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Abstract

For holomorphic maps of one variable with a parabolic fixed point, the parabolic renor-
malization R is defined in terms of Fatou coordinates and horn maps. A class F; of such
maps is proposed so that it is invariant under R, which acts as a uniform contraction with
respect to a certain metric. The near-parabolic renormalization R is also defined for the
perturbation of these maps, and it amounts to taking a first return map on a certain funda-
mental region. It is also shown that R is hyperbolic on the space of maps whose multiplier
is sufficiently close to 1 . These results will help us to analyze the behavior of orbits of near
the fixed points, especially irrationally indifferent ones. Buff and Chéritat [BC] used our
result as one of main tools in their construction of a quadratic polynomial with Julia set of
positive Lebesgue measure.
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Introduction

Let f(z) be a holomorphic function defined near zy € C and suppose zg is a fixed point. Its
multiplier is A = f’(z9) and the fixed point zg is called parabolic if A is a root of unity. We will
mainly consider the case A = 1. In this case, for simplicity we say zg is I-parabolic and we call
it non-degenerate if f"(zy) # 0.

Near a non-degenerate 1-parabolic point zg, the orbits are attracted towards zy on one side
and repelled away on the other side. The parabolic basin

Basin(zp) = {z : {f"}o2, converges uniformly to zp in a neighborhood of z}

is an open set containing zg on the boundary and occupies most of area near zy. So the local
dynamics is relatively simple. However, once perturbed, it becomes the source of rich and delicate
bifurcation phenomena. The points in the basin of unperturbed map can now escape through
the “gate” between the bifurcated fixed points, thus new recurrent orbits may be created. These
“new” orbits depend extremely sensitively on the perturbation, and this causes a drastic change
of dynamics or the discontinuity of Julia sets. Also the perturbation into certain direction, such
as 2o turning into irrationally indifferent fixed point (i.e. |[A\| = 1 but A is not a root of unity),
can create highly recurrent behavior, which leads into delicate questions, e.g. the linearizability
problem or Cremer Julia sets which are not locally connected.

The main tool to analyze such bifurcation is Fatou coordinates and horn maps, which were
developed by Douady—Hubbard [DH1, DH2] and Lavaurs [La]. In order to trace escaping or
recurrent orbits, a croissant-shaped “fundamental region” is defined near the fixed points and
the first return map to this region is described by the horn map. By gluing the boundary
curves by the dynamics, we obtain a cylinder which is isomorphic to C/Z, and the return map
induces a holomorphic map defined near the ends of the cylinder. A brief review on this theory
will be given in §§ 1 and 2. It was first used in the study of the landing of external rays at
the Mandelbrot set, the discontinuity of the Julia sets and the straightening of polynomial-like
maps, and the non-local connectivity of the connectedness locus of cubic polynomials. There
are subsequent applications of these techniques, for example, [Do], [Sh1], [So], [Hi], [Ou], [KN].

When we study irrationally indifferent fixed points whose rotation number has continued
fraction with large coefficients, it becomes important to carry out successive construction of
return maps. This leads to the definition of parabolic and near-parabolic renormalizations Ry
and R which will be described in §3. In fact, in [Shl], such a notion was already introduced
and its second iterate played a crucial role in the proof of the fact that a parabolic point can
be perturbed so that the Hausdorff dimension of the Julia set is arbitrarily close to 2. A class
Fo of 1-parabolic maps was introduced there and proved to be invariant under the parabolic
renormalization Rg. However, in order to study their perturbation, for example, irrationally
indifferent fixed points, we need a class where near-parabolic renormalization R can be iterated
(with control) infinitely many times. It turns out that Fy cannot serve for this purpose, and the
main goal of this paper is to propose the class F; (defined in §4) which fulfills the requirements.
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Maps in this class are written as f = P o ¢!, where P(z) = z(1 + 2)?, ¢ is a normalized
univalent function defined in a domain V.

Main results in this paper (stated in §4) are as follows: Main Theorem 1 states that Fj is
invariant under Rg, and the renormalized map has a slightly better extension property. Main
Theorem 2 relates F; to the Teichmiiller space of a punctured disk and asserts that the induced
map is a uniform contraction with respect to the Teichmiiller metric. In Main Theorem 3, we
obtain the invariance of F; for the “fiber” renormalization R, for small «, which implies the
hyperbolicity of near-parabolic renormalization R. Corollaries.

There is a remarkable application of our results:

Theorem (Buff-Chéritat [BC]). There exists an irrational number o such that f(z) = ™%z +
2% has Julia set of positive Lebesque measure.

There are two renormalization theories which are closely related to ours — Yoccoz’s and
McMullen’s. Yoccoz’s renormalization was used in his proof [Yo| of Siegel-Bruno Theorem on the
linearization of irrationally indifferent fixed points. His renormalization and our renormalization
produce sequences which are locally conjugate. Yoccoz’s renormalization is defined for any
univalent function with any rotation number and corresponds to taking the first return map
to a sector with a vertex at the fixed point. The renormalized map becomes again a univalent
function after cutting off the domain of definition, and in this sense, an upper bound on its
non-linearity is given. On the other hand, our renormalization is restricted to small rotation
number and the class Fi, but it include the critical point in the domain of definition and gives
a lower bound as well as upper bound on the non-linearity. When the rotation number is small,
our domain of definition is substantially larger than Yoccoz’s.

McMullen’s renormalization [Mc1] deals with Siegel disks of quadratic polynomials for which
the rotation number is of bounded type. He shows the convergence of scaled return maps near
the critical point. This result can be recovered from our results when the rotation number has
large coefficients for the continued fraction expansion.

There is also a similar renormalization theory for critical circle maps by Epstein-Yampolsky
[Ya], [EY]. Their cylinder renormalization also uses the Ecalle-Voronin cylinder (see §1) to
induce the renormalization for parabolic or near-parabolic fixed points of critical circle maps. In
their setting, they do not encounter the difficulties discussed at the end of §3, therefore a class
similar to Fy was sufficient. For Feigenbaum-Coullet-Tresser type renormalizations, see Sullivan
[Su] (especially for the first attempt to use the Teichmiiller theory for renormalizations), Lyubich
[Ly] and McMullen [Mc2].

Some words about the proof of Main Theorem 1: It is difficult to calculate Rof explicitly,
since the construction involves transcendental steps, such as constructing Fatou coordinates or
uniformizing the quotient cylinders. In order to define an invariant class, we need a way to
conclude that Rof belongs to this class. We will characterize a map in F; (or F4 defined in
§5.A) by its covering property, i.e. regard its domain as an abstract Riemann surface and see how
it covers the range which is the complex plane. It is helpful to partition the range into several
domians, take the connected components of their inverse images and see how these components
are glued together along their boundary curves. This will be carried out for the horn map E
in §5.M.

We needed to check a number of inequalities, and some of them (26 inequalities) have been
checked numerically with computer. These inequalities are about elementary functions evaluated
at explicit values. Initial estimates were done using Maple, and rigorous checking was done using
MATLAB together with INTLAB. See [IS] for actual calculations.
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Another important ingredient is the theory of univalent functions. In particular, Theorem
5.12, which is a consequence of Golusin inequalities, allowed us to derive a sharp bounds on the
Fatou coordinates (Proposition 5.6).

Main Theorem 2 relates F; to the Teichmiiller space of C ~\. V which is a punctured disk.
In fact, the quasiconformal extension of ¢ determines a point in the Teichmiiller space, and
the induced renormalization there is holomorphic, therefore does not expand the Teichmiiller
distance, by Royden-Gardiner Theorem. The extra extension property in Main Theorem 1
gives a contracting factor. We show that an inclusion map between punctured disks induces
a contraction between corresponding Teichmiiller spaces (Theorem 6.3). This is shown via
the estimates in the cotangent space, which is the space of integrable holomorphic quadratic
differentials, and it is a consequence of the modulus-area inequality (Theorem 6.6) which in
turn follows from the isoperimetric inequality for quadratic differentials on a punctured disk
(Theorem 6.4).

Main Theorem 3 is derived from the continuity of the construction.

Organization of paper. This paper is organized as follows: In §§1 and 2, we review the theory
of Fatou coordinates and horn maps for a parabolic fixed point and its perturbation. In §3, we
will define the parabolic and near-parabolic renormalizations Rg and R, then discuss how these
renormalizations can be used in order to understand the dynamics of maps with irrationally
indifferent periodic points. We will also mention a previously known invariant class Fy for Ry.
In §4, we state the main theorems and corollaries. The section §5 is devoted to the proof of Main
Theorem 1, whose outline is given in §5.A. In §6, we state the properties of the Teichmiiller space
of punctured disk and prove Main Theorem 2. In §7, we prove Main Theorem 3 and corollaries.
Several facts on the Univalent functions are summarized in Appendix.

Acknowledgements. The authors would like to thank Adrien Douady, John H. Hubbard,
Xavier Buff, Arnaud Chéritat, Mikhail Lyubich and Michael Yampolsky for helpful and inspiring
discussions. They also thank Curtis T. McMullen for the information on the isoperimetric
inequality which lead to the reference [Ca]. The authors also would like thank Fields Institute
for its hospitality during the second author’s visit during 2005/2006, when this paper was written
(hopefully).

Notation. The sets of all natural numbers, integers, rational numbers, real numbers and com-
plex numbers are denoted by N, Z, Q, R and C, respectively. Denote the Riemann sphere by
C = C U {oo}, the unit disk by D = {z € C : |z| < 1}, a disk in general by D(a,r) = {z € C :
|z —a| < r} and its closure by D(a,r). Let C* = C \ {0}, D* = D~ {0}. The set of positive
(resp. negative) real numbers is denoted by Ry (resp. R_). For a complex number z # 0, arg z
denotes its argument. In this paper, an inequality involving log or arg means that it holds for
a suitable chosen branch of log or arg. For a hyperbolic Riemann surface X, dx(-,-) denotes

12_|C|l;|2 on . We denote

Dx(a,r) = {z € X : dx(z,a) < r}. The spherical distance on C is denoted by da(-,)-

the Poincaré distance on X, which is induced from the Poincaré metric

1 Parabolic fixed points, Fatou coordinates and horn maps

In this section and next section, we review the theory of Fatou coordinates and horn maps, which
was developed by Douady-Hubbard-Lavaurs [DH1, DH2, La]. For the proof of the statements
and more details, refer to [Shl, Sh2].
Let f(z) be a holomorphic function with a non-degenerate 1-parabolic fixed point at z = 0,
ie.
f(2) = 2z + a2 + O(2%),
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with ag # 0. Introduce a coordinate change w = —é, which sends the fixed point to co. The
dynamics in this coordinate is

1 b1 1
Fw)=—-—————=w+1+4—+0(—)
a2 f(—25) w w
near co. See Figure 1.
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Figure 1: Parabolic fixed point with nearby orbits, fundamental regions, Fatou coordinates,
Ecalle-Voronin cylinders and horn maps for f (left) and for F' (right).

Theorem 1.1. (a) For a sufficiently large L, there exist injective holomorphic functions @44y, =
Dupirr: {w: Rew > L} — C and Prep = Prepr : {w: Re w < —L} — C such that they
satisfy the functional equation

O (F(w)) = Ps(w) +1 (s = attr,rep) (1.1)
in the region where both sides are defined.

(b) @ty and e, are unique up to addition of constant.

(c) Using (1.1), @atr and Prep can be extended to {w : Rew — L' > —|Imw|} and {w :
Rew + L' < |Imw|} respectively with large L'.

(d) In the above regions, Partr and Prep have asymptotic expansion w — by log w + const+o(1)
as w — o0.

Definition. The functions ®44, and ®,., are called attracting and repelling Fatou coordinates
respectively. They are considered to be coordinates for half-neignborhoods ( “petals”) of the
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fixed point such that the dynamics is conjugated to the translation T : z — z+ 1. In the regions
Vi ={w:+£Imw > |w| + L'}, both Fatou coordinates are defined. Now define the horn map
Er on érep,F(Vi) to be

Ep = (I)attr ° (p;ei? (1'2)

(which will be extended by Theorem 1.2 below).

Theorem 1.2. (a) There exists L" > 0 such that {z: —1 <Rez <1, |Imz| > L"} is contained
in ®rep(Vy) therefore Ef is defined there.

(b) For =1 <Rez <0, |Imz| > L", Er satisfies
Ep(z+1) = Ep(z) +1, (1.3)

which implies that Ep(z) — z is periodic with period 1. Therefore Er extends holomorphically
to{z: |Imz| > L"} and satisfies (1.3) there.

(c) There exist constants ¢ and c, such that
upper ower

Ep(z)—z—c as Imz — 400 and Ep(z)—z—c as Imz — —oo,

upper lower

and ¢ = 2miby.

—C
lower upper

Interpretation via fundamental regions and quotient cylinders: Let £ = {w: Re w = ¢}
be a vertical line with sufficiently large |£|. Then ¢ and F'(¢) (which is on the right hand side
of £) bound an open region S and F is injective in a neighborhood of S. The closed strip S is
often called a fundamental region for F', because, when [¢| > L + 2 with L large, any maximal
orbit of F within {w : Re w > L} (£ > 0) or {w: Re w < —L} (£ < 0), extended forward and
backward until they it leaves the half plane, passes S exactly once, except those which pass ¢
and F(¢). The quotient S/ ~, where £ > w ~ F(w) € F({), is a topological cylinder and is called
attracting (resp. repelling) Ecalle-Voronin cylinder Cattyr (resp. Crep) when € > 0 (resp. when
¢ < 0). Since the identification F' is analytic near ¢, the cylinder has a natural structure as a
Riemann surface. In fact, the Fatou coordinates induce isomorphisms from attracting/repelling
cylinders onto C/Z, via the natural projection modZ : C — C/Z.

As for the horn map Ep, it induces via modZ a map on C/Z defined only in the neigh-
borhoods of both ends +ico. By abuse of notation, we also denote the induced map by Ep.
This map allows the following interpretation (or an alternative definition). Let S, and Srep
be fundamental regions on attracting and repelling sides. If w € ?rep with | Im z| sufficiently
large, then its orbit will eventually land on Sgu4,-. This induces a map from a neighborhood of
an upper or lower end of Cy¢p to Cyssr. It may appear that the map can be discontinuous when
w € OSyep or its orbit arrives in 9S4, however it is well-defined and continuous because of
the identification on the boundary. This map is exactly the one induced by Er via the Fatou
coordinates.

Normalization: The Fatou coordinates are only determined up to additive constant. It is
convenient to make a normalization for the Fatou coordinates. If there is a special point z, of
interest on the attracting side, we normalize @, SO that ®qy-(2) = 0. In this paper, we always
have a special point which is a specific critical point ¢p, so the normalization is @44, (cp) = 0.
For ®,.,, instead of choosing another special point, we will normalize it so that cypper = 0, i.e.

