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UNSTABLE PSEUDO-ISOTOPIES OF SPHERICAL
3-MANIFOLDS

YUJI OHTA AND TADAYUKI WATANABE

ABSTRACT. In our previous works, we constructed diffeomorphisms of compact
4-manifolds X by surgeries on theta-graphs embedded in X. In this paper,
we consider the case X = M x I, where M is a spherical 3-manifold. For
some of such X, we compute lower bounds of the ranks of the abelian groups
woDiff (X, 0). We study the behavior of the elements constructed by theta-
graph surgery under the suspension functor in stable pseudo-isotopy theory,
and their triviality in the space of block diffeomorphisms.

1. Introduction

For a finite group 7, let (7 X 7) X Zs be the semidirect prodct of 7 x 7 and Zy with
respect to the homomorphism v: Zo = {1,7} — Aut(w x 7); 7 — ((x,y) — (y,2)).
For a left (7w x 7) X Zga-module W, let

JZ{(SVEH(W) — HO((Tr 5 7T) “ ZQ;/\B W) _ (/\3 W)(Trxw)%Zz,

TXT) XL
)

AW := HO((r x 7) x Z; Sym® W) = (Sym? W)
where we take the invariant parts. One can take W = C[r], which is both a left
7 x m-module by (g, h) -z — gzh~!, and a Zs-module by the involution z ®y ® z
r 1@y '@zt (2,y,2 € 7). Also, one can take W = Ker ¢ for the augmentation
map ¢ : C[n] — C, which is a (7 X 7) x Zg-submodule of C[r]. The definitions of
the @g-spaces are motivated by the space of m-decorated 2-loop graphs in [GL].
Let Diffy(X, 9) denote the subgroup of Diff (X, 9) of diffeomorphisms homotopic to
the identity. In this paper, we consider the 4-manifold X = M x I, where M is a
spherical (or elliptic) 3-manifold, i.e. M = S3/T for a finite subgroup I' C SO(4)
acting freely on S3 (e.g., [Sa, §1.2.1]). The following theorem is essentially given in
[Wal, Proposition 7.1 and Remark 7.2].

Theorem 1.1. Let M be a spherical 3-manifold, m = 71 M, and let X = M xI. Let
W be a C[(m X ) x Zs|-module satisfying Assumption 2.2. Then a homomorphism

2§ To(X) ® C — A5 (W)

from a certain subgroup To(X) of m BDiffo(X, 9) is defined, and if W = Kere, it
18 surjective. Hence we have

dim mDiff (X, 0) ® Q > dim /57" (Kere).
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Note that for X = M x I, the group Diff (X, 9) is homotopy commutative ([ABK,
2.6.1 Lemma]) and hence moDiff(X, ) is abelian. Theorem 1.1 can be obtained by
modifying a few points (§2 and §3 below) in [Wal, Proposition 7.1 and Remark 7.2],
where we defined an invariant of diffeomorphisms of X with certain structures by
a method similar to [Mar, Les1, Les2] (“equivariant triple intersection” in a config-
uration space). The aim of this paper is to give some examples of computations of
the lower bound in Theorem 1.1.

The lower bound dim #7§""(Kere) of Theorem 1.1 can be computed by simple
calculations. We give a few examples: the Poincaré homology sphere (2, 3,5) and
the lens spaces L(n,q). It is known that m1%(2,3,5) is isomorphic to SLa(F5),
which is also known as the binary icosahedral group, and 71 L(n, q) &£ Z,, (e.g., [Sa,
§1.1.2, §1.2.1]).

Proposition 1.2 (Poincaré homology sphere, Proposition 4.4). When m = SLa(F5),
we have the following.

(1) dim @8 (Kere) = dim /5" (C[r]) = 27.

(2) dim 2834 (Kere) = 56, dim «/34(C[r]) = 65

The case of lens spaces can be computed by a more elementary method.

Proposition 1.3 (Lens spaces, Proposition 5.2). Let 7 = Z,, (n > 1), and for
an integer m > 0, let p3(m) be the number of partitions of m into at most three
parts, namely, the number of integer solutions of the equation x +y + z = m
O0<zx<y<z) Wesetps(m)=0 form <0. Then we have the following.

(1) dim @349 (C[n]) = ps(n).

(2) dim &g (Clr]) = pa(n — 6).
(3) dim @344 (Kere) = p3(n — 3).
(4) dim §""(Kere) = dim #§"*"(Cln]) = p3(n — 6).

The following is a table of the values of the dimensions of 7 oven/ °44(C[x]) and
,Q/(Sven/"dd (Kere) for n < 15. It is known that p3(m) (m > 0) is the nearest integer
to 3% (6o [AK, Ch. 6]).

n 1 23 45 6 7 8 9 10 11 12 13 14 15
dim#(Clr]) |1 2 3 4 5 7 8 10 12 14 16 19 21 24 27
dim#$**(C[x]) [0 0 0 0 0 1 1 2 3 4 5 7 8 10 12
dim 44 (Kere) [0 0 1 1 2 3 4 5 7 8 10 12 14 16 19
dim #§"*(Kere) [0 0 0 0 0 1 1 2 3 4 5 7 8 10 12

Although the results for /3¢ are not used in this paper, we think these would
be useful to study finite type invariants of 3-manifolds in [GL].

