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F/Q : finite abelian extension

OF : the ring of algebraic integers of F

• Kn(OF ) (n ≥ 0)

• H i(OF , Zp(n)) := H i
ét(Spec(OF [1/p]), Zp(n))

(i = 0, 1, 2, n ∈ Z)

' H i(GΣ(F ), Zp(n)) (:= lim←−H i(GΣ(F ), Z/pmZ(n)))

Σ : all Archimedean primes & primes above p

FΣ/F : the maximal algebraic Σ-ramified extension

GΣ(F ) : =Gal(FΣ/F )
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p: odd prime number

Conjecture (Quillen-Lichtenbaum) n ≥ 1

p-adic Chern class maps :

K2n+1(OF ) ⊗Z Zp −→ H1(OF , Zp(n + 1))

K2n(OF ) ⊗Z Zp −→ H2(OF , Zp(n + 1))

are isomorphisms.

Remarks

• surjectivity & finite kernel
[Soulé(1 ≤ n ≤ p−1), Dwyer and Friedlander (n ≥ 1))]

• K: totally imaginary field & p = 2 [Kahn]
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§ Lemmas on H i (i = 1, 2)

frZpH
i(OF , Zp(n)) := H i(OF , Zp(n))/torZpH

i(OF , Zp(n))

F∞ := F (µp∞)

G∞ :=Gal(F∞/F )

wn(F ) :=max{N | Gal(F (µN)/F )n = {1}} (n 6= 0)

wn(F ) =
∏

p w
(p)
n (F )

A′
m := p-part of the Σ-class groups of Fm := F (µpm+1)

X ′ := lim←−A′
m
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Lemma (H1) n 6= 0

(1) torZpH
1(OF , Zp(n)) ' Qp/Zp(n)G∞ ' µ⊗n

w
(p)
n (F )

(2) frZpH
1(OF , Zp(n)) ' Hom(GΣ(F∞)ab⊗Zp, Zp(n))G∞

Lemma (H2) n 6= 1

loc2

0 → X ′(n − 1)G∞ → H2(OF , Zp(n)) →

∏
p|p µ⊗1−n

w
(p)
1−n(Fp)

µ⊗1−n

w
(p)
1−n(F )

∨

→ 0

• (∗)∨ :=Hom(∗, Qp/Zp)

• loc2 : H2(GΣ(F ), Zp(n)) →
∏

p|p H2(GFp, Zp(n))

Keys of the Proofs

Duality & Long exact sequence of Poitou-Tate. ¤
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§ K-groups and cyclotomic Zp-extensions

F : totally real number field

Fm := F (µpm+1), F∞ := F (µp∞)

∆ :=Gal(F0/F ), Γm :=Gal(Fm/F0), Γ :=Gal(F∞/F0)

Gm :=Gal(Fm/F ) ' ∆ × Γm

G∞ :=Gal(F∞/F ) ' ∆ × Γ

• κ̃ : G∞ → Z×
p cyclotomic character

i.e. ζτ = ζ κ̃(τ) for ∀τ ∈ G∞, ∀ζ ∈ µp∞

•
Ĝ∞ ' ∆̂ × Γ̂

κ̃ = ω × κ
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• For even character χ ∈ Ĝm, ∃Lp(χ, s)

s.t. Lp(χ, 1−n) = L(χω−n, 1−n)
∏

p|p(1−χω−n(p)N(p)n−1))

for all integers n ≥ 1

6= 0

Conjecture (Lp) Lp(χ, 1 − n) 6= 0

for all even cheracters χ ∈ Ĝm and integers n ≤ 0.

• di(n) := rankZpH
i(OFm, Zp(n)) = corankZpH

i(OFm, Qp/Zp(n))

Conjecture (d2)) d2(n) = 0 (n 6= 1)

Conjecture (d1) d1(n) =

 [Fm : Q]/2 (n 6= 0, 1)

[Fm : Q]/2 + 1 (n = 0)
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Remarks

• d2(1) = ]{p | p|p} − 1, d1(1) = d2(1) + [Fm : Q]/2

• Finiteness of even-numbered K-groups ⇒ d2(n) = 0
(n ≥ 2)

• Conjecture (Lp) + µ = 0

⇒ Conjecture (d2) ⇔ Conjecture (d1)
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Conjecture m ≥ 0, n ≥ 2 : integers.

For all integers j,

(K2n−2(Z[µpm+1]) ⊗Z Zp)
ωj '


0 if n ≡\ j (mod 2) or n ≡ j (mod p − 1),(
Λ/(fωn−j , g

(m)
1−n)eωj−n+1

)
(n − 1) otherwise.