Ep(z) =z+0(1) as Imz — +o0. (1.4)

Before the normalization, the horn map was determined up to pre- and post-composition
of translations (i.e. adding constants before and after Er). In fact, the horn map modulo
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this ambiguity classifies completely the local analytic conjugacy class of F or f, and called
FEcalle-Voronin invariant (see [Vo]).

Global extension: The functional equation (1.1) allows us to extend the Fatou coordinates
by the dynamics. Suppose, for example, F' is a rational map. Then @, extends to Pypy :
Basin(oo) — C by setting @ur (W) = Pt (F™(w)) — m when F™(w) € {Rew > L} (such an
m € N must exist for w € Basin(co)). After the extension, @44, is not injective any more, but
is a branched covering map such that w is a critical point of ®,, if and only if the forward
orbit of w passes through a critical point of F'. Similarly ®,., can be extended to a map from
C to C. The horn map Ep will be extended to ®, 4 (Basin(co)) so that it is also a branched
covering onto C, such that it is only branched over ®,4,--image of critical orbits of F.

For the original map f, which has the parabolic fixed point at z = 0, we can define Fatou
coordinates ®uss 7, Prep, s and horn map Ey through the coordinate change w = —é. In
the original z-coordinate, the fundamental regions are “croissant-shaped” regions whose both
“horns” point at the fixed point 0. The horn map Ey is induced by the orbits going from the
horns of Sy.ep ¢ to Sasr r- See Figure 1.

To discuss the continuity, we need:

Definition. For a function f, its domain of definition is denoted by Dom(f). A neighborhood
of fis

N=N(f;K,e) = {g : Dom(g) — C|Kc Dom(g) and sglgd@(g(z),f(z)) < 6},

where K is a compact set contained in Dom(f) and € > 0. We say a sequence {f,} (for which
fn are not necessarily defined on the same domain) converges to f uniformly on compact sets if
for any neighborhood N of f, there exists an ng such that f,, € N for n > ny.

The construction f ~» Ey is continuous and holomorphic in the following sense (see [Sh2] for
the proof?):

Theorem 1.3 (Continuity and holomorphic dependence). (a) Let f be a holomorphic map with
a non-degenerate 1-parabolic fized point at z = 0. Given a neighborhgood N of its horn map Ey,
there exists a neighborhgood N'of f such that if g € N"and g has a 1-parabolic fized point at 0,
then its horn map E4 can be defined so that Eq € N.

(b) Suppose fi(z) is holomorphic in (X,z) € A x U, where A is a complex manifold and U =
Dom(f\) C C. Assume that fy always have a non-degenerate 1-parabolic fized point at z = 0.
Then for A. € A and an open setV C C whose closure is compact and contained in Dom(EfA*),
there exists a neighborhood Ay of Ay in A such that Ey, (2) is defined and holomorphic in Ay x V.

Here the normalization of the horn maps should be understood as follows: fix one point
in either attracting or repelling half neighborhood where one of Fatou coordinates is defined.
Normalize this Fatou coordinate so that the marked point is sent to 0 (or maybe 1). Adjust the
other Fatou coordinate so that the horn map satisfies (1.4). The marked point can be chosen so
that it depends continuously or holomorphically on f or A.

2 Bifurcation of parabolic fixed points

Let fo be a holomorphic function with a non-degenerate 1-parabolic fixed point at z = 0,
and consider its perturbation f which is close to fp in a neighborhood of 0. Since z = 0 has
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multiplicity 2 as a solution of fy(z) — z = 0, f has two fixed points (or 1-parabolic fixed point)
near 0. After a small shift of coordinate, we may suppose that z = 0 is still a fixed point of f.
Its multiplier is close to 1, so it can be written as 2™ with small o € C. It is well known that
complicated and interesting bifurcation phenomena occur when « is in the tangential direction
to R. So we restrict our perturbation to the direction |arga| < § or |arg(—a)| < 7, and the
latter case reduces to the former by a complex conjugation.

Thus we will consider a perturbation f of the form:

f(z) = e*™?2 + O(2?) where a = a(f) is small and |arga| < T (2.1)

Let o0 = o(f) be the other fixed point of f near 0 (set o(f) = 0 if a(f) = 0). Then it can be
shown that o(f) has asymptotic expansion o(f) = —2mia/az + o(a) when f converges to fp in
a fixed neighborhood of 0 (and hence a(f) — 0), where ag = f§(0)/2.

Theorem 2.1. Suppose fo has a non-degenerate 1-parabolic fized point at z = 0. Then there
exists a neighborhood N' = N (fo; K,) (0 should be contained in intK ) such that if f € N
and f satisfies (2.1), then the fundamental regions Sapr. f, Srep,s are defined near those of fo,
except that the horns of Sar,r and Syep s now point to distinct fized points 0 and o(f) (if
a(f) #0). Moreover the Fatou coordinates ®ayy § and ®rep ¢ are also defined in a neighborhood
of Sattr.f ~{0,0(f)} and Srep ¢~ {0,0(f)} so that they induce isomorphisms from the quotient
cylinders Catir.f, Crep,f 0nto C/Z. The horn map E; is similarly defined.

After a suitable normalization as in §1, Puyyf, Preps and Ey depend continuously and
holomorphically on f.

For more description of domains etc, see [Sh1]. See Figure 2 for the content of this theorem
and the next. For the perturbation with f’(0) # 0, there are new type of global orbits.

Jo

Xy
Cattr Crep Cattr —:> Crep
- N N
——
N———— SN———— N——— SN————

Figure 2: Perturbation of parabolic fixed point: before (left) and after (right)

Theorem 2.2. Let f be as in the previous theorem and assume f'(0) # 1. Then for any orbit
starting from Saurp ~ {0,0(f)} eventually lands on Syep, s ~ {0,0(f)}. Such a correspondence
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induces an isomorphisim x ¢ from Copr,f 0onto Crep r. By identifying these cylinders with C/7Z by
the Fatou coordinates, xy can be expressed as

1
Xf(z):z—m on C/Z, (2.2)

provided that the horn map Ey is normalized so that E¢(z) = z+ o(1) as Im z — +o0.
The composition h = xy o Ey corresponds to the first return map of f to the region g,«emc ~
{0,0(f)} near the horns, i.e., if z € Spep p\ ({0,0(f)}U “inner boundary”) and w = Pyep,f(2) €

C/Z has sufficiently large |Imw|, then there is a smallest n > 1 such that f*(z) € Syepf ™
{0,0(f)} such that ®pep r(f(2)) = h(w) = x5 o E¢(w) in C/Z.

We call h = xy o Ey the return map of f. However, when we extend h to a larger region
by analytic continuation, h may not necessarily correspond to the “first” return map, but still
represents an orbit relation induced from f. The advantage of considering the return map is that
extremely high iterates of f near the fixed point can be replaced by a single iterate of h. The
above theorem enables us to decompose h into non-linear but stable part E; and simple (linear)
but sensitive part x . If v is an irrational real number, this suggests a successive construction
of return maps, which leads into the renormalization defined in the next section.

3 Parabolic and near-parabolic renormalizations

Now we define our main objects, the parabolic and near-parabolic renormalizations.

Definition. Denote Expf(z) = ¢?™* and Exp®(z) = e~2™%. Both functions induce isomorphisms
from C/Z onto C* = C . {0}; Exp sends upper end +iocc to 0 and lower end —ico to oo, and
for Exp’, the role of the ends is interchanged.

Suppose f has a non-degenerate parabolic fixed point at 0. Its parabolic renormalization is
defined to be

-1
Rof = Rgf = Exp’ oFyo (Expﬂ> )

where E is the horn map of f, defined in §1 and normalized as Ef(z) = z+o0(1) as Im z — +o0.

Then Rof extends holomorphically to 0 and Rof(0) = 0, (Rof)'(0) = 1. So 0 has again a
1-parabolic fixed point at 0. Similarly the parabolic renormalization for lower end is defined as

R f = cExp’ oF (E b)_l
of = cExp’oEfo (Exp )

where ¢ € C* is chosen so that (Rjf)'(0) = 1.

See Figure 3.

Remark. (a) Both attracting and repelling Fatou coordinates are determined up to additive
constants. After the normalization of Ey, there still remains a degree of freedom, which amounts
to the conjugacy by a translation for E;, or the conjugacy by a linear map z + az for Rof.
Therefore we should consider that Rqf is determined up to linear conjugacy —~—. From next

linear

section, we will deal with the case where there is a unique (or preferred) critical value. In that
case, we can choose a representative of each linear conjugacy class by fixing the position of the
critical value.

(b) There is ambiguity on how far the domain of E; should be extended. If we shrink the
domain of definition of f, the domain of E; will also be shrunk. So Ro can be considered as
acting on germs of holomorphic function with 1-parabolic fixed points. On the other hand, in
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CT’(ﬁ) (C*
— Xy 0 By

" D Expu Rf
—
1D

Figure 3: Near-parabolic renormalization and first return map

Main Theorem 1 in next section, for f € Fj, we will associate a specific domain of definition to

Rof.
Note also that the parabolic renormalization of locally holomorphically conjugate germs will
give the same germ (up to linear conjugacy).

Definition. Suppose that f(z) = €™z + O(z?) with a # 0 and has fundamental domains and
return map h = xy o Ey as in Theorems 2.1 and 2.2. Its near-parabolic renormalization (or also
called cylinder renormalization) is defined by

-1
Rf =R f = Exp oxfoEyo <Expﬁ> .

Then Rf extends to 0 and Rf(0) =0, (Rf)'(0) = e~2™5 . For lower end, set R’ f = Exp® oo
Efo (Expl’)_1 .

Remark. The above remarks (a) and (b) apply to this case.

(¢) Theorems 2.1 and 2.2 state that if fi with a non-degenerate 1-parabolic point is given, then
the construction can be carried out for f sufficiently close to fy. However when f is given first
(i.e. not given as a perturbation of some fy), it is not clear whether R f can be defined or not.
Main Theorem 3 will try to answer this question at least uniformly for class F; and small «.

Continued fraction: Any irrational number @ € R\ Q can be written as an accelerated
continued fraction of the form:

€0

a=ap+ ,  where qa,€Z, g,=%1(n=0,1,2,...), (3.1)
€1
ay + —— an >2(n>1).
€2
az +
Denote ||z|| = min{|z — n| : n € Z} and define ap = ||a]|, ant+1 = 0417 ’ Then o, € (0, 3) and
an and g, are determined by an{l = an + enay.

Successive renormalizations: Let f(z) = €™z 4+ O(2?) with a € R \ Q as above. We are
interested in the construction of successive renormalizations:

[0 =) [RAGE) G=)
fO(Z)_{f(Z) Go=-1 0 {Rf() o=y ME O

Here the complex conjugation is taken so that f,(0) = e?™n with o, € (0,3). If such a
construction is possible, we hope that the dynamics of f, whose irrationally indifferent fixed
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point causes recurrent behavior for nearby orbits, can be studied through the sequence {f,}. In
fact, problems involving high iterates of f,,—1 often reduce to simpler problems on fewer iterates
of f,. The geometric structure near recurrent orbits may be “magnified” by the renormalization
process. Hence it is natural to ask:

Question. When is it possible to define the sequence (3.2)?

Main Theorem 3 gives an answer (a sufficient condition) to this question. It will be important
to find a space of maps where the renormalization can be iterated infinitely many times.

We will write f as f(z) = e2™@h(z), where h(0) = 0 and h/(0) = 1, thus identifying f with
the pair (a, h). Under this identification, the near-parabolic renormalization can be expressed
as a skew product:

R: (a, h) — (—1m0dZ, Rah) , (3.3)
a

where Roh = E 2riap) 1s the renormalization in fiber direction. In many renormalization theory,
we often expect to see hyperbolic behavior, which usually has consequences such as universality
in bifurcation structures. (See [Su].) In our case, a-direction is obviously expanding.

Conjecture. The renormalization R is hyperbolic on a certain space of maps. More specifically,
the fiber renormalization R, is contracting.

Main Theorem 3 will also give an answer to this question.
See Figure 4.

C ”1 -------------- ]

» \+— —— mod Z
0 a «

Figure 4: Hyperbolicity of renormalization and limit at o = 0

The renormalization R’ is associated to the fixed point o(f). Infinite iteration of R’ corre-
sponds to infinite satellite renormalizations.

By the continuity of horn map, we have Roh — Roh as a — 0. So we are led to the study
of the limiting case: the parabolic renormalization Ry. For R, an invariant class was already
known in [Sh1], to which we refer for the proofs of Lemma 3.1 and Theorem 3.2 below.

Definition (Class Fy). Let

0 € Dom(f) open C C, f is holomorphic in Dom(f),
f(0)=0, f'(0) =1, f: Dom(f)~ {0} — C* is a branched

covering map with a unique critical value cv o all critical

Fo=14f:Dom(f)—C
points are of local degree 2

Examples: The quadratic polynomial z + 22 and the Koebe function froepe(2) = 2/(1 — 2)?
belong to Fp.
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Lemma 3.1. For f € Fy, f”(0) # 0 and f has only one petal. The critical value belongs to the
immediate basin of the parabolic fized point. The dynamics in the basin is conjugate to that of
z+ 22,

Theorem 3.2. The class Fy is invariant under Ry. Moreover any map in the image Ro(Fo) can

be expressed as gy .pe © o~ L, where IK oebe = RO(fKoebe)’ which is defined on D, and ¢ : D — C

is a univalent function with ¢(0) = 0,¢’(0) = 1.

Remark. Since Ro(Fo) has one to one correspondence to S (see Appendix), which is compact
with respect to the topology of uniform convergence on compact sets (Koebe distortion theorem).

Unfortunately this class Fy cannot be invariant for the fiber renormalization R, for o # 0.
As soon as f € Fp is perturbed into near-parabolic 2™ f, the simple covering structure of horn
map is destroyed, hence there may be infinitely many critical values, or it may not be a branched
covering at all.

4 A new class F; and main results

In this section, we define our class F; and state main results.

Definition (P and Class F;). Let P(z) = z(1 + 2)2. The polynomial P has a parabolic fixed
point at 0 and critical points —1 and —1 with P(—%) = —5- and P(—1) = 0. Let V be a domain
of C containing 0 and define

. 1 ¢ : V — C is univalent, ¢(0) =0, ¢'(0) =1
Fi= {f =Pogip(V) = C and ¢ has a quasiconformal extension to C [’

where univalent means holomorphic and injective. Note that if f € Fp, 0 is a 1-parabolic fixed

point of f. If —% €V, then p; = @(—%) is a critical point and —% is a critical value of f.

Main Thorem 1 (Invariance of F1). There exist a Jordan domain V containing 0 and —%

with a smooth boundary and an open set V' containing V' such that the above Fi satisfies the
following:

(a) f"(0) #0 (in fact, |f"(0) —4.91] < 1.14). p; € Basin(0).

(b) (Fo ~ {quadratic polynomial}) / ~ can be naturally included into F.

linear

(¢c) Ro(F1) C Fi. That is, for f € F1, the parabolic renormalization Rof is well-defined so
that Rof = Po~! € F1. Moreover v extends to a univalent function from V' to C.