Let C(M) = Diff (M x I, M x {0} UOM x I), the group of diffeomorphisms of
M x I pointwise fixing M x {0} UdM x I, equiped with the C*-topology. An
element of C(M) is called a pseudo-isotopy or a concordance of M. Pseudo-isotopy
theory (e.g., [Ce, HW, Igl]) studies the topology of C(M), which is related to the
diffeomorphism groups via the following fiber sequence

(1.1) Diff (M x I,0) — C(M) 5 Diff (M),
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where 7 is the restriction to M x {1}. For most 3-manifolds M, the left map in
this sequence induces a map between 7y which is close to an isomorphism, in the

sense that m;Diff (M) is small in many cases (generalized Smale conjecture, e.g.,
[Hat, Ga, HKMR, BK]).

Corollary 1.4. We have the following inequalities.
(1) dim7mC(3(2,3,5)) ® Q > 27.
(2) dimmC(%(2,3,5) x ) @ Q > 27.
(3) dimmoC(L(n,q) x I) ® Q > p3(n — 6).

Proof. For (1), since Diff(X(2,3,5)) ~ Isom(X(2,3,5)) = SO(3) by [BK], and
m0S0(3) = 0, the natural map moDiff(2(2,3,5) x I,9) — mC(2(2,3,5)) from
(1.1) is surjective, and the image is abelian, too. Moreover, its kernel is the image
from m1.S0(3) = Zz. Hence we have an isomorphism moDiff (¥(2,3,5) x I,0) @ Q &
m0C(2(2,3,5)) ® Q. Then the result follows by Theorem 1.1 and Proposition 4.4.

For (2) and (3), we use the fact that theta-graph surgeries that are detected
by Zg" lifts to m BC(M x I) ([BW, Theorem 1.3]). Then the results follow by
Theorem 1.1 and Propositions 4.4, 5.2. g

We compare our nontrivial subgroup in moC'(M x I) with Hatcher—Wagoner’s
stable pseudo-isotopy theory P(M x I) = colim C(M x IV) ([HW], see also [Igl]),
where the colimit is taken with respect to the “suspension functor” o: C(X) —
C(X xI) ([HW, Ch1-85]). In [Ig2], the following commutative diagram is considered
for dim X = 4:

7"—O@()() FQC(X)

| |

Whi (11 X;Zs ® m9X) — 1o P(X) — Wha(m X) —= 0

where the bottom horizontal line is exact (by [HW]) and 2(X) is the space of
“lens-space models” for pseudo-isotopies of X ([Ig2, Definition 1.4]). In recent
works of K. Igusa ([Igl, Ig2]) and O. Singh ([Si]), many nontrivial elements of
moC(X) for some 4-manifolds X with 72X # 0 are found, by realizing elements of
Whi (71 X;Zy @72 X) by explicit 1-parameter families in 2(X) of 2,3-handle pairs.
Their nontrivial elements are also nontrivial in 7y P(X).

We see that our theta-graph surgery behaves differently.

Theorem 1.5. Let M be a spherical 3-manifold.

(1) Theta-graph surgery gives elements of moC (M x I) that lift to mo2(M x I).
(2) moC(M x I) includes a free abelian subgroup of rank dim /5" (Kere) that
is included in the kernel of moC(M x I) — moP(M x I).

Proof. (1) follows from [Wal, §8], which uses a result of [BW]. Then (2) follows
since mo(M X I) = oM =0, m (M x I) = m M, and

Whi (m1 M Zy) = €D Zo,
c—1

where ¢ is the number of conjugacy classes of elements of m M ([Ig2, p.3]). O
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Remark 1.6. The subgroup of Theorem 1.5 (2) is of finite index (= 2°71) in the
free abelian subgroup of rank dim ./5"*"(Kere) generated by theta-graph surgery.
This restriction to the smaller subgroup would be unnecessary since Theorem 1.5
(2) could also be proved by directly evaluating the homomorphism \: 1o Z(X) —
Whi (71 X;Zy) for the 1-parameter family of the attaching 2-spheres of the 3-
handles in [Wal, §8] obtained from theta-graph surgery.

There is a similar result for the space CT°P(M) of topological pseudo-isotopies
by Kwasik and Schultz [KS, Theorem 1] giving nontrivial unstable elements of
7oCT°P (M) for certain 3-manifolds M.

Let ]SEF(M) be the space of block diffeomorphisms of M (see e.g., [HLLRW]).
In [Hat3, Propopsition 2.1], Hatcher constructed a spectral sequence with E;q =

wgC(M x IP) converging to mp4qt1 (]SEE(M)/lef(M)) In particular,
m (Diff (M) /Diff (M) = E3y = Egy/0.(Ely) = mC(M)/8,(mC(M x I)),

where §: C(M x I) — C(M) is defined by 6(f) = f|amrxrx{1}- Similar identity for
the topological case was considered in [KS, p.874]. Since the elements of moC(M)
constructed by theta-graph surgery are in the image of . ([BW, Theorem 1.3]), we
have the following.

Proposition 1.7. Let M be a spherical 3-manifold. The elements of moC(M)
constructed by theta-graph surgery are trivial in m (Diff (M) /Diff (M)).