(K2n−1(Z[µpm+1]) ⊗Z Zp)
ωj '


µ⊗n

Dp,n,j
if n ≡ j (mod 2),

HomZp(Λ/(g
(m)
n )eωn−j , Zp(n)) otherwise.

• g
(m)
n = γpm − κn(γpm

) ∈ Λ := Zp[Γ]

• Np,n,j, Dp,n,j: the power of p such that∏
ψ∈Γ̂m

Lp(1 − n, ωn−jψ) =
Np,n,j

Dp,n,j
∈ Qp

(Np,n,j,Dp,n,j ∈ Zp, vp(Np,n,j) = 0 or vp(Dp,n,j) = 0,

Np,n,j ∼p Np,n,j and Dp,n,j ∼p Dp,n,j )

• fωn−j ∈ Λ ' Zp[[T ]] such that

fωn−j((1 + p)s − 1) = Lp(s, ω
n−j)
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§ Brumer conjecture and Coates-Sinnott conjecture

F : totally real number field

K/F : finite abelian extension

G :=Gal(K/F )

S : finite set of primes of F containing
all Archimedean primes & primes which ramify in K

Definition (Partial zeta function) For σ ∈ G,

ζF,S(σ, s) =
∑

(a,K/F )=σ
a is prime to S

Na−s (Re(s) > 1).

Theorem [Klingen and Siegel] For all integers n ≥ 0,

ζF,S(σ,−n) ∈ Q.

Definition (Higer Stickelberger elements)

For an integer n ≥ 0,

θS(n) =
∑
σ∈G

ζF,S(σ,−n)σ−1 ∈ Q[G].
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Theorem (Integrality)

[Iwasawa, Coates, Sinnott,
Cassou-Noguès, Deligne and Ribet]

For all integers n ≥ 0,

annZ[G](µ
⊗n+1
wn+1(K)) θS(n) ⊆ Z[G].

Lemma n ≥ 0

annZ[G](µ
⊗n+1
wn+1(K)) =

〈Nan+1−(a, K/F ) | integral ideals a prime to S and wn+1(K)〉Z[G].

• (Nan+1 − (a, K/F ))θS(n) =
∑

σ∈G δn+1(σ, a)σ−1,

where δn+1(σ, a) = Nan+1ζF,S(σ,−n)−ζF,S(σ(a, K/F ),−n).

Then Theorem (Integrality) ⇒ δn+1(σ, a) ∈ Z.
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Theorem (Congruence)

[Iwasawa, Coates, Sinnott, Doligne and Ribet]

Assume S contains all primes above p.

δn+1(σ, a) ≡ (Nbσa)nδ1(σ, a) mod wn(K)Zp

where bσ is an integral ideal of F s.t. (bσ, K/F ) = σ.

Theorem [Coates]

Theorem (Integrality) + Theorem (Congruence)

⇒ p-adic L-function exsists.
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Conjecture (Brumer)

annZ[G](µK) θS(0) ⊆ annZ[G](ClK).

Conjecture (Brumer-p)) p : prime number.

annZp[G](µK ⊗Z Zp) θS(0) ⊆ annZp[G](ClK ⊗Z Zp).

Remarks

• Conjecture (Brumer) F = Q [Stickelberger].

• Conjecture (Brumer-p) CM fields K such that
p - [K : F ] [Wiles]

• Conjecture (Brumer-p) CM fields K under some
assumptions including a condition on the µ-invariant.
[Greither]

13



Conjecture (Coates-Sinnott) n ≥ 1 : integer

(1) annZ[G](torZ(K2n+1(OK))) θS(n) ⊆ Z[G]

(2) annZ[G](torZ(K2n+1(OK))) θS(n) ⊆ annZ[G](K2n(OK))

Conjecuture (Coates-Sinnott-p)

p: prime number, n ≥ 1: integer

(1) annZp[G](torZp(K2n+1(OK) ⊗Z Zp)) θS(n) ⊆ Zp[G]

(2) annZp[G](torZp(K2n+1(OK) ⊗Z Zp)) θS(n)
⊆ annZp[G](K2n(OK)⊗Z Zp)

Remarks

• Conjecture (Quillen-Lichtenbaum)
+

Lemma (H1)
+

Theorem (Integrality)

⇓

Conjecture (Coates-Sinnott-p) (1)
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• In cases F = Q and finite abelian extensions K/Q

For n = 1 and odd prime numbers p [Coates and Sinnott]