(d) Rg is holomorphic in the following sense: Suppose a family fy = P o (p;l is given by a
holomorphic function ¢y (2) in two variables (X, z) € AxV, where A is a complez manifold.

Then the renormalization can be written as Rofy = P o w;l with 1 (z) holomorphic in
(A, z) e Ax V.

Remark. When f is defined in a larger domain and its restriction f|y to a domain U belongs to
Fi, the theorem asserts that its renormalization Ro(f) = P o~ : 4(V’) — C can be defined
only using the iterates of f within U.

This theorem is central in this paper and will be proved in §5. The outline of the proof
as well as the explicit definition of V' and V' will be presented in §5.A. Here it is important
that V C V', i.e., the new domain for 1 is strictly larger than that of original ¢ (analyticity
improving), which was not achieved with class Fy. This facts leads to Main Theorems 2 and 3.
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Main Thorem 2 (Contraction). There ezists a one to one correspondence between Fi and
the Teichmiiller space of C V. Let d(-,-) be the distance on Fy induced from the Teichmiiller
distance, which is complete. Then Ry is a uniform contraction;

d(RO(f)vRO(g)) < )\d(f7g) fO’)” f?g €F

where A = e=2mmod(V'\V) 1 The convergence with respect to d implies the uniform conver-

gence on compact sets (but not vice versa).

The proof will be given in §6 and basic facts about the Teichmiiller space is also summarized
there. An immediate consequence, together with Theorem 3.2, is the following:

Corollary 4.1. The parabolic renormalization Rg on Fi has a unique fixzed point, which belongs
to Fo. For any f € Fi, {Ryf}22, converges to the fized point exponentially fast with respect
to the metric defined in Main Theorem 2. Moreoevr, if f € Fo, then the renormalizations R{ f
considered as elements of Fo converge to the fixed point uniformly on compact sets in the sense

of §1.

We can derive similar results for the near-parabolic renormalization R and the fiber renor-
malization R, defined in the previous section, provided that « is small.

Definition. For «, > 0, denote
(0, ] % F1 = {2™h(2) | 0 < a < au, h € F1 }.

The distance on (0, ] * Fy is defined by d(f,g) = d(%f, Wlo)g) +1/'(0) — ¢’(0)|, where d on
the right hand side is the one for F; defined in Main Theorem 2.

For an integer IV, let Irrat.y be the set of irrational numbers a such that the continued
fraction expansion (3.1) has coefficients a,, > N.

Main Thorem 3 (Invariance of F; under R, and hyperbolicity). There exists o, > 0 such
that if « € C, |arga| < m/4 and 0 < || < ax, then Ry can be defined in Fy so that (¢) and (d)
of Main Theorem 1 hold for Ro. Moreover Ry, is a contraction as in Main Theorem 2 with the
same \. Hence R is hyperbolic in (0, ] * F1.
In particular, there exists an integer N > 2 for which the following holds:

If f(2) = e*™®h(z) with h € Fy and o € Irratsy, then the sequence of renormalizations (3.2)
can be defined and fy’s belong to (0, ] x F1. If g(z) is another map of the same type with the
same a, then d(R"f,R"g) — 0 as n — oo exponentially fast.

The proof of this theorem and the corollaries below will be given in §7. We obtain these
and N by a continuity argument, so we do not have explicit bounds. It will be important to
know how big a, can be.

Corollary 4.2. There exists an N (may be larger than the one in Main Theorem 3) such that
if f(2) = €2™°h(z) with h € Fy and o € Irraty, then the critical orbit of f stays in the domain
of definition of f and can be iterated infinitely many times. Moreover there exists an infinite
sequence of periodic orbits to which the critical orbit does not accumulate.

The same conclusion holds for f(z) = e*™®z + 22 provided that o € Irrats and « itself is
sufficiently small. Hence the critical orbit is not dense in Jy.
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5 Proof of Main Theorem 1 — Invariance of F;

5.A Outline of the proof

Strategy: Our main goal is to prove (c¢) of Main Theorem 1, i.e., to find ¢ such that Rof =
Ugo Eyo¥y!t = Poyp!, where Wy(z) = cExpf(z) with some constant ¢ € C*. Then ¢ should
be formally written as

Y =WgoPBrep 0 Puppy T oW o P=Wgodep0f "oy LoliloP. (5.1)

Here the equality on the right is a tautology, because ®,e,(f(2)) = Prep(z) + 1 and Vp(z +
1) = Wo(z). But the right hand side has following interpretation: ®qu, and ®,, are first
defined in attracting and repelling half-neighborhoods of 0 (corresponding to {Rez > L} and
{Rez < —L} for F as in Theorem 1.1), then the inverse branch f~" “maps” part of attracting
half-neighborhood to repelling one. It is important that the multi-valuedness and branching of
f7™ should be balanced by three-to-one map P at the beginning of composition.

In order to carry out various estimates, we move the fixed point to co and reduce the problem
to a map F which have a parabolic fixed point at oo (.7-"1Q defined below, cf. Propositions 5.2
and 5.3). On the repelling side of the fixed point, we construct a Riemann surface X with
a projection 7x : X — C g : X — X so that g corresponds to an inverse branch of f and
the repelling Fatou coordinate is defined on X (Propositions 5.4 and 5.5). As for the attracting
Fatou coordinate, Proposition 5.6 gives an estimate on @4, in the region Re ®g44-(2) > 1 (under
normalization ®q,-(cv) = 1), especially it gives bounds on the location of D1 = &} ({z:1 <
Rez < 2 and |Imz| < n}) and D§ (corresponding to Imz > 7). We trace specific inverse
images of Dy and Dﬁ and obtain domains Dy, D{,, D_;, D" and Dg, which can be lifted to X

(Proposition 5.7). We partition the domain of P according to Dy and Dg and define v in each
component so that (5.1) is defined through one of the above domains (Proposition 5.8). The
resulting v is consistent on the boundary of the components and yields Rof = Poy~t € F¥.

Now we move on to more details of the proof. To start with, the following proposition
explains why P(z) = z(1 + 2)? is important in our results.

Proposition 5.1 (Subcover like P). Let f € Fy and suppose that f is not a quadratic poly-
nomial. After a linear conjugacy, one may suppose that its unique critical value is —%. Then
there exists a confomal mapping ¢ from C \ (—oo, —1] onto an open subset U C Dom(f) such
that p(0) =0, ¢'(0) =1 and

f=Poyp ! onl.

The proof of this proposition, given in §5.C, uses the idea that the maps are regarded as a
(partial) branched covering over the range, and this covering structure is common up to certain
“sheets”. This view motivates the definition of F; (or F£ defined below), characterizing the
maps by their covering property over the range. (See Figure 9 there.)

Definition (Mapping Q). Define

116 -
Q(Z) =z Elii;;p ¢1(2) = _uiz)g = 4fKOebe <_i) ) ¢O(z) = _%-

In §5.D, we will see that @) is related to P by Q = @%71 o Po1y and ¢f1 “opens up” the slit
(=00, —1] to the unit disk so that 11 (C \ D) = C \ (—o0, —1] with %1 (c0) = 0.
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Definition (V' = Uf and U,? ). Let n > 0 and cv, = —5= (which is a critical value of P) and
define

v =Uf = p! (D(o, v, | e2”’7))

~ ((—oo, -1 U (the component of P~ (ID)(O, cvp| 6_27"’)) containing — 1))

Let UT? = @Dfl(U,f) . D. See Figure 5.

-1.8 -0.97

—0

-1.005  -0.997

Figure 5: Left: Uf for 7 = 0.4 (this  was chosen so that the deleted component around —1 is
visible); Middle: Ui for n = 2 and V. The outer boundary of Uf looks like a circle with radius
about 35; Right: successive blow-ups near —1.

Definition (Ellipse £ and V). Let z, = —0.18, a, = 1.24, b, = 1.04 and define
ez \2 )2
E = x—i—z’yE(C:( E) +(—) <1
aE bE'
and V = 1, (C \ E).

Proposition 5.2 (Relation between C \ intE and U,(;Q) Let n = 2. Then we have
(@\imtECUg2 c C~D.

Hence
VCV’ZU%D C C\ (—o0,—1].

The proof is given in §5.E. The constant n = 2 and the ellipse £ will be used throughout
this paper.

Definition (Classes F1, FlQ ). From now on, we denote the class F; by F{. We now define
two more classes of maps:

FF = {f:Pogo_1| ¢ : V' — Cis univalent, ¢(0) =0, ¢'(0) =1}

fQ:{f=Qos0‘1

0:CNE—C~ {0} is a normalized univalent mapping
and has a quasiconformal extension to C

Here a univalent mapping is a holomorphic and injective mapping (in general it is allowed to
take value 00); it is called normalized if (0) = 0 and ¢'(0) = 1 when 0 is in the domain, or if

p(00) = 0o and lim,_. @ = 1 when oo is in the domain instead.
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Proposition 5.3 (Relation between F{, F¥, .7:1Q and Fy). We have the relation

((Fo ~ {quadratic polynomials}) / ~) C FYcFh = le.

linear

More precisely it is formulated as follows:

(a) There is a natural injection ((Fo ~ {quadratic polynomials}) | ~) — F¥ .

linear
(b) There is a natural injection F¥ — FF | defined by the restriction of ¢ to V for f = Pop™! €
23

(c) There exists a one to one correspondence between F{ and .7-"1Q, defined by

ffaf:Pocp_lr—>F:qpoofo1/;61:1/;61oPogblow;lo@_lowO:Qo@_lG]—'lQ’
with associated correspondence @ — @ = 1/)51 oot In this case, if p(z) = 2+ ¢, + O(%)
near 0o, then f”(O):5—%°.

The proof will be given in §5.D.

The above (a) is implied by Proposition 5.1 and implies (b) of Main Theorem 1. The first
half of Main Theorem 1 (a) follows from the above (c) and [c, — 0.18] < 2.28, which is proved
in Lemma 5.22 (a) in §5.G. In order to show (c¢) of Main Theorem 1, it suffices to prove that if
F=Qoptle .7-“1Q (instead of F{), then the parabolic renormalization RoF (which is defined
similarly as in §3) belongs to F1 .

Assumption: Let F = Qop~! € le. Therefore ¢ : C\E — C~ {0} is a normalized univalent
mapping. We do not need to assume the existence of quasiconformal-extension. Basic estimates
on @, ¢ and F will be given in §§5.E, 5.F, 5.G and 5.1.

Definition (Riemann surface X). Let cv = cv,, = 27 (which is a critical value of @), R = 266

and p = 0.05. Define four “sheets” by

Q

X1 ={2€C: £Imz >0, |z| >pand%<:|:arg(z—cv)§7r},
Xoyx ={2€C: 2¢R_, £Imz >0, p<]z\<Rand%<:|:arg(z—cv)§7r}.

Here these “sheets” are considered to be lying in disjoint copies of C and let m;1 : X;02 — C
(i = 1,2) be the natural projection. Now we glue them together to construct a Riemann surface
X as follows: X4 and X;_ are glued along negative real axis (i.e., for z < —p, 7711} (x) € X1y
and Wf_l (r) € X1— are identified), X1+ and Xo_ are glued along positive real axis and X;_ and
Xo4 are also glued along positive real axis. The projection wx : X — C is defined as mx = m+
on X;+. The complex structure is given through the projection. See Figure 6.

Proposition 5.4 (Lifts of @ and ¢ to X). There exists an open subset Y C C~ (EUR,) with
the following properties:

(a) There exists an isomorphism Q:Y — X such that txoQ = Q onY and Qv_l(z) =
mx(z) =10+ 0(1) as z € X and wx(z) — o0;

(b) The map ¢ restricted to'Y can be lifted to a univalent holomorphic map ¢ : Y — X so that
Txop=¢w onY.

This will be proved in §5.H. The Riemann surface X allows us to lift F~! = po Q! to a
single-valued branch, so that it is easy to iterate without falling out of the domain of definition
of ¢. Therefore if some inverse images of a set arrives in X then it can be safely iterated by the
specific branch of F~1,
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R
X1y Vi,
KXoy
o ~ N
AL
Y
X,
Yi_
X !

Figure 6: RiemannSurface X (left) and Domain Y (right)

Definition. Let g =¢o @_1 X — X.

Proposition 5.5 (Repelling Fatou coordinate on X). The map g satisfies F'omx og = mx.

There exists an injective holomorphic mapping ®rep : X — C such that @rep(g(2)) = Prep(z) —1.

Moreover in {z : Rez < —R}, zﬁrep o 77)_(1 is a repelling Fatou coordinate for F = Q o p~ 1.

This will be proved in §5.J.

Definition. For zgp € C and 6 > 0, denote V(2,0) = {2 : z # 29, | arg(z — 20)| < 0}, V(20,0) =
the closure of V(zp, 6). Define

Wi = V(ew, ) N V(F(ev), ) = {z : |arg(z — cv)| < & and |arg(z — F(cv)) — w| < 2F}.

We will see in Lemma 5.28 that Re F'(cv) > 30 hence W is connected. Finally, let ug = % (=
14.43...) and Ry = 239.

Proposition 5.6 (Attracting Fatou coordinate and shape of D1). (a) The F maps V(ug, &)
into itself and V(ug, 2F) is contained in Basin(co). There exists an attracting Fatou coordinate
Dorer : V(up, %”) — C such that ®uur(F(2)) = Papr(2) + 1 and Papr(cv) = 1.

(b) There are domains D, Dg, D% € Wi(C V(uo, 28)) such that

Doir(D1) ={2z:1<Rez<2, —n<Imz<n} and D; C D(cv, Ry);
@attr(Dﬁ) ={z:1<Rez<2, Imz>n} and Dg C{z: T <arg(z —cv) < Z};
Bour(D) ={2:1<Rez<2, Imz < —n} and D} C {z: —%’T <arg(z —cv) < —%}.
This is the most delicate estimate and will be proved in 5.K. The key estimate in the proof is
Theorem 5.12. In fact, in this proposition, n can be replaced by 13.0 while still using the same R;.
The above (a) implies that cv and also epr = ¢(cp) are in Basin(oo), which is the second half

of Main Theorem 1(a). Normalize ®,, by adding a constant so that ®,¢,(2) — o (7x(2)) — 0
when z € X, mx(z) € D% and Im 7x (z) — +o0.

Proposition 5.7 (Domains around critical point). There exist disjoint Jordan domains Dy, Dy, D_1, D" |
and a domain Dg contained in Image(p) = Dom(F') such that

(a) F(Do) = F(Dy) = D1, F(D-y) = F(D”,) = Do, F(Df) = Di;

(b) F is injective on each of these domains;

(¢) epr = plepy) € DonDyND 1N D"y, Do N Dy #0), Dy D #0, Dy N D # 0);
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(d) Dy Uﬁg uD_, Uﬁlil ~A{ev} € mx(Xoy) Umx (Xo—) = D(0, R) \ (D(0,p) UR_ U V(cv, F))

and Eg Crx(X14).
This will be proved in §5.L, by bounding the regions which contain inverse images of D;.
Much of efforts are put into proving (Dg U ﬁg uD_ U Elil) NR_ = (. See Figure 7, for the

shape of these domains in the case of ¢ = id.