This shows that theta-graph surgery is not like the unstable elements of
moCT°P(M) detected in [KS], where the nontrivial elements are detected in

w1 (Top(M)/Top(M)).

Acknowledgments. TW thanks Y. Nozaki, T. Sakasai for information about soft-
ware. We thank E. Matsuhashi for his support. This work was partially supported
by JSPS Grant-in-Aid for Scientific Research 20K03594 and 21K03225, and by
RIMS, Kyoto University.

2. Twisted homology of configuration space

In this and the next section, we check Theorem 1.1. We use a slightly generalized
version of the invariant Zg"*" of [Wal] for more general local coefficient system W
(Lemma 2.3). To define Zg*", we need “propagators” in a family of configuration
spaces of two points on X = M x I. Now we check that a propagator exists for

more general coefficients .

2.1. Acyclic complex. Suppose that M is a spherical 3-manifold. Let m# = m M,
and let A be a non-trivial irreducible Cr-module. The homology of M with twisted
coefficient A is defined by

H,(M; A) = H(S,.(M) ®@cx A),
where M is the universal cover of M , 9% (+) is the C-complex of singular chains.

Lemma 2.1. H,(M;A) =0.
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Proof. Since 7 is finite, Cr is semisimple in the sense of [CE, §I.4] by Maschke’s
theorem and we have H!(m; A) = 0 (Theorem VI1.16.6 and Lemma VI.16.7 of [HS]).
By the universal coefficient theorem, which is valid if the ring is hereditary (e.g.,
Cr for 7 finite), the sequence
0 — Bxtg, (Hi_1(C), A) — H'(Home,(C, A)) — Home, (H;(C), A) — 0

is exact for C = S,(53;C) (as a Cr-module) and any Cr-module A (e.g., [CE,
Theorem VI.3.3]). Hence we have

H3(M; A) = Homc, (C, A) = HO(; A) = A",

H?*(M;A) =0,

H'(M; A) = Extg, (C,A) = H'(m; A) =0,

H°(M; A) = Homc, (C, A) = HO(1; A) = A™.
Since A is a non-trivial irreducible Cr-module, we have A™ = 0. Then by Poincaré

duality (e.g., [Hat2, §3.H], [Hatt, Theorem 7.17] etc.), we also have H,.(M;A) =
0. 0

2.2. Propagator for spherical 3-manifolds M. Let Aj; be the diagonal of
M x M. The configuration space of two points of M is

Confay(M) = M x M — Ay
The Fulton-MacPherson compactification of Confy(M) is
Confy(M) = Bla,, (M x M).

We idenfity the boundary dConfs (M), which is the unit normal sphere bundle
of Apy € M x M, with ST(M), the unit tangent sphere bundle. We make the
following assumption.

Assumption 2.2. A 7 x m-module W satisfies the following conditions:

(1) H.((M x M;W) =0.

(2) There are elements ey, ..., ej, € W on which 7 x 7 acts trivially such that
H.(Ap; W) = H,(M;C)®", which is generated over C by [* @ el;;] and
M@el] (i=1,...,r).

For a non-trivial irreducible w-module A, let A X A* denote the pullback of the

local coefficient system A K¢ A* on M x M to Confy(M). We denote by A @ A*
the restriction of AKX A* to dConfa (M), on which 7 acts diagonally.

Lemma 2.3. The following m X w-modules W satisfy Assumption 2.2.
(1) W=AK A*.
(2) W =6P,(A; R A}), where A; is a non-trivial irreducible m-module.
(3) W =Kere, where e: Cm — C is the augmentation map.

Proof. That (1) satisfies Assumption 2.2 follows from Lemma 2.1 and the Kiinneth
formula for Cr-modules. The case (2) follows from (1) and

H, (M x M;@,(A; WA})) =@, H. (M x M; A; K AY),

Ho(An; D (Ai ® A7) = D, Hu(Ans Ai @ AT).
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The case (3) follows from the 7 x m-module decomposition
(2.1) Cr = @) End(4;), Kere= ) End(4;) = @ (4; K A7),
i i#[1] i#[1]
(e.g., [FH, Proposition 3.29]) where i is taken over the conjugacy classes in 7, and
from (2). O
Lemma 2.4. Let W be a m X w-module satisfying Assumption 2.2. Then we have
C{STx)@ey]li=1,...,r} (k=2),

Hy,(Confa(M);W) =2 ¢ C{[ST(M)®el,]|i=1,....,r} (k=05),
0 (otherwise),
where for an oriented submanifold o of M, we denote by ST (o) the restriction of

the unit tangent 2-sphere bundle ST(M) to o.

