1, there exists a tot real Gal ext F/Q

s.t. (Sym"pg ¢)|F is automorphic.
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Proof of Potential Automorphy
e Taylor-Wiles-Kisin method (R'¢4 = T),
Modularity (Automorphy) Lifting Thm

“o (mod ¢) : Automorphic = p : Automorphic”
e Cohom of Calabi-Yau var (Dwork families)

Find suff many comp syst of /-adic Gal rep,

and connect “chain of automorphy”.

Potential Automorphy = Sato-Tate — “classical”

e Cyclic base change (Arthur-Clozel)
e Brauer’s induction thm (1946) — He established

meromorphy of Artin L-functions.
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Question
What can we say and can’'t we say about

the Sato-Tate conj over K (K is not nec tot real)?

g What we can’t say...

Descent of Automorphy (7)
L/K : cyclic ext (not nec tot real)
p . ¢-adic Gal rep of K s.t. p|; is abs irred

plr, : Automorphic =r p : Automorphic

cf. [CHT], Lemma 4.2.2 uses [AC], Thm 4.2 (descent

of autom rep) and existence of Gal rep in a crucial way.
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g What we can’t say... (continued)

K : number field (not nec tot real)
FE : non-CM ell curve/K
Potential automorphy of Syman’g does not

seem to imply the Sato-Tate con,j.

According to “Brauer ind argument”, we need “Po-
tential autom & Descent of autom’”:
For n > 1, there exists a tot real Gal ext F/Q

s.t. (Sym"pg ¢)|r is autom for all F/L/Q
(F/L : solvable)

then, the Sato-Tate conj is true for E.
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““ What we can say...
Thm K : number field, £ : non-CM ell curve/K s.t.
(1) K/Q is cyclic or [K : Q] = 3,
(2) j(F) € Q@ (but E might not be defined over Q).
Then, the Sato-Tate conj is true for E/K.

Proof

3 E' over Q s.t. pg, is a quad twist of pp 4|k
L(s,Sym"pp ) = L(s,(SYM"ppr )|k ® X)
= L(s,(Sym"pp ) @ Ind - ,gx)
Use Arthur-Clozel Al (K/Q:cyclic) or JPSS ([K : Q] = 3)
+ [BLGHT] (for £’/Q) 4+ Rankin-Selberg
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Problem Give an example of ell curve E over Q(21/5)

s.t. the Sato-Tate conj is known to hold for E/Q(21/5),

Rem.

Galois closure of @(21/5)/Q Is solvable. (can use BC)
Q(21/5)/Q is not Galois. (BC is not available)

Q(21/5) is neither tot real nor CM. (Constr of Gal rep

iIs not available)
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Outline of the Kanazawa workshop

e Sato-Tate conj and beyond (Barnet-Lamb, Gee)
e p-adic modular forms (‘Hida families’)
and arith applications (Geraghty, Loeffler, Sasaki)
e Autom Rep and applications (Ichino, Abe, Shin)
e Cohom, Arith Geom, Shim var (Lan, Harashita, Mieda)
e Iwasawa theory and applications (Pottharst, Ohshita)
e p-adic Langlands (Imai), Bhargava’s work (Taniguchi)
(— New density thm, Counting wt 1 mod forms)
Top modular forms (Zakharevich)
e Hyperspecial talk (Yoshida — TBA)

68



Finally,

69



Thank you very much for your attention!

Enjoy Kanazawa and the Kanazawa
workshop!
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