DY D*,

D* # 4
P D= Dj Dt

Dy

Figure 7: Dy, Dy etc. for F = @ (¢ = id). Further inverse images are denoted by D_,, = ¢"(Dy),
DL, = g"(D}), D",y = """ (D), D%, = g"(Df).

Proposition 5.8 (Relating Er to P). The parabolic renormalization RoF belongs to the class
FF (possibly after a linear conjugacy). In fact, we prove the following.
Regard Dy, Dy, D", Dg as subsets of X14 U Xo C X and let

o)
U = the interior of U g" (50 uDy,uD", UE%) .
n=0

Then there exists a surjective holomorphic mapping ¥ : U — Uf ~A{0} = V' {0} such that
(a) PoWU; = ¥po ) U, where ¥y : C — C*, Uy(z) = cvp, ez = cvp, Expf(z), and
‘iattr : U — C is the natural extension of the attracting Fatou coordinate to U;

(b) Wi(2) = ¥y(2') if and only if 2/ = g"(2) or z = g™ (Z") for some integer n > 0;
(¢) p=Tpo &)Tep o \111_1 : V' {0} — C* is well-defined and extends to a normalized univalent

function on V';
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(d) on (V' {0}), the following holds

Poqb_l:Po\IﬁoE'_l

Tepo\IIO_1 :\I/(]off)attroff;e;o\l/al Z\I/()OEFO\I/_I;
(e) we have the holomorphic dependence as in Main Theorem 1 (d).

This will be proved in §5.M. The V¥ is defined by choosing an appropriate branch of P lo
Uy o ®yyyr on each domain D_,, = ¢™(Dy) ete. Its consistency can be observed by comparing
Figure 7 and Figure 8. Thus, by setting

RoF =Poyp '€ Fy for F=Qoyp ' € FY (= F),

we have obtained (c) and (d) of Main Theorem 1. This concludes the proof of Main Theorem 1.

Dt DF Dt

Figure 8: Uf and its log lift (inverse image by Exp?). To emphasize the details, n = 0.4 for U,f
and n = 0.2 for Range(P) were used.

5.B Preparation

We prepare some lemmas and notation for the proof.

Lemma 5.9. (a) If a,b € C and |a| > |b|, then |arg(a + b) — arga| < arcsin (%‘)
(b) If0 <z < %, then arcsinr < § .

Proof. (a) The tangent from 0 to 9D(a, |b|) has angle arcsin (M) with respect to the vector 0a.

lal

(b) This follows from the concavity of sin in 0 <9 < T and sin % = 1. O

6_
Lemma 5.10. Let e, = 1.14, e, = —(i18 =z, e, = 0.1 and define ((w) = e;w + ¢, + —.
Then ¢ is a conformal map from C D onto C\ E, and sends {w : |w| = r} onto OFE,, where

E =atiy: (ﬁ)2+<i)2<1 with a,(r) = e+ = and b,(r) = e
r Yo m b)) = B 1 r e

r =1, we have a,(1) = a,, b, (1) =b, and Ey; = E, which are defined in §5.A.

€4
r — —. For
1 r

Proof. If w = e, then ((w) = eyt ag(r)cost +ib,(r)sin 6. O
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Lemma 5.11. (a) If Re(ze™") > ¢ > 0 with § € R, then
1 e 1
S ep(E_ ).
z © ( 2t ’Qt)’

(b) If H ={z:Re(ze ™) >t} and 20 € H with u = Re(z0e~ %) — ¢, then
2urle®  2ur
Dy (z0,5(r)) =D (ZO + 1,2 1—7“2> )
where the right hand side is an Euclidean disk and s(r) = dp(0,r) = log

Proof. (a) Immediate from the property of Mébius transformation %

(b) When § =0, ¢t =0 and zp = 1 (hence u = 1), D <zo 4 2ur’e?  2ur ) is a disk with diameter

or a simple calculation.

1—7r2 > 1—r2

?‘L—jr:, %} and mapped onto D(0,r) by z — %, which is an isomorphism from H onto ID. We
obtain the equality by the invariance of Poincaré metric. The general case follows immediately
via a similarity. O

The following theorem gives a sharp bound on the Fatou coordinate. It gave a substantial
improvement for the estimate in Proposition 5.6 compared to earlier methods the authors had
tried.

Theorem 5.12 (A general estimate on Fatou coordinate). Let  be a disk or a half plane and
f:Q — C a holomorphic function with f(z) # z. Suppose f has a univalent Fatou coordinate
O:0—C, e, O(f(z)) =P(2)+1 when z, f(z) € Q. If z € Q and f(z) € (2, then

da(z, f(2))

1 1
log ®'(2) + log(f(2) — 2) — 5 log f'(2)| < log cosh @ 5

1—r2’

1
.
5 8

where 1 is a real number such that 0 <r <1 and dp(0,r) = da(z, f(2)).

Proof. Set g = ® and ¢ = f(z) in Theorem A.3 in Appendix and use ®(f(z)) = ®(2) + 1 and
d'(2) = D'(f(2))f'(2). Use (A.2) for the equality on the right hand side. O

Computer Checked Inequalities. In the following, the inequalities checked with computer
are denoted by < and > with * in the equation numbers. This was not applied to some simple
* *

inequalities which only involve 7 or square roots such as v/3, v/6, because those values are well
known. For the convenience, approximate values are indicated as x = 1.2345. .., which means
x € [1.2345,1.2346] (we do not round up the next digit).

List of constants. cp = Pg = 5+ 2v6 (=9.899...),cv = o = 27,m = 2,2z, = e, =
—0.18,a, = 1.24,b, = 1.04,e, = 1.14,e_, = 0.1, R = 266, p = 0.05,ug = 2= (=14.43...)
167,61 = 0.057,e9 = 0.406,e3 = %,54 = 1.13,r1 = 1.25,r0 = 1.4,r;3 1.54,00 = 7,03 =

0.47,u1 = 12.5,uy = cp,uz = 21Y3 (= 23.38...), ug = 20.8,u5 = uz — u;.
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5.C Covering property of f € 7y and P as “subcover”

Let f € Fo. After alinear conjugacy, we may suppose that its critical value cv = cvy is contained
in R_. A traditional way to consider f : Dom(f) — C is to regard Dom(f) as a Riemann surface
spread over C, consisting of “sheets” which are copies of the plane C, cut along several slits and
then glued together along pairs of slits, with f acting as the projection onto C. This view helps
us to understand the structure of Dom(f).

Definition. Denote I'y = (¢v,0),T, = (—o0, cv],I'c = (0,+00) C R. Define Cg;y = C~\ ({0} U
Iyurly,), and Cgr = Cgye N {2z : £Im 2z > 0}.

Description of covering properties of f € Fj: Since Cy;; is simply connected and does not
contain 0 and the critical value, ffl(Csm) consists of connected components U; (i € I, where
I is an index set, say I = N or I = {1,...,n}), each of which is mapped by f isomorphically
onto Cg;;. Denote U = fﬁl(Csliti) N U;, Vi = fﬁl(l—‘a) NU;, Toie = fﬁl(Fb) N Hi:l:, Veix =
f~YT.) NU;+ (i € I), where the closures are taken within Dom(f).

See Figure 9 (left).

r Vs Dom(P) o
Uy U
o
_________ Z/{3+ U3+ Z/[l_;,_
Dom(f)< : ”
g C 2 ‘ Taz\ Yoz [ Tax
’ybg‘ —7 = L 0 ,Y(:l
7 3 3
1
ey 0
& Us_ U -
U
v f 24
F Fc (Cslit
- X 0® Te2 Yoz

Figure 9: Dom(f) as a Riemann surface spread over C (left) and Dom(P) (right)

The domain Dom(f) of f can be described as the union of U;’s, which are glued along
boundary curves 7., and 7 ; each 7, 418 glued with some 7_. and vice versa, the same is
pigr i Vyiy 18 glued with Vs then g must be glued with 7,. , because
the critical points are simple. Since f is homeomorphic near 0, there must be a component, say

Uy, such that 0 € U; and 701+ =7,_-

Next consider boundary curves 7

ture for Vit For v

bt and 7,, . If they were glued together, then U1 would

be already isomorphic to C and Dom(f) = U;. This would imply that f is isomorphic and
has no critical value (since Dom(f) is connected). This contradicts with the assumption that
f € Fp. So there must be another component, say Us, such that Vor+ = Voo and Voor = Vop1—-
Note that f~'(cv)N7,,, N7, is a critical point, which we call the closest critical point and
denote by cp = cpy.

Denote Uis = Up UlUs U Vi Y Vo Then flyy, : U1a — Cgiy UT, = CN {0} UT, is a
branched covering of degree 2 branched over cvy.

b1+ b2+
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Example 1. Let p(z) = z + 22, Dom(p) = C . {—1}. Then the critical point is cp = —% and

the critical value is cv = —1. Uy = {z: Re > —3} \ [0,400), Us = {2 : Re < —3} \ (—o0, —1].

Example 2. Let P(z) = z(1 + 2)?, and restrlct to Dom(P) = (C ~{- 1} The critical points
are cp, = —% and —1, and the critical values are cv, = P(— 3) = — and P(-1) = 0. It
is easy to see that 7 = (—3%,0), 7, = (=1,—3), V5 = (—3,—1), Verp = Vo = (0,+00),
Voze = Ty = (—o0, —f] Since other inverse images of I'y and I'c msut branch from —% and

—1 and extend to oo within upper or lower half planes, it can be checked that ¥

7c3+
the lower half plane into U;—, Uay, Us—.

* . bl+ ’sz—. ‘nd
=7, divide the upper half plane into U4, Us—, Us; Voot = Vo1 and Yeor = Vg divide

Figure 9 (right) illustrates the domains and curves for P. From now on, we denote Vi = Vit
and v, =7, for simplicity.

Proof of Proposition 5.1. Now we further assume that cvy = 247 = cvp. We continue with the

above description of Dom(f) as the union of U; (i € I). We already have two special components
U, and Uy as before. Now consider 7, " and 7, . If they were glued together, after adding an
inverse image of 0 to Us, we would have a degree two branched cover onto C and this leads to
the case of a quadratic polynomial.

So if f is not a quadratic polynomial, there must be components U3 and U, such that
Vg = Vogp and 7V, =7, . Note here that /3 and i/ may or may not be distinct. Further
gluings for 7, or V.,
the half components Us; and Uy, no matter whether Us = Uy or not. Let us denote the
components and curves for P by Z/IZ-P , ’YaPi etc. as in Figure 9 (right) We can now define

¢ : C~ (=00, —1] :C\(WZU’Y;)HDom(f) by ¢(z) = (f]uii) oPonUl fori=1,23,

etc. depend on particular f. So we have common structure up to

except on Z/{3P_, where ( flu, ) “!oPisused. This definition extends continuously to the boundary
curves 7;, ’752, ’YZ, ’YCP;, ’YCP;, since the gluing relation is the same (if Us_ is replaced by Uy_).

The origin is mapped onto the origin and —% is mapped to the closest critical point of f. It is
easy to see that ¢ is a homeomorphism from C \ (—oo, —1] onto its image. At the points other
than 0 and the critical point, the map f is locally conformal, so ¢ is holomorphic there. By the
removable singularity theorem, ¢ is conformal from C~\ (—oo, —1] onto its image. It follows from
the definition that f = Po¢~! and ¢(0) = 0. By differentiation, we also have ¢/(0) = 1. O

Corollary 5.13. If f € Fog and f is not a quadratic polynomial, then

20 4
f7(0) - cv ton| S 5 in general.

or =97

|f7(0) =5 <1 ifco=—

277a

Remark. For the quadratic polynomial f(z) = z 4 2%, we have f”(0) - cv = —3, which does not
satisfy the inequality.

Proof. Since f”(0) - cv is invariant under the linear conjugacy, we only need to deal with the
case cv = —%. Therefore we may suppose that f = P o ¢~! as in Proposition 5.1, where
¢ : C~ (—o00,—1] — U is a conformal map with ¢(0) = 0, ¢'(0) = 1. Let froebe(2) = (1_2)2
which is a conformal map from the unit disk onto C\ (—oo, —1/4]. Then ¢(z) = %@(4]‘1(051,6( )
is a univalent function in the class S. Then by Theorem A.1 (a) in Appendix, |¢"(0)| < 4.
On the other hand, ¢”(0) = 4¢"(0) (ficpepe(0))° + @' (0) f1 oo (0) = 4" (0) + 4 and ¢"(0) =
P"(0) — f"(0) = 4 — f"(0). Therefore we have |¢”(0) + 1| < 1 and |f”(0) — 5| < 1, which was

the assertion. 0




Parabolic Renormalization May 5, 2006 23

5.D Passing from P to @)

For various estimates, it is easier to work with a parabolic fixed point and with arbitrary uni-
valent functions defined in the complement of a disk (or an ellipse). This is why we introduced

Q (and 1,[)0, 1/)1) on §5A
Lemma 5.14. (a) The P and Q are related by
Q=1 oPoyy.

The 11 maps C <D (and also D) conformally onto C ~ (—oco, —1] and 1 (c0) = 0.
(b) The map Q has four critical points cp := 5+2v/6(= 9.8989...), c¢p’ := 5—2v/6(= 0.1010...)
and £1; the critical values are cv := Q(cp) = Q(cp’) =27, Q(1) = 0o and Q(—1) = 0; ¢p and

cp’ are simple critical points, whereas the local degree is 4 at z =1 and 6 at z = —1.
z z 2 4z(1—=z 4
Proof. (a) P(r(2)) = — 7l (1- i) = — 232 = v0(Q(2)).
z—1

The map 11 can be written as 1 = 112 011, where 111 : 2 — and P12 1w — w? — 1.

z+1
Y11 maps C D (resp. D) to the right half plane (resp. the left half plane), then 11 » maps the
right half plane (or the left half plane) onto C ~\ (—o0, —1].

(b) Left to the reader. See also Lemma 5.21 (a). O

Definition. Define Z/{ici = o UL) D, FaQ = wal(Ff), ’7222. = 1#1_1(72) ~ D etc. Then

re = (cv,4+00) = (27, +00), FbQ = (0, cv], re = (—00,0), ’Yan = (cp, +0), ’Yan = (1,cp),

’}’Ql = (—o0,—1). (Here u:?— is not connected with Z/{gi and may rather be called Uﬁ as in the
C

previous subsection, but we name it to be consistent with P.) Note that ] L split 75 5 and ’Yf:;

; Q _ Q _ _ Q _ - Q _ 14 _
into arcs on OD, ’7a3+ = [1,w]op, ¥ L= [w, —1]sp, VG = [1,@]op, Voo = [0, —1]gp, where

[¢,¢']op denotes the arc between ¢ and ¢’ on D and w = 1+§/§i. See Figure 10.