Proof. We consider the exact sequence
Hi (M™% W) — Hyyq (M2, Confy(M); W) — Hy(Confa(M); W) — H;(M** W),
where H, (M *?; W) = 0 by Assumption 2.2 (1). Letting N(Ax;) be a closed tubular
neighborhood of Aj;, we have
Hi (M2, Confa(M); W) 2 Hiy1 (N(Apr), ON(Ap); W)

by excision. Since M is parallelizable and the normal bundle of Ajy; can be canon-
ically identified with T'M, the normal bundle of Ay, is trivial. By Assumption 2.2
(2), we have

Hi 1 (N(An),ON (A ); W) = H3(D?,0D3;C) @c Hi_o(Ap; W)

&~ H3(D?,0D% C) @c H;—o(M;C)®" = H;_o(M;C)®".
Here, H;_o(M;C) is rank 1 for i — 2 = 0, 3, and its generator is *, M, respectively.

|

Lemma 2.5. Let W be a m X w-module satisfying Assumption 2.2. Let $.,: M —
ST(M) be the section given by the normalization of the first vector of a framing o
of M. Then we have

H;(9Conts(M); W) = Cf[sr (M) @ €iy] | i =1,...,7}.

Proof. This follows from the trivialization dConfs(M) = S? x M induced by 7o,
Assumption 2.2 (2), and the Kiinneth formula for C-modules. O

Lemma 2.6 (Propagator). Let W be a m X m-module satisfying Assumption 2.2.
(1) There exists a 4-chain w® of Confa(M) with coefficients in W that is transver-
sal to the boundary and that satisfies
Oww' = 5.,(M) ® el

(2) For a fived framing 1o and i, the extension w' is unique in the sense that
for two such extensions w' and w'* that agree near the boundary, there is a
5-chain 1 of Int Confa (M) with coefficients in W such that

W' — W = dwm.

We call the direct sum of such extensions w =Y, w" a propagator for 7.
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Proof. The assertion (1) follows immediately from the long exact sequence
H4(6; W) — H4(6, 86, W) — Hg(aa; W) — Hg(é; W),

where we abbreviate as C = Confy(M), and Hy(C; W) = H3(C;W) = 0 by
Lemma 2.4. Here, both [w'] and [s,,(M) @ e;/] restrict to the same generator
of the homology of * x S? C SNA,;, their homology classes agree. The assertion

(2) follows since the difference w’® — w® vanishes near C and represents 0 of the
twisted homology Hy(C; W). O

2.3. Twisted homologies of the configuration space of M x I and its family.
Let Confo(M x I) = Bla,,, ,((M x I) x (M x I)), which is not a smooth manifold
with corners, but satisfies the Poincaré-Lefschetz duality ([Wa2, C.3]). For an
(M x I)-bundle p : E — S! over S! with structure group Diff(M x I, ), we denote
by

mg(p)i Emg(p) — St

the associated Confy(M x I)-bundle with structure group Diff (M x I,9).

To define the invariant Zg™" as in [Wal, Proposition 7.1 and Remark 7.2], we
need a propagator in family, which is a 6-chain of EConfy(p) with coefficients in W
satisfying some boundary condition similar to Lemma 2.6, and is implicitly defined
in the proof of [Wal, Proposition 7.1]. In [Wal], the existence of such a 6-chain
was guaranteed by the lemmas [Wal, Lemmas 7.3 and 7.4]. The analogues of the
lemmas for the W in this paper are the following, whose proofs are the same except

that the invariant element c4 ([Wal, Assumption 3.6]) is replaced with Y, e, .

Lemma 2.7 ([Wal, Lemma 7.3]). Let W be a m X m-module satisfying Assump-
tion 2.2. Then we have

L C{[ST(*)@S%/V]|’L':1,...,T} (k=3),
Hj(Confa(M x I);W) =< C{[ST(M)®el,]|i=1,...,r} (k=6),
0 (otherwise),

where we identify M with M x {%} i M x I, and for an oriented submanifold o
of M x I, we denote by ST (o) the restriction of the unit tangent 3-sphere bundle
ST(M x1I) too.

Lemma 2.8 ([Wal, Lemma 7.4]). Let W be a m X w-module satisfying Assump-
tion 2.2. Then we have Hs(EConfs(p); W) = 0 and the natural map

Hg(EConfy(p); W) — Hg(EConfy(p), 0EConfa(p); W)
1s zero. Thus the connecting homomorphism

He(EConfs(p), 0EConfs(p); W) — Hs(9EConfs(p); W)
18 an tsomorphism.

Roughly, a propagator in family EConfs(p) is constructed as follows. The bound-
ary of Confa(X) is pj (Ax U(0X x X)U(X x X)), where pge: Confa(X) — X x X
is the canonical blow-down projection.
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e On the stratum of 9 EConf,(p) corresponding to the part pgé (Ax), we take
the 5-chain s, (E) ® ely,, where s,: E — STVE is the section given by the
normalization of the first vector of a vertical framing 7: T"E = Ker dp =
R* x E.

e On the stratum of dEConfs(p) corresponding to the part pg; ((0X x X) U
(X x 0X)), we take the pullbacks of the copies of w’ of Lemma 2.6 in the
subspace pgh(M x {0) x (M x {01)) Upph(M x 1)) x (M x {1})) =
Confy(M)]] Confa(M). This makes sense since the bundle p is trivialized
over 0.X.

The sum of these 5-chains of 9EConfs(p) is a cycle. Then by Lemma 2.8, it has an
extension to a 6-chain &* of EConfs(p). We callw = Y, &' a propagator in family.