For integers n and odd prime numbers p
(under Conjecture(Q-L)) [Nguyen Quang Do]

For all results below, assume Conjecture(Q-L)

• In cases finite abelian extensions K/F of totally real
fields both F and K

For even integers n and odd prime numbers p under some
assumption on the µ-invariant [Nguyen Quang Do]

• In cases finite abelian extensions K/F of totally real
fields F and CM fields K

For odd prime numbers p under some assumptions
[Burns and Greither]

For odd integers n and odd prime numbers p

such that p - n[K : F ]

∏
v|p w

(p)
n (Kv)

w
(p)
n (K)

[Banaszak]
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Theorem p : odd prime number

Assume:

I. Conjecture (Quillen-Lichtenbaum).
II. S contains all primes above p.
III. Conjecture (Brumer-p) for Km/F (Km = K(µpm+1))

with sufficiently large m.

IV.

∏
v|p w

(p)
n (Kv)

w
(p)
n (K)

= 1.

Then, Conjecture (Coates-Sinnott-p) is true.

Remarks on the condition IV

• In particular, the condition IV holds in the following cases
・ p does not ramify in K and (p − 1) - n.
・ p does not split in K∞.

• The condition yields that the localization map :

H2
ét(Spec(OK[1/p]), Zp(n + 1)) → ⊕v|pH

2(Kv, Zp(n + 1))

is a zero map.
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Outline of the proof

Proposition Assume condition II. For all integers m,n ≥
0 and integral ideals a which are coprime to S,

(Nan+1 − (a, Km/F ))
∑

σ∈Gm

ζF,S(σ,−n)σ−1

≡ (Nan+1−(a, Km/F ))
∑

σ∈Gm

ζF,S(σ, 0)κm(σ)nσ−1 (mod pm+1Zp).

(Proof: Use Theorem (Congruence))

By Condition I and IV,

K2n(OK) ⊗Z Zp ' H2(OK, Zp(n + 1))

' X ′(n)Gal(K∞/K)

' X ′/IX ′(n)

where I = 〈σ − κ−n(σ) | σ ∈ Gal(K∞/K)〉.

Coose m ≥ 0 satisfying the following conditions:

・ |X ′/IX ′| ≤ pm+1

・ All ramified primes in K∞/Km are totally ramified.
・νm,e(X

′/IX ′) = 0 (νm,e = 1+γpe
+γ2pe

+· · ·+γpm−pe
)
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Put ζ = ζpm+1.

For a ⊗ ζ⊗n ∈ (X ′/IX ′)(n) = (X ′/IX ′) ⊗ µ⊗n
pm+1,

(Nan+1 − (a, K/F ))θS(n) (a ⊗ ζ⊗n)

= (Nan+1 − (a, Km/F ))
∑

σ∈Gm
ζF,S(σ,−n)σ−1 (a ⊗ ζ⊗n)

= (Nan+1 − (a, Km/F ))
∑

σ∈Gm
ζF,S(σ, 0)κm(σ)nσ−1 (a ⊗ ζ⊗n)

= {Nan(Na − (a, Km/F ))
∑

σ∈Gm
ζF,S(σ, 0)σ−1a} ⊗ ζ⊗n

= 0. ¤
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講演後日付記

(1)　 p8の

Conjecture (Lp) + µ = 0

⇒ Conjecture (d2) ⇔ Conjecture (d1)

で, µ = 0 (岩澤主予想が解かれているので, 代数的サイド・解析的サイド, 同一の µ) が当日の講演
で抜けていました. お詫び申し上げます.

(2) p5 Lemma (H1)(H2)　（参考文献：[S] +少しの計算)

(3) p7 Conjecture (Lp) 参考文献：
・ [KNF] p687 Conjecture (Dk) + µ = 0 ⇒ Conjecture (Lp).

(4) p7 Conjecture (d2) 参考文献：
・ [KNF] p683 p683 Conjecture (Cm)
・ [CL] p521 Conjecture 3.1

(5) p8 Conjecture(d2) ⇔ Conjecture(d1) (参考文献：[S] p192 Satz 6)

(6) p9 Conjecture (参考文献 [A1])

(7) p12 Theorem [Coates] (参考文献：[C] p319 Theorem 4.4)

(8) § Brumer conjecture and Coates-Sinnott conjecture 全般 (参考文献：[A2])
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formulas, and the Lichtenbaum conjectures, Duke Math. J. 84 (1996), 679-717.
[S] P. Schneider, ‘Über gewisse Galoiscohomologiegruppen’, Math. Z. 168 (1979) 181-205.
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