Figure 10: Domain of (Q with partition by curves; C~ UUQ consists of D and two shaded regions
near +1 and —1, however the one near +1 is invisible.

It is clear that @ maps each U;+ isomorphically onto {z : £Imz > 0} = 1), L(Cgir+) and

7,; homeomorphically onto T, etc. Denote Z/{iQ2 = Z/IlQ U Z/I2Q U 71?1+ U “YbQH = 7 (ULy). Then

Q‘ug : Z/{f% — C~ {0} UTY is a branched covering of degree 2 branched over cvg,-
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Now we prove Proposition 5.3 assuming Proposition 5.2.

Proof of Proposition 5.3. (a) Suppose f € Fy. Then by Proposition 5.1, it can be expressed as
f=PoyptonU, where ¢ : C~\ (—00,—] — U(C Dom(f)) is a conformal map with ¢(0) = 0,
¢'(0) = 1. Since V' = UF C C \ (—o0, —1], we can further restrict f = P o ™! to o(V’) and
obtain an element of F1. This is obviously injective because we are restricting holomorphic
functions.

(b) By Proposition 5.2, we have V C V'. Given f = Pop~! € FF, where ¢ is defined on V', we
can restrict ¢ to V. Since F C C ~\. D, the boundary of V is non-singular real-analytic Jordan
curve, hence |y has a quasiconformal extension to C\V. Thus we obtain f = Po(¢|y)~! € FF.
(c) The statement on the one to one correspondence is easy to check. Note that v : CNE—V
is conformal and ¢ is normalized at 0 if and only if ¢ = v Lo gp o ¢1 is normalized at oo.

The statement on f”(0) is immediate from calculation: F(z ) =2z+ (10 —¢)) + O(1) and

f(z) = zpo_l oFoy(z) = —4/(=4/2+ (10 — ¢,) + O(2)) = z+ 024 O(2?). O
The following lemma (used in Lemmas 5.17 and 5.26) shows that ’YCQQ and 7?3 go outside

iy 2

D(J5: 75) D= 75 J5)-

Lemma 5.15. (a) {z € C:z# -1, & < targ(z+1) <7} CUL.

(b)ID)(j:\Z[ f)\]l)clxgi Hence L{IQC(C\]D(\[ W)UD< ff)

Proof. (a)If z € C with z # —1 and 2” < arg(z+1) < m, then it is easy to see that 2 g <argz<m
and therefore 2m < arg P(z) = argz + 2arg(z + 1) < 37 and Im P(z) > 0. This implies that
{zeC:2# —1, & <arg(z+1) < m} is contained in a connected component of P~1(Cg).
This component must be Us, since points near (—oo, —1) are contained in Us. It can be proved
similarly for Us_.

(b) First we conseider the image 1/11( (7 7) D). Write 11 = 120911 as in the proof of

the previous lemma. Note that 0D(—= VL \2[) is a circle intersecting the unit circle at 1, —1 with

angle §. The Mobius transformation t1,1(z) = Z?‘L maps the unit circle to the imaginary axis,

1 to 0, —1 to 0o, hence it must map 8]]])(%, %) N DD onto a half line from 0 to oo that intersects

the imaginary axis at 0 and co with angle %, and contains ¢1,1(i\/§) = H'fi So we conclude

that @D11(8D(% %) D) ={w:w=0,000r argw = §} and v 1(D (7 7) D) = {w:
w#0, 5 < argw < Z}. Then the latter is mapped to {z : z # —1, 2?? < arg(z +1) <7} by

P12(w ) = w? — 1. Hence we proved 1 (D (f f) \D)={z€C:2#-1, &< arg(z+ 1) <
7w} C Uz, . This implies ]D)( f \f) <DcC Z/{?)QJr The same conclusion holds for D(— ) It

follows that UL ND(+ 7 —) =0. O

From the following subsection, when there is no confusion, we will drop @ in the notation
Z/IZ»Q, ’)’Q. etc and denote U, 7, €te
a

&\
%\

5.E Estimates on (): Part 1

Now we embark on the estimates which are needed for Mam Theorem 1(c). From now on,
throughout this section, we assume that F' = Qo p~! € ]—'1 . Therefore ¢ : C~ E — C~ {0} is
a normalized univalent mapping. For convenience, we usually use variable z for the ranges of @)
and ¢ (which are the domain and range of F'), whereas variable ( is used for their domains.
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Lemma 5.16. Let n =2, e1 = 0.057, €2 = 0.406.
(a) C ~ U,(,’2 UD is covered by the disks D(1,e1) and D(—1,¢2).
(b) The disks D(1,e1), D(—1,&2) and D are contained in the interior of the ellipse E.

Proof. (a) By the description of U,f in previous subsection and the relation between P and @), it

is easy to see that @\Uf,g UD consists of two connected components W and W' such that W (resp.
W') contains 1 (resp. —1) in its boundary and |Q(¢)| > cve?™ in W (resp. |Q(¢)] < cve 2™
in W'). If we know that |Q(¢)| < cve?™ on OD(1,e1) (resp. |Q(¢)| > cve™2™) on ID(—1,e9)),
this will mean that W C ID(1,e;) (resp. W/ C D(—1,e2)), since W (resp. W) is connected.

Since Q(¢) = é(cgr_ll);, if |( — 1| = &1, then we have a numerical estimate

(2 + 61)6
(1—e1)ef

Q)] < (= 7.61 - x 10%) < 27e*™(= 7.74 - x 10°). (5.2%)

Similarly if | + 1| = e, then

€5

|Q(C)| > (1+€2)(2+€2)4

(£9.50--- x 107°) > 277 2™ (= 9.41--- x 107°). (5.3%)

Thus it follows that C ~ Uf,’2 UuD c D(1,e1) UD(—1,e2).

(b) In order to prove D, D(1,e1), D(—1,&3) C intE, parameterize OF by x = —0.18 +1.24t,y =
+1.04V/1— 2 (-1 <t < 1). Let

hi(t) := 2 +9y* — 1 = 0.456 > — 0.4464t + 0.114, (5.4)
ho(t) := (x — 1) 4+ y? — €2 = 0.456 2 — 2.9264 ¢ + 2.470751,
hy(t) := (x4 1)% + y* — €3 = 0.456 t + 2.0336 ¢ + 1.589164.

The quadratic polynomial A1 has discriminant
(0.4464)2 —4 % 0.456 x 0.114 = —0.00866304 < 0. (5.7)

Therefore hi(t) > 0 for all ¢+ and this implies D C intE. Next, ho(t) has minimum at ¢ =

222%?25?6 > 1, and the minimum within [—1, 1] will be attained by

ha(1) = 0.000351 > 0. (5.8)
Hence hs(t) > 0 (t € [-1,1]), which implies D(1,&1) C intE. Finally, h3(t) has minimum at
t= —22*%?’2566 < —1, and the minimum within [—1, 1] will be attained by

hg(—1) = 0.011564 > 0. (5.9)
Hence h3(t) > 0 (t € [-1,1]) and D(—1,&3) C intE. O

Proof of Proposition 5.2. By Lemma 5.16, we have
U$ S>C~ DUD(1,e1) UD(-1,e2) D C \ intE,

and also R
V =91(C\ intE) C ¢ (UR) =UL =V,
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In order to determine the shape of Y for Proposition 5.4 (b), we will need the following
lemma.
Lemma 5.17. Let R = 266, p = 0.05, €3 = %, g4 = 1.13 and r; = 1.25.

(a )Ifge(:\m)<7 7) uﬁ(—i,l> and |¢ — 1| < e3, then |Q(C)] > R = 266.

3
(b) IfgeC\D(f %) uﬁ(—%, 2) and |C + 1| < e4, then |Q(C)] < p = 0.05.
(c) Ey, is covered by D ( g ,%), D

w

S

(—ﬁ,%), D(1,e3) and D (—1,e4). Hence

i 7)u11)>(1 e3)UD (~1,64) C C~ Ey,.

then ¢ € C\ E,,. Moreover if ¢ € Uy and |Q(¢)| > R, then

?U@\

(d) If ¢ € Urz and p < [Q(Q)] <
¢ is also in C\ E,,.

Proof. (a) It is easy to see that ﬁ(l,%) N{¢ : Re¢ < 1} is covered by D (\f \f)

D <—%, %) Hence under the assumption of (a), we have Re¢ > 1 and | + 1| > V4 + 2,
where r = |( — 1| < e3. So

(VA (@t e??

1Q(Q)] = ha(r) = (T (5.10)
Since (log ha(r)) = 4?:;2 _Tlrr —34<8 _0-4<0for0<r<l,
QIO = ha(r) > ha(ez) = AFES 8005 (5.11)

C (l+eg)er 3

(b) Similarly, under the assumption of (b), since &4 < % (= 1.154...), we have Re( < —1,

V3

hence || > V1 + 72, |¢ — 1] > V4 + 12, where r = |( + 1] < e4. Therefore
Q) - 5.12)
)| < . 5.12
VI+r(Va+r?)!
Take function hs(s) := \/W(4+ E for s > 0, then (log hs(s)) = %—ﬁ — 4L+s >3 L 2=
&+ > 0. Hence (5.12) is bounded by
6
€
1Q(Q)] < hs(r?) < hs(e2) = : 4 3 ($0.0495...) < p. (5.13%)
V1t+el(4+¢€3) *

(c) It is enough to show that the upper part of E,, is covered by ID>( J ,%), (1,e3) and

&\

D (—1,e4). We prepare an elementary lemma:

Sublemma 5.18. Let I' = {x—i—iy: (%)2 + (%)2 =1ly> 0} with a > b > 0. If two points

21,22 € I' are contained in a disk D({y,r) with Im (yp > 0, then so is the subarc of T' between z;
and zo.

Proof. The T is the graph of y(z) = by/1 — (%)2 Define h(z) = (z — &)? + (y(x) —m0)* — 2,
where (g = & + ino with ng > 0. If z; = z; + iy(z;) € ' (j = 1,2) are contained in ID((p),

then h(x;) < 0. It follows that h(z) < 0 for  between z and x9, since h(z) = (1 - (%)2) x? —

2bmor/ 1 ( ) + cx + d is obviously a convex function. O
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Now we continue the proof of (c) of Lemma 5.17. After shifting the origin, we will ap-
_ 2
ply this lemma to I' = 9E,, N {¢ : Im{ > 0} and y(x) = bE(1.25)\/1— (%) =
L
1.345¢/1 = (5818)2 " Let z; = —1.01 + iy(—1.01) and 25 = 1.145 + iy(1.145) and these

points divide I' into three subsrcs I'1, I's and I's, from left to right. The end points of I'y,
x, —a,(1.25) = —1.685 and z;, are contained in D(—1,e4), since

B

| —1.685 + 1] = 0.685 < £4 and (—1.01 4+ 1)2 + y(—1.01)2 — &2 (= —0.01798...) < 0. (5.14%)

*

i

The end points of I'y, 21 and z9, are contained in D ( 75 \2[) since

(~1.01)2 + (y(~1.01) - %)2 - (%)2 (= —0.0166...) <0 and (5.15%)
(1.145)% + (y(1.145) - %)2 - (%)2 (= —0.0186...) < 0. (5.16%)

The end points of I's, z3 and x, + a,(1.25) = 1.325, are contained in D(1, e3), since

1.325 — 1| = 0.325 < e3 and (1.145 — 1)® + y(1.145)%> — €2 (= —0.016...) < 0.  (5.17%)

*

Therefore we conclude that the convex hull of I'y U {—1} is contained in D(—1,¢e4), the convex
hull of o U[—1, 1] is contained in D <f \[> U{£1} and the convex hull of 'sU{1} is contained

in D(1,e3). Since the upper half of E,, is the union of these three convex hulls, we have proved

().

(d) Let ¢ € Uiz and suppose p < |Q(¢)] < R. By Lemma 5.15 (b), ¢ € (C\]D)(f \[)
ﬁ( 23) By (a) and (b), ¢ cannot be in D (1,e3) UD (—1,&4). It follows from (c) that
e C N Er1

For the last statement, consider the inverse image of C\ID(0, R) by Q|- Form the relation
between P and @) (Lemma 5.14, considering the inverse image of a neighborhood of 0 by P), one
can show that (Q|c_5) ' (C~D(0,R)) = U UU’, where U and U’ are connected Components

contained in Uy U V.1 and Us U Uz U Voo U Ve, respectively. Moreover 00 €U and -1 € T.
It follows from (a) that W = D(1,e3) \ D (\[ f) U ID)( et f) must be contained in the

component U’. Therefore we conclude that W N1 = (). The rest is similar to the previous case.
This ends the proof of Lemma 5.17. O
5.F Estimates on (): Part 2

Lemma 5.19. One can write

80¢+32—48
QO =C+10+ 2 4 Qu(Q), where Qo(¢) = 0 ‘ ¢

+
¢ (€—1) (¢€—1*
and s
160 80r + 32+ <>
Q2(0)] < Q2maa(r) := -1 + 1) for |(| >r>1.
Proof. This is immediate by a calculation and left to the reader. O

Lemma 5.20. Q (V(21,%)) C V(30,%) C V(ev, %).
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Proof. Suppose ¢ € V(21,%) and let ¢ = ¢ +9. Since ¢’ € V(30,%), it suffices to show

that |arg(Q(¢) — ¢')| = |arg <% + (1+Q2(C))>’ < 7. If ¢ € V(21,%), then |arg¢| < & and

arg¥| < T On the other hand, by Lemma 5.9 (a) and Lemma 5.19, |arg (1 + Q2(C))| <
§ 6

arcsin Q2 mqz(21) = arcsin 56 < arcsin § = §- Since both % and 14 Q2(¢) are in V(0, §), so is
their sum. Therefore @ (¢) € V (30, 6) cV (cv, 6) O]

Lemma 5.21. (a)

s (e () - ()

1
¢

(b) If Il = 7 > cp,, =5+2v6 (=9.899...), then

/ o— - — "
o8 Q0 = LooDtr) = 53 + 5+ § | 15+~ | * Tox

(c) If |¢| > 5+ 2V6, then ReQ'(¢) > 0. For any 6 € R, Q is injective in {¢ : Re(Ce ") >
5+ 2v6}.

Proof. (a) This can be checked by a calculatlon

(b) Using —log(l —x) =30° & = + 2 + N L, we have

n=1"n

log Q'(¢) = log (1 - %) +log< = Q\f) + 5log (1+ ) —5log (1 - %)

o0 o0
_ 49 320 (54+2v6)" | (5—2V6)" 10
GG Z ( ncr T men ) + Z (@m+1)c2mTT

n=4 m=2

The inequality follows easily.
(c) Consider arg Q'(¢) = Imlog Q'(¢) in |¢| > 5 + 2v/6. First note that Q' has no zeroes there.