3. Properties of the invariant Zg"

Roughly, the invariant Z&°" is defined by choosing three propagators wy, @z, w3

in family EConfs(p) with some boundary conditions and then by
-~ -~ -~ 1 -~ -~ -~ even
78 (w1, we,ws) = gTr@<w1,w2,w3>@ € g5 (W),

where Trg: W®3 — &/§v"(W) is the projection, (—, —, —)e is the triple intersec-
tion among chains with twisted coefficients ([Wal, §5]). We will not repeat the
detailed definition here. The only difference in the proof of the well-definedness of
Zg™ is to replace the invariant element c4 in [Wal, Proofs of Theorem 5.3 and
Propositon 7.1] with Y, el;,. The property we need is the following.

Proposition 3.1 ([Wal, Theorem 6.2]). Let X, M, 7, W be as in Lemma 2.3. Then
for any g1, 92,93 € 7, an element ¥1(0(g1, g2, g3)) of Q7 (BDiffo(X,d)) is defined
by surgery on an embedded theta-graph associated to (g1,92,93), which belongs to
the image from m BDiffo(X,0), and the following identity holds.

Zg " (V1(0(91, 92, 93))) = 2[pw (91) A pw (92) A pw (93)],
where py : Cln] = W = @, End(A;) is the representation of .

Note that the invariant Z&" in [Wal] was defined on a slightly different group*
m1BDiff geg (M X I,0) than m BDiffo(X, d), however, it can be shown that Zg"
descends to a map from the image of m BDiffgeq (M x I,0) — m BDiffo(M x I,0)

P

(Lemma 3.3 below). Namely, the homotopy fiber of the natural map BDiff geq (M x
1,0) — BDiffo(M x I,0) is given by

Map((M x 1,9),(504,1)) x Map((M x I,9),(M x I,0))a,

where 0 = (M x I), Map((A,dA), (C, D)) denotes the space of continuous maps
(A,04) — (C, D) with the C°-topology that agree with the base map on 94, (—)iq
denotes the component of the identity. The first factor Map((M x I,9), (SO04,1))
is identified with the space of framings on M X I, the second factor Map((M x
1,9),(M x I,0))iq is used to give a fiberwise (relative) degree one map (E,JdE) —
(M x I,0) to pullback a local coefficient system on M.

*This should not be confused with the classifying space of ]Srf/f(M x 1,0).



UNSTABLE PSEUDO-ISOTOPIES OF SPHERICAL 3-MANIFOLDS 9
Lemma 3.2. For a spherical 3-manifold M,

Map((M x I,0),(S04,1)) x Map((M x 1,9),(M x I,0))iq
~ QOMap(M, SO,) x QMap(M, M )iq.

Furthermore, there is a fibration sequence:
Q150, — OMap(M, SO4) — QSO,.

Proof. We have the following homotopy equivalences:

Map((M x I,9),(S04,1)) ~ QMap(M, SOy),
Map(M X Ia 8)5 (M X Iv 8))id = QMap(Mv M)idv

where the basepoints of Map(M, SO4) and Map(M, M);q are the constant map to
1 and id, respectively. Furthermore, we have the following fibration sequence:

Map, (M, SO,) — Map(M, SO4) = SOy,

where ev is the evaluation at a fixed basepoint of M, and Map, (—, —) is the sub-
space of Map(—, —) of pointed maps. Then the result follows by the homotopy
equivalence: QMap, (M, SO,4) ~ Map, (S* A M,SO,4) ~ Map, (5%, S0,). O

Lemma 3.3. Let I'o(M x I) denote the image of the natural map wlgﬁ_i?fdcg(M X
I1,0) — mBDiffo(M x I). The homomorphism Zg°": w1 BDiffqeg(M x I,0) —
IS5V (W) descends to a map To(M x I) — &5 (W).

Proof. Since 11250, = 0 and mQ*SO4 = 15504 = Zy @ 7o, mQ2Map(M, SO4) =
moMap(M, SO,) is a quotient of Zo ® Zs. Moreover, a change of the choice of
the lift of an element of To(M x I) to wlf/?i\)/iffdeg(M x I,0) within the factor
Map((M x 1,9),(M x I,0))iq in the homotopy fiber does not affect the value of
Z&’°" since the local coefficient system on the total space of the corresponding
(M x I)-bundle p: E — S', which is needed to define Zg°", is determined by
the homotopy class of the induced map m E — w1 M, which is canonically fixed
since we have the canonical decomposition 7 F = 7S x ;.M by the van Kampen
theorem and the homotopical triviality of elements of Diffo(M x I,9), and the
map m E — m M is just the projection to the second factor. This completes the
proof. O

Since pw: Clr] — W = @, End(4;) in Proposition 3.1 is surjective for W =
Kere (see (2.1)), we have the following.

Corollary 3.4. The homomorphism Zg": To(M x I) ® C — 5" (Kere) is
surjective.
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4. Example 1: Poincaré homology sphere

4.1. The group SLy(F5). Let & denote the set of conjugacy classes of m = SLy(F5).
It is known that 7 has 9 elements, represented respectively by the following ele-
ments:

+1 0 2 0 0 —1 , (0 -1
jEI:(o il)’ a:(o 3)’ B:<1 —1>’ B_(1 1)’
(11 , (12 (-1 -1 , (-1 -2
(o) 7=(o 1) =(3 3) = (3 3)

We give a list of all elements of SL2(FF5) in Appendix A.

