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F/Q : finite abelian extension

Opr : the ring of algebraic integers of F

e K,(Op) (n>0)

o Hi(Op, Z,(n)) = Hi(Spec(Or[1/p]), Z,(n))
(2=0,1,2, neZ)

~ H/(Gs(F), Zy(n)) (:=lim H'(Gs(F), Z/p"Z(n))

> . all Archimedean primes & primes above p

Fy/F : the maximal algebraic ¥-ramified extension

Gy (F) : =Gal(Fy/F)



p: odd prime number

Conjecture (Quillen-Lichtenbaum) | n > 1

p-adic Chern class maps :
K3011(OF) ®2 Zy — H'(OF, Zy(n + 1))
K5,(Op) @72, — H*(Op,Z,(n + 1))

are isomorphisms.

Remarks

e surjectivity & finite kernel
[Soulé(1 < n < p—1), Dwyer and Friedlander (n > 1))]

e K: totally imaginary field & p=2 [Kahn]



§ Lemmas on H' (i =1,2)
frz, H(Op, Zy(n)) == H(Op, Zy(n))/torz, H(Op, Zy(n))

Foo := F(pp)

Goo =Cal(Fo/F)

w,(F) =max{N | Gal(F(u)/F)" = {1}} (n #0)

wa(F) =TT, w!’(F)

Aj, = p-part of the X-class groups of F},, := F'(ft,m+1)

X" =lim Al
—



Lemma (H'Y)| n#0

(1) torz, H'(Op, Zy(n)) = Qu/Z,(n) = %,

(2) frz, H(OF, Zy(n)) = Hom(Gs(Fu )" ®Zy, Zy(n))*

Lemma (H?)| n#1

0— X'(n—1)¢g, — HQ(OF,Zp(n)) —

o (x)' :=Hom(x,Q,/Z,)

o locy : H*(Gx(F), Zy(n)) — 1, H(GR,, Zy(n))

Keys of the Proofs

Duality & Long exact sequence of Poitou-Tate. L[]



§ K-groups and cyclotomic Z,-extensions

F': totally real number field

Fry = F(pym), Foo = F(pp)

A =Gal(Fy/F), [ =Gal(Fy,/ Fo), [ =Gal(F/Fp)
G =Gal(F,/F) ~ A x T,

Go =Gal(F/F) ~ A X T

e r: Gy — Z,; cyclotomic character

ie. ("= forVr e Gy, VC € JUs
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e For even character y € G, IL,(x, s)

st. Ly(x,1—n) = L(xw™",1—n) Hp‘pﬂ—XW_n(p)N(P)n_l))

for all integers n > 1

# 0

Conjecture (L,)| Ly(x,1—mn)#0

for all even cheracters x € ij and integers n < 0.

o di(n) .= ranky H'(OF,,, Zy(n)) = corankg, H'(OF,,, Q,/Z,(n))

Conjecture (dz))| dao(n) =0 (n#1)

[FmQ]/Q (n#():l)

Fr:Ql/24+1 (n=0)

Conjecture (dy)| di(n) =




Remarks

o do(l)={p|plp} —1, di(1)=da(1)+[F}: Q]/2

e Finiteness of even-numbered K-groups = dy(n) =0
(n = 2)

e | Conjecture (L,)|+ =0

= | Conjecture (ds)| < |Conjecture (d;)




Conjecture] m > 0, n > 2 : integers.

For all integers 7,

0 ifn=xj (mod2)orn=j (modp—1),
(KQn_2(Z[ILme+1]> X7 ZZD)W] ~
(A/ (fon—i g%ﬁlq)l)ewj—n—kl) (n — 1) otherwise.

M%Z,n,j ifn=j (mod 2),

Homgz, (A/ (gq(lm))ewn—j, Zy(n))  otherwise.

o g =" — k(") € A =17,

® Nynj, Dyy i the power of p such that

H Ly(1—n,w" ) = gﬂ c Q,

= ,TL, '
bel,, p,n,j

<N;9,n,j s Dpinj € Ly, Up(N}?,n,j) =0 or Upa)p,n,j) =0,
Npnj ~p Npnj and Dy i ~~p Dy j )

o f.n€AN~Z,)T] such that
fur-i((14p)" = 1) = Ly(s,w"™)
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§ Brumer conjecture and Coates-Sinnott conjecture
F': totally real number field

K/F : finite abelian extension

G =Gal(K/F)

S : finite set of primes of F' containing
all Archimedean primes & primes which ramify in K

Definition (Partial zeta function)| For o € G,

Crs(o,s) = Z Na™® (Re(s) > 1).

aK/F
a is prime to S

Theorem | [Klingen and Siegel] For all integers n > 0,

CF,S(O'a —n) c Q

Definition (Higer Stickelberger elements)

For an integer n > 0,

=Y (pslo,—n)o™' € Q[A].
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Theorem (Integrality)

[Twasawa, Coates, Sinnott,
Cassou-Nogues, Deligne and Ribet]

For all integers n > 0,

annZ[G](,ufi’:il(K)) 0s(n) C Z|G].

Lemmal| n > 0

annz(G) Ky (1)) =

(Na""'—(a, K/F) | integral ideals a prime to S and wy41(K))zq).

o (Na'*! = (a,K/F))fs(n) = ¥ 0r(o,@)o",

where 0,1 1(0, a) = Na""'(rs(0, —n)—Crs(o(a, K/F), —n).

Then |Theorem (Integrality)| = 6,.1(0,a) € Z.
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Theorem (Congruence)

[Iwasawa, Coates, Sinnott, Doligne and Ribet]

Assume S contains all primes above p.