Suppose now that Im { > 0. Since Im% <0 and ‘%‘ < 1, it is easy to see that

arg(l—i—%)ﬁ()garg(l 2= 2‘[><arg( —Z)<arg<1—%><g.

Therefore

argQ'(¢) < arg (1 — %) + <arg (1 — 5_3‘/6) —arg <1 — %)) <
On the other hand, by Lemma 5.9,

Nk

1 T 10 T
arg Q' >bHar (1 + l) —b5ar (1 — l) > —-10arcsin —m > —— - —— > ——_ (5.18
BQ(C) 2 g {1+ ¢ VA Srave s 3 5rave 2 018

Thus we have Re Q'(¢) > 0. The same conclusion holds when Im ¢ < 0.
If two distinct points (o and ¢; can be joined by a segment within {¢ : |¢| > 5 4+ 2v/6}, then
by

Q(G) - Q) _ 1 td - N )
-G G=CJo QGG Co))dt_/o Q' (Co + (¢ — Go))dt, (5.19)

we have Rew > 0. Hence Q((o) # Q(¢1). This proves that @ is injective in {¢ :
Re(Ce ) > rl. O
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5.G Estimates on ¢

Lemma 5.22. Suppose ¢ : CNE—C- {0} is a normalized univalent map. It can be written
as

@(€) = +cy+ »1(C)
with ¢, € C and lim¢— ©1(¢) = 0. Then we have the following estimates:

01,max E’ COl,max = 2.28 = 261.
(b) Image(p) D {z: [z — (cy +25)| > 2e,} D {z: [z > e, = 4.56}.

(@ eylul (1 - ) < o)l < eyl (14 )" for jw] > 1.

(d)

(a) [eg = ool <€ , where ¢, = 0.18 = —x

arg@‘ < log [wl+1 for |w| > 1.

lwl—1

(e) |p1(Q)| < gol’mm(r) = aE\/ log (1 — <T_“|1£E|)2> for|¢| >r>a, + |z,| =1.42.

2
(f) [log ¢’ (¢)] < LogDpmaz(r) := —log <1 — (TﬁEO > for |{| >r>a, + |z, =1.42.

Proof. Let ¢(w) = L¢(¢(w)). Then it can be checked that ¢ belongs to . Since
1

Cy T 1 e_ Cy T 1
pw) = w+ 2 E+<@1<<<w>>+1>=w+ " E+o<),
el 61 w el w

CotTg

it follows from Theorem A.2 (a) that for ¢y = o] <2 and {z:|z] >4} C{z:]|z— o] >

e’
2} C Image(p). They imply (a) and (b). Applying Theorem A.2 (d) to ¢, we also obtain (c)
and (d).
Let ¢ = C;xE. If (| >1then ¢ =2, +a,¢ € C~ E and $(¢) = aigo(a:E +a, C) is defined.
E

Applying Theorem A.2 (b) and (c¢) to ¢ which belongs to Y., we obtain (e) and (f). O

Lemma 5.23. If ( € C\ intE,,, then |p(¢)| > p and | arg #| <.

Proof. Suppose ¢ € C \ intE,,, then we can write ( = ((w) with |w| > 1.25. By Lemma 5.22
(c), using the fact that 7(1 — )2 is increasing in r > 1, we have

1) 1\?
lo(O)] = lp(C(w))] > e, [w] (1 - |w) >1.14x 1.25 <1 - 125) = 0.057 > p = 0.05.

Also by Lemma 5.22 (d),

p(¢(w))

w

arg

1.25+1
‘Slg i

0g T or—7 = 210g3 (+2.1972...) < 0.77 (= 2.1991....). (5.20%)

On the other hand, by Lemma 5.9,

e
arg C(w) ‘ = larg [ 1+ b 4 712 < arcsin (|mE| + |671|) = arcsin(0.28) < Z.028<0.1m.
w ew  ew 3
Therefore we have ‘arg #‘ < |arg WI + )arg %) <07+ 017 < 7. O
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We will need the following for Lemma 5.33 in §5.L.

Lemma 5.24. If(e(C\]D)( U]DD( “= ) UintE. and Re¢ > x,, then o(¢) ¢ R_.

Proof. By Lemma 5.22 (d), we have for |w| > 1,

o(¢(w)) lw| +1

lw] — 1

|arg(p(C(w))] < Jargw]| + |arg

‘ < |argw| + log

Suppose ¢ € C ~\ Er1 and Re( > x,. Then we can write as ( = ((w) with r = |w| > r; = 1.25
and 0 = argw € [-7, §]. So in order to prove the lemma, it suffices to show that

1
if > 7 and Og@gg,theneithere—l—logr—i_l<7T0r§( )GD(L,2). (5.21)
r_

w

We cover by 5 cases:

(a)r>r=125and 0 <0 <03m; (b)r>r3=154and 0371 <0< F; (c)rp=14<
r <rsz =154 and 0.37 < 0 < 0.47; (d)r2:14<r<r3—154and04 <0< 5 (o)
r1=125<r<ry=14and 037 <6 < 3.
In case (a), we have 0 +log Z1 < 0.37 + 0.77 = 7 by (5.20%). We also have 6 +log “1 < r in
cases (b) and (c) by
1.54+1 m
log ——— (=1.548... — (=1 .22%
0g154_1(. 548 )§2( 570...), (5.22%)
1441
log 4+1(¢1.791 ) < 0.6m (=1.8%4...). (5.23*)

In order to show ((re??) € D (f f) for cases (d) and (e), we need the following:
Sublemma 5.25. Let 1 < 51 < s3 and 0 < 01 < 5. If ((s2i) and C(s2€™) are contained in

D(\[ f) then

Z(81,82,01) :={C(w) : 51 < |w| < 59 and ; < 6 < g}

15 also contained in D (\f f)

Proof. By the assumption and Lemma 5.18, the subarc 0Fs, N Z(s1,$2,01) is contained in
D (\[ f) Since Z(s1, s2,01) is the region bounded by {¢ : Re( = =}, 0Fs,, OF;, and the
upper right part of a hyperbola

2 2
T =T, Y
< 030, ) — <sin01> =dee |, x>x,+2,/eje cosband y >0,

which is concave, it is easy to see that the region Z(s1, s2,67) is contained in the convex hull of
(0Es, N Z(s1,82,01)) U [z, x, +2 cosy]. Since z, + 2, /eje  cosf < 2v0.114 < 1,

161

this convex hull is contained in D (Lg, %) O
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We apply this to 1 = 1.4, 02 = 7 < 0.37 and r3 = 1.54 and 03 = 0.47. It can be checked
that

, 2 2 . 2
C(rgew?) — % = (1.147"2 cosfy — 0.18 + %) + (1.147“2 sin 0y — % - %)
2
(=1248..) < (&) (+1333...), (5.24%)
. 2 2 . 2
((rzei?) — ﬁ = <1.14 rgcosf3 —0.18 + 70'15;’893) + <1.14r3 sin 03 — 70'1?3“93 — %)
2
(+1.208...) < (%) : (5.25%)
2 2 2
‘C(Tgi) - = (-018)2 + (1.141"3 SOl %) (=127...) < <%> . (5.26%)
From (5.26%), ((r27) is also in D <ﬁ,%) Hence, by the above lemma, Z(ri,re,62) and
r1,73,03) are contained in ) erefore (5.21) is proved for cases and (e).
Z 0 ined in D (=, ). Therefore (5.21 d f d) and
This completes the proof of Lemma 5.24. OJ

5.H Lifting ) and ¢ to X
-1
Definition. Denote Y+ = (iji> (mx(Xj+)) (7 =1,2). Let
Y=Y, UY1_UYs, UYy .

which is a subset of Ujs UR_ C C. Define Q : Y — X (whose well-definedness is to be verified)
by
~ ~1
Q) = (]x,4)  (Q(C) € Xjx  for ¢ € Yju.
Also define _ -
Y =C~ (E, URLUV(21,%)).

Proof of Prop 5.4 (a). Since @Q maps U;4 isomorphically onto {z : £Imz > 0}, Q maps Y+
homeorphically onto X+ (j = 1,2). Hence, in order to see that Q is well-defined and isomorphic,
it suffices to check its consistency along their boundaries.

First note that among U1, U1_, Us, and Us_, the pairs whose intersections are more than
{ep, =1} are: U1+ NU— = ﬁal Uﬁcl’ Ui NUs— = ibl’ Ui NU2+ = 7b2’ Usy NUy— = 7{12.
Moreover [cv, +00) = {cv} UT', does not intersect with X, (i = 1,2), so 7,,’s do not affect the
intersection of Y+ (C U;+). Neither does —1, since Q(—1) = 0 ¢ X;+. Hence among Y,+’s, the
pairs having intersections are: Y14 NYi_ C Y4 C R_, Y1y NYy C Vo1 Yi-NYsy C Yoo

First consider the pair Y14+ and Yj_. In the construction of X, X;4+ and X;_ are glued
along the negative real axis I';, but on the positive side of real axis, they are disjoint, i.e.
they are considered to be on different sheets. Accordingly, Y14+ and Yj_ intersect only along
Y4 C Q~Y(T.). So this gluing is consistent for Y7, and Y7_, and defines a continuous map @
there. As for X4 and Xo_, they are glued along (p, cv) C I'y, but not along negative real axis.
On the other hand, Y14 and Ys_ intersect along 7,,. So the gluing is also consistent here. The
same is true for the pair X;_ and Xo,. Thus all the gluings along the boundaries are consistent
and @ :Y — X is an isomorphisim.

The construction implies that 7x 0 Q@ = QonY. If z € X and |rx(2)| > R, z must
be on X1, U X7, therefore @*1(,2) €Y UY_ C Uy UlUy—. When 7x(z) — oo, Qvfl(z)
corresponds to the inverse branch of () near co, hence it has asymptotic expansion @_l(z) =
wx(z) — 10+ o(1). O
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Lemma 5.26. Y C Y.

Proof. Suppose ¢ € Y. If ¢ € Y14(C Uy), then |Q(¢)| > p. If ¢ € Yor(C Us2), then p < |Q(¢)| <
R. Therefore in either case, by Lemma 5.17 (d), we have ¢ € C\ E,,. Since mx (X)NV (cv, &) =
0, we have Q(¢) ¢ V (cv,%). It follows from Lemma 5.20 that ¢ ¢ V (21, 7). Finally since
Q((1,40)) = [ev,400) C V(ev, %) and Y € C\ D, we have ¢ ¢ Ry. Thus we proved that

CeY. O

Proof of Proposition 5.4 (b). We prove that ¢|s can be lifted to ¢ : Y — X which is well-defined

and holomorphic. Then by Lemma 5.26, Y C }7, so the assertion will follow.
First note that

if ¢ > 7, [p(Q) = ¢l < ¢y + Co1.maz T (meax(?) (=2.687...) < 3; (5.27%)

f¢eCNFand [C| <7, [o(O) <7+ cyot Cormaz T Prmax?) <7+ 3=10. (5.28)

The latter holds because the image p({¢ € C\ E : |(| < 7}) is surrounded by the Jordan curve
©({¢ : [¢| = 7}). Therefore if ¢ € C\ V(21, %) (in particular if ¢ € V), then ¢(¢) cannot be in

V(ev, &), since the distance between 9V (21, %) and V(cv, §) is 3.

Take ¢ € Y. By Lemma 5.23, we have
¢(¢) € X so that m(5(C)) = ¢(¢) and

arg#‘ < 7 and |p(Q)| > p for ¢ € Y. Define

2(¢) € X1+ U Xy if Im¢ > 0 and —W<arg$§0;

P(¢) € X1- U Xoy if Im¢ <0 and Ogarg$<w;
P(¢) € X1+ UX_ otherwise.

A possible problem with this definition is that when ¢({) was defined to be in Xo1 (first and
second case), it might happen that |©({)| > R. But this cannot happen because, for example,
for the first case of the definition, ¢(() lies in the half plane H = {w : arg( — 7 < argw < arg (}
and not in V(21, %), and the distance between ¢ and H ~ (0, R) UV(21, %) (if not empty) is
large (bounded below by the distance between 0D(0, R) U 9V (21, %) and the real axis, which is
greater than (R — 21)sin § > 3). This concludes that ¢ : Y — X is well-defined.

Now we check the continuity. Possible discontinuities occur when the definition above
switches the cases, i.e., when Im{ = 0 or arg@ =0. IfCe Y and Im(¢ = 0, then { € R_
hence ¢(¢) is in X754 U X7 even when the first or second case of the definition is applied. If
Im¢ # 0 and arg @ = 0, then ¢(¢) is also in X714 U Xj_. Therefore around the switching,
@(¢) should be in X7 U X;_ and this does not cause a discontinuity. Once the continuity is
obtained, it is obviously holomorphic. O

5.1 Estimates on F

Lemma 5.27. Suppose r > c¢p = 5+ 26, § € R and Re(Ce™®) > r. Then the following
estimates hold for z = ¢(() :

(a) F(z2) —2€D (10 — o T 49§;i0, ﬁmax(r)) , where

49

/Bmaaz(r) = COl,ma:L‘ + E + QQ,max(T) + wl,max(r);
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(b) ArgAF,in(r,0) < arg (F(z) — 2) < ArgAFua.(r, 0), where

49sin0
ArgAF{ maz (r,0) := —arctan 0—c 2:_ 49 cos 0
00 2r

Brmaz ()
\/<10 - c00)2 +(82)" +2(10 - ¢ ) (82) cost

(c) AbsAF,in(r,0) <|F(z) — z| < AbsAFq.(r,0), where

+ arcsin

mwn

AbsAF g maz (1, 0) = \/(10 = 000)2 +(42)7+2 (10 = ey ) (82) 0080 % Bruaa(r):

(d) log F'(2)| < LogDFyaz(r) := LogDQmaz (1) + LogDpmaz(r).

Proof. (a) For z = ¢((), we can write p(¢) = ¢ + (c,, + ¢,;) + ¢1(¢) and

F(Z)—ZZQ(C)—<P(<):10+%—FQQ(C)—(COO—i—cOl)—<p1(§):a+5:a<1+§>,

—1i0 —1i0
where a = 10 — ¢, + 2%~ and B = —Cop + (% T ) + @Q2(¢) — ¢1(¢). Note that
% - % < 22 by Lemma 5.11 (a). Therefore we have |3| < Cormaz T 2+ Q2.max(r) +
©1 maw(T) = Bmaz(r), for r > 1.42. This implies (a).