Lemma 4.1. For m = SLy(F5), & is invariant under taking the inverse. Namely,
for each class [x] € &, we have [x7!] = [z].

Proof. 1t suffices to see that the inverse of each element z in the above list of 9
elements is conjugate to x, which can be checked by comparing the Jordan canonical
forms, or from the list in Appendix A (obtained by using the Jordan canonical
forms). Note that we only allow the conjugation gzg~—' by g € SLa(F5). O

4.2. Representation of SLy(F5). There are 9 distinct irreducible represenations
A; (1=1,2,...,9) of the group m whose character is given as in Table 1, and any
irreducible representation of m over C is isomorphic to one of them. Irreducible
representations of m x 7 are given by the external tensor product 4; X A; (e.g.,
[FH, Exercise 2.36]). Since the values of the characters are real for 7 = SLa(F5),
we have

9 9
(4.1) @End )= P(AiRA;), Kere= (4R A))
i=1 =2

as m x w-modulesT, where the 7 x m-invariant Ay X A; in C[r] corresponds to the
subspace spanned by the element > g € C[n], and Kere is a 7 x m-submodule
of C[x]. '

4.3. Computation of the character. To get the dimension of #/g odd/ YN (Cln)),
we compute the dimensions of the invariants (A® W)(™*™*Z2 and (Sym?’W)(”X’T) L2
for W = @?:1(Ai X A;). Here, recall that the semidirect product structure on
(m X ) X Zy is given by the homomorphism v¢: Zy = {1,7} — Aut(r x 7);
T+ ((z,y) — (y,x)). This is suitable since we have

7o (z,y) T N gARAR) =T (xg ly P AhT iy T Ak Ty

=ygr ' Ayhe T AykaT! = (y,2)(g AR AK),
which shows that the given actions of 7 x 7 and Zy on A® C[x] agrees with that of
the semidirect product, and similarly for Sym? C[n].

Lemma 4.2. For m = SLy(F5), we have the following.
(1) dim (A® C[r])(mx™xZ2 — 97,
(2) dim (Sym?® C[nx])(mxm*Z2 = 65,

1If the characters are not real, we have End(A;) = A; KAY.
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|l I o B B v A - =9
size| 1 1 30 20 20 12 12 12 12
A |1 1 1 1 1 1 1 1 1
A2 =2 0 -1 1 -6 -6 ¢ o
Ay |2 =2 0 -1 1 —¢ —¢* ¢ ¢
A3 3 1. 0 0 ¢ & ¢ o
A3 3 -1 0 0 ¢ 6 o o
Ag |4 4 0 1 1 -1 -1 -1 -1
A7 |4 -4 0 1 -1 -1 -1 1 1
A5 5 1 -1 -1 0 0 0 0
Ag |6 -6 O 0 0 1 1 -1 -1
1++5
TABLE 1. The characters pa,(g) for SLo(F5). ¢ = 5 o* =

1-5

. The values of the characters are taken from [FH, CP]. The

order of the rows and columns followed the one in [Bo], although
the original table in [Bo] includes few typos in the row of A7 (signs
of the last four entries).

Proof. Recall that the dimension m of the invariant part in a representation V' of
a finite group G can be given by the following formula ([FH, (2.9)]):

1
m = Trace(g|y) = xv (g
i Z |G| >

geqG

We apply this formula for G = (7 x ) x Zs with the formulas: yygv/(g9) =
xv(9) + xvi(9), xvmv:(g,h) = xv(g)xv'(h), and

Xpe)9) = v (@) — 3w (6% (9) + 2w 67),

Xsym?(v)(9) = %(Xv(9)3 +3xv(g*)xv(9) +2xv(g%))

with the character table (Table 1). First, for W = C[r] we compute

dim (A W)™ = > (ew (g, h)® = 3xw (9%, h?)xw (g, h) + 2xw (g°, 1)),

6| |2 g,hem
dim (Sym?W)™7 — 6|7r|2 >~ (awlg, b +3xw (9%, 5%)xw (g, h) + 2xww (g°, 1)),
g,hem

where xw (g, h) = X0_; X, (9)xa, (h), xw (g% h?) = 30_; xa,(9%)xa, (h?), and so
on. Substituting the values of the characters of Table 1 into these formulas, we get

dim (A® C[x])™™ =33, dim (Sym® C[x])™™ = 71.

The detail of these computations by Maxima can be found in [Oh], in which Table 2
is used to compute the characters of g2 and g°.
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g || =Tl a BB |v|v]| 7|
Gl I [ -T|B]|B Y [v| |~
Pl L] a|I|-T|Y|[~v|]—

TABLE 2. The conjugacy classes of g% and g3 in SLy(FF5). See also Appendix A.

We need also to consider terms for the elements 7 - (g, h) given by the following
formulas.

(4. 2)

W > s =3 (7 (9,12 Dxaw (7 (9, 1)) + 2w (7 (9. 1))?),
g,hem

6|7T|2 > Gw(r )? +3xw (7 - (9, 0)*)xw (7 - (9, 1)) + 2xw (T - (9, h))?)-
g,hen

We simplify the computation as follows.