Ont1(o,a) = (Nbya)"01(0,a) mod w,(K)Z,

where b, is an integral ideal of F s.t. (b,, K/F) = 0.

Theorem| [Coates]

Theorem (Integrality) + Theorem (Congruence)

= p-adic L-function exsists.
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Conjecture (Brumer)

anng g (i) 0s(0) € anng g (Clg).

Conjecture (Brumer-p))| p : prime number.

anng, (q) (i @z Zy) 05(0)  C anng, 1q(Cly ®z Z,).

Remarks

e Conjecture (Brumer) F' = Q [Stickelberger].

e Conjecture (Brumer-p) CM fields K such that
p1[K : F| [Wiles]

e Conjecture (Brumer-p) CM fields K under some
assumptions including a condition on the p-invariant.

|Greither]
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Conjecture (Coates-Sinnott)] n > 1 : integer

(1) annge (torz(K2,41(Ok))) 0s(n) < Z|G]

(2) anng;q(torz(Kon11(Ok))) 0s(n) C annge(Kon(Ok))

Conjecuture (Coates-Sinnott-p)

p: prime number, n > 1: integer
(1) anng, g)(torz, (K2n+1(Ok) ®z Zy)) Os(n) C Z,|G]

(2) anngz, q (torz, (K2,41(Ok) ®@z Zy)) 0s(n)
C anng, (g)(K2.(Ok) ®22Z,)

Remarks

e | Conjecture (Quillen-Lichtenbaum)
_I_
Lemma (H?)
+
Theorem (Integrality)

4

Conjecture (Coates-Sinnott-p) (1)
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e In cases F' = QQ and finite abelian extensions K /Q
For n = 1 and odd prime numbers p [Coates and Sinnott]
For integers n and odd prime numbers p

(under Conjecture(Q-L)) [Nguyen Quang Do]

For all results below, assume Conjecture(Q-L)

e In cases finite abelian extensions K/F' of totally real

fields both F' and K

For even integers n and odd prime numbers p under some
assumption on the p-invariant [Nguyen Quang Dol

e In cases finite abelian extensions K/F' of totally real
fields F' and CM fields K

For odd prime numbers p under some assumptions
[Burns and Greither]

For odd integers n and odd prime numbers p
Hv\p wép) (KU>

such that p{ n[K : F]
wgp)(K)

[Banaszak]
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Theorem| p : odd prime number

Assume:

[. Conjecture (Quillen-Lichtenbaum).
II. S contains all primes above p.

[11. Conjecture (Brumer-p) for K,/ F (K, = K (jt,m+1))
with sufficiently large m.

Hv|p w7(1p) <Kv>
wd (K)
Then, Conjecture (Coates-Sinnott-p) is true.

IV. = 1.

Remarks on the condition IV

e [n particular, the condition IV holds in the following cases
[0 p does not ramify in K and (p — 1) 1 n.
[0 p does not split in K.

e The condition yields that the localization map :
Hz(Spec(Ok[1/p]), Zy(n + 1)) — @, H (K, Zy(n + 1))

IS a zero map.
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Outline of the proof

Proposition| Assume condition II. For all integers m,n >

0 and integral ideals a which are coprime to S,

(Na"' — (a, Kpn/F)) Y (pslo,—n)o!

c€Gm

= (Na""'—(a, K,/ F)) Z (rs(o,0)km(0) o™ (mod p"t17Z,).

oeGp,

(Proof: Use Theorem (Congruence))

By Condition I and IV,
K5 (Ok) ®2, Ly = H*(Ok, Zy(n + 1))
~ X'(n)Gal(Koo/K)
~ X'/IX'(n)
where [ = (0 — k7"(0) | 0 € Gal(K«/K)).

Coose m > 0 satistying the following conditions:

O | X'/IX'| < pmtt
[0 All ramified primes in K,/ K,, are totally ramified.
O Vo X' JIX) =0 (Ve = 1447 +4% 4o py?" P
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Put C — Cpm+1.

For a® ¢®" € (X'/IX")(n) = (X'/IX") © i,
(Na""h = (a, K/F))fs(n) (a ® (")
= (Na"™ = (a, K/ F)) > eq,, Crslo, —n)o ™ (a® C*7)
= (Na"™ — (0, K/ F)) 25, Crs(0, 0)rm(0)"0 " (a @ (*7)

= {Na"(Na = (a, Kun/F)) Y seq,, Crs(o,0)0a} @ ("

= 0. []
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gooooo

(1)0 p8 O

Conjecture (L) || + ‘u =0 ‘

= | Conjecture (d2) | < | Conjecture (d;)

D,‘,u:O ‘(DDDDDDDDDDDDDD,DDDDDDDDDDDDD,DDD pw) 000000
gobooobooo.oboobooboon.

(2) p5 Lemma (H')(H?)DOODOOOO[S] +00000)

(3) p7 Conjecture (L,) 00000
0 [KNF] p687 Conjecture (Dy) + || 1 = 0| = Conjecture (Ly).

(4) p7 Conjecture (d2) DO O OO
0 [KNF] p683 p683 Conjecture (Cp,)
O [CL] p521 Conjecture 3.1

(5) p8 | Conjecture(ds) | < | Conjecture(d;) | (0 O O OO [S] p192 Satz 6)

(6) p9 ‘Conjecture‘ (0000 [A1])

(7) p12 [Coates] (00000 [C] p319 Theorem 4.4)

(8) § Brumer conjecture and Coates-Sinnott conjecture 0 0 (00 00O [A2])
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