When r > ¢p, a and 3 can be estimated as
49 . *
la] > 10 — ¢, — 2% (=734...) > Bmaz(cp) (=7.06...) > |5|. (5.29%)

(The estimates (b) and (c) hold whenever |a| > |3].)
(b) It follows that

arg (1—1—%)‘ < arcsin‘%’.

larg(F'(z) — z) —arga| <

Since
49sin 6 2 9
arg a = — arctan 2r ooosg | and [af = \/(10 - COO> + (%) +2 (10 - COO) (%) cos b,
10 = ¢y + =5

we have the inequality.
(c) Similarly we have |a| — |8] < |F(2) — 2| < |a| + |8].
(d) This is immediate from definitions in Lemmas 5.21 (b) and 5.22 (f). O

Lemma 5.28. F (V(cv, %)) CV(30,%) CV(ew, §).

Proof. In the proof of Proposition 5.4 (b), we showed that ¢(C \ V(21,%)) N V(ev, §) = 0.
Therefore ¢! (V(cv, £)) € V(21,%). By Lemma 5.20, we have F(V(cv, %)) C Q(V(21,%)) C
V(30, ). 0
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5.J Repelling Fatou coordinate &Drep on X

Proof of Proposition 5.5. First it is easy to see that on X, Fomxog = Qopltomy o@OQ_l =
Qo Qfl =TX.

Near oo, F' has an inverse branch g(z) = 2 — (10 — ¢;) + o(1) as 2 — oco. By Lemma 5.9,

arg(10 — CO)‘ < arcsin <0105TZZ;”> <% % < {g- If we take a large L > 0, then g exists and

injective in W = C\'V(—L, {5) and satisfies | arg(g(z) —z) — | < {5, hence g(W) C W, and also
Reg(z) <Rez—(10—c¢,)) +c +1 < Rez—6. By the behavior of Q! near co (Proposition
5.4 (a)), we have Tx(g(7y'(2))) — oo as z € Tx(X) and 2z — oo. Therefore it must coincide
with g(z) as the only inverse of z by F near oo, hence mx(g(2)) = g(nx(2)) if 7x(z) is large.

By a general theory of Fatou coordinates (see Theorem 1.1), there exists a Fatou coordinate
®,.cp(z) holomorphic and injective in {z : Re z < —L'} for large L’ > L and satisfies ®,.p(g(z)) =
®,cp(2) — 1. Then it can be extended to W, and the extension is still injective, because of the
injectivity of the original ®,., and gl . This is a repelling Fatou coordinate for F.

01,max

Let W/ = W;(l(WﬂTFX (X)), then 7x |- is injective if L is large. Define <T>T€p =®,pomx on
W'. It naturally satisfies ®ep(g(2)) = Prep(z) — 1 in W’. Now we want to extend this function
to the whole X via the functional equation. We need the following:

Lemma 5.29. For any point z € X, there exists an n € N such that g"(z) € W'.

Proof. Pick a point zg € W’'. Let OW' be the boundary of W’ within X. Then wx (W)
is a union of two finite segments. Note that X is hyperbolic as a Riemann surface, since it
is isomorphic to Y which is a proper subdomain of C. Since OW’ is relatively compact within
C~D(0, p), in which g"(zo) tend to the boundary, the Poincaré distance de B0,p) (9"(z0),0W") —
0o as n — oo. The same holds with respect to the Poincaré distance dx of X, since by Schwarz-
Pick theorem (see [A2]), the projection 7x : X — C ~ D(0, p) does not expand the Poincaré
distance. It follows that for any other point z € X,

dx(9"(2),9"(20)) < dx(z,20) < dx(g"(20),0W")

for sufficiently large n, where the left inequality is also given by Schwarz-Pick theorem applied
to ¢g". Hence g"(z) € W’ for these n. O

Thus the Fatou coordinate Cfrep can be extended to X by :ISTGP(Z) = :ISTGP (¢"(2))+n, where n is
chosen so that ¢"(z) € W’. It is well defined and satisfies the functional equation. Moreover it is
injective on X, because of the injectivity of the original ®,, and g. We also have Rex(g"(2)) —
—00 as n — oo for any point z € X. Proposition 5.5 is proved. O

5.K Attracting Fatou coordinate ¢, and domains D, D%
Definition. Denote pry(z) = Re(z e~ /%) and pr_(z) = Re(zet™/6), which correspond to the
orthogonal projection to the line with angle +% to the real axis. Let
Hi = {z:pre(2) > up := 12,5}, Hy = {¢: pre(¢) > ug := cp},
HE = {z:pre(2) > uz == pry(cv) = %(: 23.38...)}, HE ={C:prs(¢) > ug := 20.8}.
Lemma 5.30 (Attracting Fatou coordinate ®u,). (a) @(Hy) D HY, (Hy) D Hf . Hence F
is defined on H{ U Hy .
(b) Q is injective in HY. Therefore F is injective in H.
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(c) If z € HE, then |arg(F(z) — 2)| < 5, hence F(HE) ¢ HE. Therefore the sector H UH; =
(uo, &) is forward invariant under F and contained in Basin(oo), where ug = %

An attracting Fatou coordinate @y, for F exists in V (uo, %ﬁ) and 1is injective in each of

\%

(d)

HE.
We normalize the Fatou coordinate ®g4y so that @y (cv) = 1.

Proof. (a) By Lemma 5.22 (b), Hi is contained in Image(p). If ¢ € dH, then By Lemma 5.22
(e),
pra(e(C)) = pre(Q) + pri(coo) + pTi(CO - 000) + pra(e1(C))
CopV/3

<cp+ + €01 maz T Prmas(CP) (=12.493...) < 12.5. (5.30%)
Hence o(¢) ¢ Hf. Thus ¢~ '(H{) must be contained in one side of 9H;. However if we take
a point ¢ in H far from H5, then ¢(¢) € H, therefore o' (HT) must be contained in Hy,
ie., p(Hy) D Hf.

If ¢ € OH, then

pri(QO(C)) - pr:ﬁ:(C) +pri(coo) + pT’:t(CO - COQ) + prﬂ:(gpl(g))
CooV3

<2084+ —— 5 T CLmaa T g017mam(20.8) (=2331...)

< pr+(cv)(=23.38...). (5.31%)

As before, we conclude that p(H) D Hi.

(b) The injectivity of @ in H;E follows from Lemma 5.21 (¢). The injectivity of F' in H f[ follows
immediately.

(c) If z € HY, then ¢ = ¢~ 1(2) € HY by (a). By Lemma 5.27 (b),
larg(F(z) — z)| < max{ArgAFq.(cp, £5), ArgAme(cp, +%)}
(= max{0.524..., 0.731...}) <1< §' (5.32%)

This implies the forward invariance of H li and also H f U H, , which can be shown to coincide
with V (ug, ZF). The fact that HF is contained in Basin(co) and (d) can be proven as in the
proof of Proposition 5.5. OJ

Lemma 5.31 (Estimates on @y, ). (a) The attracting Fatou coordinate ®qy, satisfies the fol-
lowing inequalities:

_6 <arg® . (2) < — for z€ H and - g <arg® . (2) < I for ze€ Hy;  (5.33)

0.055 < !‘Pam( )| < 0.176 for z€ Hf UH; =V (cv, ). (5.34)

(b) ®aur is injective in ng UH; = \% (cv 2;) There exists a domain Hi such that gy s a

homeomorphism from Hy onto {z : Rez > 1}, and H; satisfies V (cv ) C HiU{ew} CHi C
V (cv, %) U{cv} and cv € OH;.



Parabolic Renormalization May 5, 2006 36

Proof. (a) Suppose z € Hi. Then ¢ = ¢~!(2) € Hf, i.e., Re(Ce™"™/6) > uy = 20.8. We will
derive the estimates from Theorem 5.12. First we claim that

F(z) e DHT(Z, s(ra)), (5.35)

with r4 = 0.43, where s(-) is defined in Lemma 5.11 (b). According to Lemma 5.11 (b) with
H=H t=wu,u=pry(z) —u, r=ry, 0= & this is equivalent to

Qur2ei©/6 9
F(z)—z€D ( 117”46 — ) . (5.36)

Note that this disk contains 0, so it is increasing with u. Therefore we only need to check when
u is the smallest, i.e. us = uz —u; = pry(cv) —12.5. According to Lemma 5.27 (a), we can write

F(2) —z=a+ witha =10 —c,, + 49;;:/6, ug = 20.8 and || < Bimax(us). By a numerical
estimate, we have
ZU5T in/6 L8 _ U574
1—r2 L =2
2 2
_ (10 —cy + 4jf - ?gig) + (fi + 1“5%) + Brmaz (1s) — 12115:‘%
(=-0.289...) <0, (5.37%)

which implies (5.36) and (5.35).
Applying Theorem 5.12 to @y with Q = H1+, r = rq and using Lemma 5.27, we obtain

1 1
arg Py, (2) < —arg (F(z) — 2) + 5 !logF’(z)| + §logm
1

1 1
< —ArgAme(m, %) + §LOQDFmax(U4) - 5 IOg(l - 7’2)

(= 0.6175...) < g (= 0.6283...), (5.38%)

1

1 1
arg gy, (2) > —arg (F(2) — 2) + B {logF’(z)’ - *logm
4

2

1 1
> —ArgAFaz(us, §) — 5 L0gD Frae(ug) + 5 log(1 —72)

\V)

(= —0.5089...) > —— (= —0.5235...). (5.39%)

A similar estimate can be given for z € H .
As for |®/,,.(z)| on H; or Hj , again by Theorem 5.12 and Lemma 5.27, we have

1 1 1
@)1, (2)] < exp (— log|(2) — 2| + 5|log F'(2)| + 5 log 1_2)
4

exp (lLogDmeC (u4))

< =0.1752...) < 0.176, 5.40*
AbsAFpin(ug, §) /1 — ) * ( )
1 1
0 (2] = ex (10817 (:) — 2| 3] o 0 - 3oe )
Ve
> = 0.0558...) > 0.055. 5.41%*
- AbsAFmax(wl,%) exp (%LogDFmam(U4)) ( ) * ( )
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It is easy to check that Hy U H; = V(cv, %”)
(b) Suppose that [z1, zo] is a non-trivial segment within V(cv, 2F). It is easy to see that

Doty (22) — Dusir (Zl)

if 0 <arg®.,,.(2) < <60+ mon [21,2], then § < arg <0. (5.42)

z9 — 21
(Apply (5.19) to e=0=/2® 1. (2) and e~ +7/2P 14, (2) and consider the real part.) In partic-
ular, taking § = —% and ¢ = I, we have Re %“T(ZZ*?“T(Z” > 0 and @attr(zl) # Dour(22).

If two points 21,22 € V(cv, 2 %) cannot be joined by one segment in V(cv, %), then one can

choose z3 so that [z1,23] and [z3, 23] are contained in V(cv, 3) and § < arg(zz — z1) < 2;
s s

and § < arg(z — 23) < 23? (mterchanglng z1 and 2o if necessary). By (5.42), 0 < § — % <

arg(Paeer(22) — Partr(21)) < 5§ + £ < m. The same estimates holds for zz — z3 and therefore
Im(®@gper(22) — Paser(21)) > 0. Thus ®y4tp s injective in V(cv, 2 ).

Similarly if 21,29 € H and zy # z9, then

™ T

arg(ze — 21) — 6 < arg(Parr (22) — Partr(21)) < arg(za — 21) + 5 (5.43)
In particular, if arg(z — cv) = 2F (z is on the upper boundary of V(cv, %)), 5 = 28 — T <
arg(®ar(2) — 1) < 2 + I <« (note here that ®gyr(cv) = 1), ie., Re(Paur(z) — 1) < 0 and

Im(®gsr(2) — 1) > 0. A similar result holds for Hy . By (5.19) and (a), we also have
‘q)attr(z) -1

Z —Cv

‘ / Re @4, (cv +t(z — cv))dt > 0.055cos(E) > 0.
0

So as z — oo in V(cv, &), ®auy(2) — 0.

Given any R’ > 0, take R” > 0.055cos(Z) x R’ and denote G = V(cv, &) ND(cv, R"). The
above results imply that ®,-(0G) does not intersect {z : Rez > 1} ND(1, R') except cv. Since
{z:Rez >0} ND(1, R’) contains at least one point of ®,,-(G) (such as cv + ¢ with small ¢ > 0
by (5.43)), the Jordan curve @44, (0G) has winding number 1 around this point. Therefore this
is true around any point in {z : Rez > 0} NID(1, R') except cv. Hence by Argument Principle,
{z :Rez > 1} NnD(1,R") C @attr( ) U{cv}. Since R’ > 0 was arbitrary, {z : Rez > 1}
is contained in the image of V(cv ) U {cv} by ®gaur. Define Hy = CIJ;;T,({,Z : Rez > 1}).
If 2 € V(ew, ) = 2z € Hf N H3, agam by (5.43), where T can be replaced by & in this
case, we have |arg(®ur(2) —1)| < § + § = 5. Hence @, (V(cv, §)) should be contained in

2 U, 3
{z:Rez > 1} U{cv}. Therefore we have V(ew,Z) c HiU{ew} cHy CV(ew,Z)U{cw}. O

Proof of Proposition 5.6. Lemma 5.30 already proved (a). For (b), simply deﬁne D1 o4 ({z:
1<Rez<?2 —n<Imz<n}), D=0} ({z:1<Rez<2, Imz>77}) =01 ({z:1<
Rez < 2, Imz < —n}), where the inverse image is taken only within V(cv, 2F). Suppose |arg(z—

F(cv))| < % (on the right of W1). Then z € V(cv, ), since by Lemma 5.28, F(cv) € V(ev, §). So

as before we obtain | arg(®astr (2) — Pastr (F(cv)))| < 5. Hence Re @y (2) > Re @y (F(c )) =2.
This shows that Dy, Dtli, D% must be contained in Wy. Similarly if |arg(z — cv)| < &> then
|arg(Partr(2)—1)| < §+§ = 5, and Pgyy,(2) cannot bein {2 : 1 < Rez < 2, [Im z| > n} because

tan § = \f < n=2. This 1mphes that Dli and D} are contained in {z T < targ(z—cv) < F
Finally it remams to show Dy C D(cv, Rl) Since the derivative of @} is bounded by ﬁ by (a)

and {z:1<Rez <2, —n<Imz<n}CD(l,+/1+n?), we have D1 C D(cv, /1 + n?/0.055).
We only need to check that y/1 4+ 12/0.055 < Ry = 239. In fact, this inequality is true even for
a much bigger 1 such as n = 13.0 because

V14 13.02/0.055 (= 237.06...) < 239. (5.44%)
0
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5.L Locating domains D,, D{, D_; and D",

Lemma 5.32. (a) Let Wy == {C : Re¢ > ep or pro(¢) > 2% or pr—(¢) > 2%} Then
V(ew, ZF) C Q(/V[\?g) C C\ (—o0,cv] and Wo C Us.
(b) p(Wp) C Wy :={z:Rez > 7.6 orpri(z) >9.1 orpr_(z) >9.1}.
(©) Q7' (Wo)~D c W_1:=V(0,2) (DU {¢:Re¢ <0 and (| <T}).
We postpone the proof until later in this subsection.