>l (g0 = 3 xamalr G m) = (3 xa.(hg))’

- ZZ(Z xAi<hg>)3 =Y () =il >(E .9)
wa D) (7 <g]jh>>g —zz};(;xf, s, (hg, gh)(ZXA (h9))
=Z(ZXA (hg)xa, (gh) )(ZXA qhg)

_zh(;m o) (S hg):;;(;mgf)(;mxg))
:|w|Z(ZXAig )(ZxAjg), |

ZXW ZZXA R, ( =33 xa.(hghghg)
=|w|§;xx4i @ o

Here, we have the identity xa,x4,(7 - (g, h)) = x4, (hg) since T acts on A; K A; by
the flip x Ky — y K 2. Hence (4.2) can be computed respectively by the following
formulas.

ﬁ Zg:{ (Z XA, (9))3 - 3(2 va.(9)?) (27: xa,(9)) +2 Zi:XAi 4}
ﬁ zq:{ (zz: XA; (9))3 + 3(; XA; (9)2) (zj: XA; (9)) +2 zi:x,% (93)}.
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Substituting the values of the characters in Table 1 into these formulas, we get
the values 21 and 59, respectively. By taking the averages (33 + 21)/2 = 27,
(714 59)/2 = 65, we get the result. O

For W = Kere, the following proposition holds.

Proposition 4.3. For any finite group G, we have the following.
(1) F§(CIC) = g (Kere).
(2) @3(C[G]) = @3 (Kere) ® (CQ)z, as vector spaces over C, where G is
the set of conjugacy classes in G, and the Zs-action on it is the one induced
by the inversion.

Proof. Instead of the (G X G) x Zs-invariant part, we consider the submodule of
coinvariants, and apply the formula Vi = (Vi )p/k (e.g., [Br, Ch.II-2 (Exercises
3)]) for a subgroup K of H and an H-module V to K = G x G, H = (G x G) X Z,.
For (1), let U be a trivial 1-dimensional G x G-module and let W be a G x G-
module. The formula A" (U & W) =@, ,,_, A"U @ AW and \*U = 0 gives

NUoW) =N Uas N Wa(NU)eW)o U A\ W)
= AW AW
If W = Kere and if Zy acts trivially on U, then we have U @ W = C|[G] as
both G x G-modules and Zy-modules, and ((A° W)axa)? = 0. Indeed, we have
((A*ClG)exc)? = 0, since in (A\?C[G))oxa, we have [g A h] = [gh™' A 1] =
—[1Agh™ = —[g ' Ah71] (g9,h € G) and the Zs-invariant is generated by [g A
h] + g7t A h™1] = 0. Hence we have
(A*(U @ Kere))oxa)™ = (N Kere)axa)™.
For (2), we use the formula Sym"(U&W) = @, ,_,, Sym”U ®@Sym?W to obtain

Sym*(U @ W) = Sym®*U @ Sym*W @ ((Sym?U) @ W) @ (U ® Sym*W)
~U @ Sym®W @ W @ Sym*W = Sym*W @ Sym*(U @ W).

Considering the case when W = Kere, it suffices to prove ((Sym?C[G])gxa)??
(CQ@)z,. Let p: Sym>C[G] — (CG)z, be the C-linear map defined by p(g - h) =
[gh~Y] (g,h € G), which is well-defined since p(h - g) = [hg™'] = [gh™!] = p(g - h).
One can check that this map induces a well-defined C-linear isomorphism
p: ((Sym’ClG)xa)™ = (CG)z,

with the inverse given by 5~ ([z]) = §([1-2~!]+[1-2]), which is well-defined. Indeed,
plgx - hx) = [gra~h™'] = p(g - h), plzg - zh) = [zgh™ 27| = [gh™"] = p(g - h),
plg-h)=p(gh™"-1)=p(l-gh™') = p(g~ 3 h=!) ete. O
Proposition 4.4. When m = SL2(F5), we have the following.

(1) dim &Z§""(Kere) = dim «/§"*"(C[n]) = 27.

(2) dim /394 (Kere) = 56, dim «/34(Clr]) = 65.
Proof. This follows from Lemma 4.2 and Proposition 4.3. Note that by Lemma 4.1
the action of Zy on C# is trivial, and hence dim(C#)z, = dimC# = 9. O
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5. Example 2: Lens spaces

If 7 is the cyclic group Z,, = {1,t,t2,...,t" "1}, the exact values of the dimensions
of the spaces Jz{(;vcn/ odd (C[n]) and Jz{(gvcn/ odd (Ker €) can be determined with the help
of the C-linear maps (“weight system”)

Weven: g8V (Cla]) — A° Clr, Wedd: ¢7844(C[x]) — Sym® Cln]
defined respectively by
chcn(ta A tb A tC) _ tbfa A tcfb Ata—c + tafb A tbfc A tcfa7
WOdd(ta . tb . tc) _ tbfa . tcfb .pa—¢ + tafb . tbfc .gea
instead of calculating the characters.

Lemma 5.1. For m = Z,, the maps Wee*/°dd gre well-defined.

Proof. We need only to check that JWever/edd jg alternating/symmetric and is invari-
ant under both the actions of 7 x 7 and the involution (g, h, k) — (¢, h= 1, k7).
For Weven this can be checked as follows (t* € 7):

Weven(th A A £€) = 1a=b A ¢oa A e 4 gbma p ga—e p geb

— _4a=b g gb—c p pe—a _ gb—a p ye=b z ya—c
= W AP ALE)  ete.

even(ghia p thed A thye) = gb=a p gemb A ga=c  ga=b g qb—c p ye—a
— Weven(ge A ¢ A 1),

Weven(1=a A b A7) = ¢=bka p gmetb p gmate 4 ymath g y=bte p y—cta
= Weven(t® AP A t°).
The proof for W44 is similar. 0

Then Wever/edd js an embedding into a subspace isomorphic to the space spanned
by t? At AL or tP -t2-¢" (0 < p,q,7 < n,p+ g+ =0 (mod n)) quotiented by
the relation tP AtIAt" ~t7TPALtTINE o0 tP - t9 -t ~t7P - t79 . ¢77.

Proposition 5.2. Let 7 = Z,, (n > 1), and for an integer m > 0, let ps(m) be the
number of partitions of m into at most three parts, namely, the number of integer
solutions of the equation x +y+z=m (0 <z <y < z). We set ps(m) =0 for
m < 0. Then we have the following.

(1) dim /8 (C[n]) = ps(n).

(2) dim /8" (Clr]) = pa(n — 6).

(3) dim @344 (Kere) = p3(n — 3).

(4) dim 5" (Kere) = dim 25" (Cln]) = ps(n — 6).

Proof. For (1), we consider the unit circle S' = {z € C | |z| = 1} and the n
points 1,w,w?,...,w" ! on it, where w = e2mV=I/n - We represent the element

to-tv-1¢ (0 <a < b<c<n—1) by the three points w? w’ w® on S*, which splits
ST into three (possibly degenerate) arcs of lengths 2Z(b — a), 2% (c — b), 2= (a — c)
(mod 27), respectively. Similarly, w™?, w ™", w~¢ splits S! into three arcs of lengths

2% (@ —b), 22 (b—c), 2= (c — a) (mod 27), which are reflections of the previous triple

n



UNSTABLE PSEUDO-ISOTOPIES OF SPHERICAL 3-MANIFOLDS 15

with respect to the real axis. In this way, the subspace spanned by the values of
Wedd(ge . ¢b . t¢) bijectively correspond to the space spanned by partitions of S* by
three roots of 1 up to #—rotation and reflection. The number of such classes of
partitions is exactly the number ps(n).

Proof of (2) is similar. In this case partitions are slightly restricted. First, a
partition should not have a zero part since such a partition comes from t* A t® A t°
such that at least two of a, b, c agree. Also, a partition should have different sizes
since we consider the value of the weight system in the alternating product A® C[z].
It follows that dim Im W™ agrees with the number of partitions of n into three
nonzero parts with different sizes. Such partitionsn =z +y+2 (0 <z <y < 2)
correspond bijectively to the partitions n — (1+24+3)=(z— 1)+ (y—2) + (2 —3)
(0<z—-1<y—2<z-—3). This completes the proof.

For (3), it follows from Proposition 4.3 that dim #7§44(Ker¢) = dim #$%4(C[r])—
dim(C#)z,, where dim(C#)z, is the number of partitions of n into at most two parts.
Hence dim .;zf(f)’dd (Kere) is the number of partitions of n into three parts with posi-
tive sizes. Such partitions n = x4+ y+ z (0 < < y < 2) correspond bijectively to
partitions n —3=(z—1)+(y—1)+(2—-1) (0<z—-1<y—-1<z-1).

(4) follows immediately from (2) and Proposition 4.3. O

APPENDIX A. Elements of SLy(F5)
The following is a list of all the 120 elements in SLa(F5).

1 0 4 0
01:[1]1921:(0 1) 62:[*”3996:(0 4>
c3 = [a] :
0 1 _ 0o 2 _ 0 _ 0o 4 _ 1 1
g1 = 4 0 s 96 = 2 0 y 911 = 3 0 > gi6 = 1 0 » 929 = 3 4 >
. 1 2 . 1 3 o 1 4 o 2 0 . 2 0
935 = 4 4 s 937 = 1 4 y 943 = 2 4 » 946 = 0 3 s gar = 1 3 s
. 2 0 . 2 0 _ 2 0 _ 2 1 - 2 2
ga8 = 2 3 s ga9 = 3 3 » 950 = 4 3 y 951 = 0 3 s gs56 = 0 3 s
_ 2 3 _ 2 4 _ 3 0 _ 3 0 _ 3 0
ge1 = 0 3 s g66 = 0 3 y 971 = 0o 2 y 972 = 1 2 s 973 = 2 2 B
_ 3 0 _ 3 0 _ 3 1 _ 3 2 _ 3 3
gr4 = 3 2 s 975 = 4 2 y 976 = 0o 2 y 981 = 0 2 » 986 = 0 2 B
. 3 4 . 4 1 . 2 o 4 3 o 4 4
go1 = 0 2 s gio4a = 3 1 s 9110 = 4 1 y 9112 = 1 1 > gii1s = 2 1

o
IS

|
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