Definition/Construction. Note that @ maps both ; and Uy homeomorphically onto C ~
(—o0, cv]. Define

Ho = (Qluy) " (H1), Do = Q)" (D1), Db = (Qlu,)™" (D), D = (Qlur) ™" (D1).

These domains are contained in C\ E,,, because of Lemma 5.17 (d) and Ho UD% C V(ew, &) C
C~D(0,p), D1 C D(0, R) ~ D(0, p). Hence we can define

Ho = 9(Ho), Do =¢(Dy), D = o(D}), Dy = o(Dp).

It is easy to see that F(Hp) = Hi and P,y naturally extends to Ho so that it is a home-
omorphism onto {z : Rez > 0}. Moreover ®u (Do) = {z : 0 < Rez < 1,|Imz| < n}

and Dy C Hp \ Hji, in particular Dy does not intersect V(cv, Z)(C H1). By Lemma 5.32

(a), (b), Do must be contained in Wy, since D1 C V(cv, &). So Dy must be contained in
C \ (=00, 0] U [ev, +00).

Since @ maps (U U Uz U7, ) and (U U Uz U7,,) homeomorphically onto C \ (—o0, 0]U
(cv,+00), we can define

~ -1 ~ -1
D—l = (Q‘(UH_UUQ_UPYm)) (DO) and D/—ll = (Q‘(ul,uu%u%z)) (DO)
These domains are contained in C \ E,, by the lemma below. So finally define
D_l = ¢(_5_1) and Dll = (,0(.5/,/1)

It is clear from the construction that F' maps Dy, Df,, D_; and D”, homeomorphically on to
D1, D1, Dy and Dy respectively. Recall that R = 266, Ry = 239.

Lemma 5.33. (a) Dy C Wo ND(17, Ry + 1); Dy C Wo ND(17, Ry + 4).
(b) DoUDyUD_;UD", C W_1ND(0, Ry +18) N N (C N E,,).

(c) DoUDyUD_;UD"”, C D0, Ry +21).

Proof. (a) If |¢| > 100, then

49 49 160 80 x100+48+1

— 10)| < — maz(100) < — + — < 1.

Hence if [(—17| > R;+1, then |¢| > 100 and we have |Q(¢)—27| = [(Q(¢) — (¢ +10)) + (¢ — 17)| >
€ =17 = Q) = (C+10)| > Ry. So

DoU D)y c Q" N(D(cv, Ry)) € D(17, Ry + 1).

On the other hand, if ( € C\ F and | — 17| < Ry + 1, then its image ¢(() is surrounded by the
Jordan curve o({¢" : [(" = 17| = Ry + 1}) which is contained in D(17, By + 4) by (5.27%). Hence
Dy U D{ C D(17, Ry + 4). It follows from Lemma 5.32 (a), (b) that Dy C Wy and Dy C Wj.
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(b) Proceeding similarly, we have D_; U D", ¢ Q"Y(D(17, Ry +4)) € D(7, Ry +5), and D_; U
D", CD(7,R; +8). Let ¢ € DyUD,UD_;UD",. By the above, we have ¢ € D(17, Ry + 1) U
D(7, Ry +5) C D(0, Ry +18). It is also contained in Q~(DoUD;) C Q~1(W)). By Lemma 5.32
(c), it is in W_y. The definition shows that ¢ € Uia. Since Do U Dy C Wy N (D(17, Ry + 4) U
D(27, R2)) C D(0, R) ~ D(0, p), it follows from Lemma 5.17 (d) that ¢ € C \ E,.,.

(c) It was already shown that he left hand side is contained in D(17, Ry +4) UD(7, R; +8) which
is in D(0, Ry + 21). O

Proof of Proposition 5.7. The above construction and the previous lemma show that statements
(a), (b) and (c) of Proposition 5.7 hold. We now need to check Do U Eg UD_,UD", ~{w} C

D(0,R) ~ (D(0, p) UR_UV(cv, £)) = mx (Xo4) Umx (X2-). Lemma 5.33 (c) shows that the left
hand side is contained in (0, 27)

Let ¢ € closure(Do U Dy UD_; UD",). Lemma 5.33 (b) implies that ¢ € intE,,. Hence by
Lemma 5.23 |¢({)| > p. Furthermore, by Lemma 5.24, if Re¢ > 0, ¢(¢) ¢ R_. If Re¢ <0, then
¢ € closure(W_1) hence |Im (| > 7sin 2 > 3. However, since |¢| > 7, we have |¢(¢) — (| < 3
by (5.27*). Therefore p(¢) ¢ R_.

Finally let 2 € Dy U Dy UD_; UD",. Then F(z) € Hoy and 0 < Re ®apr(F(2)) < 2. On
the other hand, by Lemma 5.31 (b), for 2/ € V(cv, ¥) with 2’ # cv, we have Re ®qy,(2/) > 1
hence Re @44 (F(2')) > 2. So z cannot be in V(cv, §) N\ {cv}. Altogether, we have proved (d)
of Proposition 5.7. O

The rest of this subsection is devoted to the proof of Lemma 5.32.

Proof of Lemma 5.32. (a) Note that the boundary W, consists of (F:(=cp+it(0<t< %)
and (f : ¢ = (1 + ﬁ) op+ sers (s > 0). We first show that Q(¢F),Q(¢F) C {z : Z <
targ(z —cv) < 7} U{cv}.

By an easy computation, we have

(¢? = CH+1)(C=5-2V6)*(C—5+2V6)*

Q) —cv= 5.45
Take ( =cp+it (0<t < %) on {3~ {cv}. We give bounds on

1— ¢
we(QO) mer) = ansd dare <1+ (<f1>2> +2arg (H = > '

Note that 0 < arg( < %. Since Re (Czl)Q = Re (4“_24_%) > ¢p — 2 and Im (€ Cl) _
(1 ICIQ) t > 0, we have by Lemma 5.9,

1 1 T

T
< - < —.
cp—2" 3 cp—2 18

< arcsin < arcsin

) s

We also have 0 < — arg (1 + 1{ P ) < arcsin 2 < {g- Hence it follows that

O<—arg(1+

¢
(€—1)?

T T 2 27

7T>arg(Q(§)—cv)>W—E—E—1—8:?.

This implies Q(¢§) C {z: & < arg(z — cv) < 7w} U {cv}.
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271

Next assume ¢ € (], ie., ( = (1 + \[> cp+sets (s > 0). We now want to show that
pr+(Q(C)) < pry(cv). We write as in Lemma 5.19,

49 160
, 80r + 32 4 18
with [Q3(¢)| < @3 .max(r) = W for [(| >r > 1.
It is easy to check that pri(¢) = \/gv pr+(10) = %, 5 < arg¢ < %’r, hence —%’r <
e~ i/ T . . . cos T T
arg< - 6) < —%, which implies pry (%) < IC\ < 2Cp§\/§. Also § <arg(¢—1) < %7 hence
_37“ < arg (%) < -7, and pry (ﬁ) < 0. Thus we have
2cp 103 49/2 2cp
pT+(Q(€)) < % 92 +26p/\f+0+Q3max<\/§)
(=223...) <pry(ev) (=233...). (5.46%)

Finally we want to show ImQ(¢) > 0. Since ¢ is a half line which intersect orthogonally
{¢ rarg(’ = %} at distance 2% from the origin, its image by ¢ — % is on the circle that passes

through 0 and intersects orthogonally {¢’ : arg(’ = — &) at distance ‘[ from the origin. The

imaginary part on this circle is at least —§ 2@ Hence we have Im 1 z > _Z 2{; for ¢ € ET.
Hence
cp 3 V3 2cpy .
I > L _yg.2. V2 (5%) (=0.94...)>0. 5.AT*
mQ(() \/g 4 2Cp Q? max \/g ( ) f ( )

Thus we have proved that Q({]) C {z : 3 < arg(z — cv) < m}. Similar estimates hold for for
Q¢ ), QUY).

By an argument s similar to the proof of Lemma 5.31 (b), it is easy to show that V(cv, 2—”) C
Q(Wo) Since Q(@WO) does not intersect FQ (0, cv] except at cv, 9W, does not intersect the
Jordan curve V51 U Vpe U {—1} except at cp. Since oW is unbounded, it (except c¢p) must be
contained in the unbounded component of C ~\ vy U ) Vo2 U {—1}, which is U; U (—00,0). The
Jordan curve must be on left hand side of 6W0 and Wo is on the right. So it follows that WO
must be contained in ¢;. Therefore Q(W) C C . (=00, cv].

(b) Suppose ¢ € Wy. Hence Re( > ¢p or pra(C) > 22, If Re( > cp, then

Z.
Re () > P+ Cop = Co1man — PlmasCP) (= 7.6401...) > 7.6. (5.48%)
If pro(¢) > %?9, then
2cp \[COO 2cp
— — ) (=9.169... 1. 49%*
pri(@(g)) \f +— 2 COl,max g01,mcmc(\/§> ( 9.169 )? ) (5 ) )

Therefore in either case, ¢(¢) € W.

(¢) Note that C~(W_1UD) = {¢ : Re¢ <0 and 1 < [¢] < T}U{C:[¢| > 7 and 2 < arg¢ < 47},
We need to show that if ¢ is in this set, then Q(¢) ¢ Wp.
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First suppose that Re¢ <0 and 1 < |¢| < 7. Then |¢ + 1| < |[¢ — 1|. Therefore
1
< ¢+

Q)| = '(c -7) (gj) =

Hence |Q(¢)| < 7+ 1 < 7.6, which implies Q(¢) € D(0,7.6) C C \ Wy.
Next assume that r» = || > 7 and %’r < arg( < m. Note that | — 1| > |{| = r > 7, hence
Q@2(¢) has an estimate:

160 80x7+4+32+% 160 80 x 7432+ 143

C@2Q)l = —+ =3 <+ = = 25.

Thus we have

Re(Q()) < reos(2) 10+ 25 | e 20
49 25 7

1
<-4 —o oS0+ .
2 0 o 2 0 14<76 (5.50)

i /6

As for pry(Q(()), we have pro(¢) <0 and —F < arg (e} ) < —2%. Hence we have

pr(@Q) <0+ prp(10) 4 28 (€ ng)

10v3 1 ( 49V3 1003 10x 1.8
\f+< \f+25>< 2[< 2
T

<9.1. (5.51)

Now for pr_(Q(¢)), we have pr_(¢) < —7cos(5) and —°F < arg <€iﬂ/6) < -7, 80 pr_(%) <0.

¢
Hence
pr—(Q(Q)) < —7cos<6) + pr_(10) +0+W(CQ§(C)>
VB 10V3 25 3B s -

- 2 2 7 2 7
These three inequalities imply that Q(¢) ¢ Wy. The same conclusion holds when 7 < arg ¢ < 4%.
This ends the proof of Lemma 5.32. O
5.M Construction of ¥V, — Relating D,’s to P

Proof of Proposition 5.8. The sets Dy, D{, D_y, D", Dg, and D% are contained in mx (X4 U
Xo_), so we regard them as subsets of X1y U Xo_. (However sometimes we will abuse the
notation to mean their projection.) Define for n = 1,2, ...,

D_y_1:=g¢"(D_1); D", := g"(Dy); D",_, = g"(D"); D", := g"(D}).

Note here that our definition does not automatically guarantee that g(Dp) = D_; and g(Dg) =
Dg (see lemma below). (For example, if we lifted Dy etc. to mx (X1- U X2y ), then we would get
g(Do) = D”,.) The Fatou coordinate @, extends naturally to Enmr on these domains together
with their closure. Let

D={z:0<Rez<1land|Imz| <7} and D = {2:0<Rez < 1 and n < Imz}.
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We name their boundary segments by

8D = 0+4i[0,n); 8D =040, —n); &"D =1+1i[0,7); "D =1+ [0, —7];
"D = 9"D* = in+[0,1]; "D = —in+[0,1]; 8'D* = 0+ i[n, +oc]; I"D* = 1 +i[n, +o0).

Here [, r and h stand for left, right and horizontal. Since ®4(2) — 1 maps homeomorphically
Dy and Dﬁ onto D and D! including the boundaries, we name the boundary segments of Dy
and D% by ﬁﬂrDl, 8hD§, etc according to their images by ®uu(2) — 1. We will apply the same
naming convention to domains (such as D,,, D!,, D! D%, 50 etc. with n < 0) which are mapped
homeomorphically onto Dy and Dg by iterates of F' or by Q.

Lemma 5.34. (a) g(Dgy) = D_; and g(D%) = Dg.

(b) Among closed domains {D,, E:l, D! Ei\ n=0,—1,-2,...}, intersecting pairs are exactly

n—1s
as follows:
ﬁn ﬂﬁn,1 = 8£|_Dn = a:_Dn_l, ﬁn,1 ﬁﬁ; =0"D,_1 = 8Z_D;1,
D,ND, ;=8 D,=ad.Dl_, D, . ND,=0"D" =8 D,,
D,ND, =D,_1ND. | =a point, (5.53)
D,ND! = oD, = "Dt D' D', =0'Di =D,
D, N ﬁi_l =D, 1N Ei = a point.

Proof. First consider four domains Dy, D, D_1, D”,. They are defined through Do, 56, D_4,
D" 1, which are inverse images of D, Dy by two-fold branched covering @ : U1 — C~ (—o0, 0],
branched only over cv. Since Dy and Dy meet at cv along 8ﬂrD1 = 0" Dy and 0" Dy = 9" Dy,
we have the three lines of (5.53) first for Dy etc., then for Dy = ¢(Dy) etc.

Let us show (a) now. Since g corresponds to the unique branch of F~! taking value near oo,
near oo we have g(BTDg) = 8ZD§. By the construction, we also have GZD§ = 8”Dg. This means
that g maps the left side of 87"D§ to the left side GTDg, therefore we conclude g(Dtli) = Dg. So
g(ang) = g(('?ng) = 8ng. Note that Dy and Dg are defined so that 8ngU81D0 is a single arc
joining oo to cv. Continuing the branch g along this curve up to cv, we obtain g(0% Dg) = ﬁiDo
which coincides with 0% D_; by the above. Considering the left side of the curves, we conclude
g(Do) = Dfl.

A similar lifting argument can be used to conclude the last two line of (5.53) from the
intersection of ﬁ% U D} with Do U D1. Since this intersection is lifted to OﬁD,l U OQDO, the
other lift ﬁg Uﬁzl cannot intersect with ﬁﬁ_l U Eﬁ. Thus we conclude that among the domains
with indices 0 and —1, all intersections are listed in (5.53).

By applying ¢ (and using (a)), we obtain the intersection relations between two domains
whose indices are the same or differ by one. If the indices differ by two or more, two domains

cannot intersect, because they (or their projection) will be mapped to disjoint sets by iterates
of F. O

Now let
U=ufuu vt u=u v vyt U =uy, v uat

2miz

Each domain is mapped homeomorphically by P onto C~ (—oc,0]. The map Wo(z) = cvpe
—5e?™ defined in Proposition 5.8 maps D onto (C \ (—00,0]) N {z : e72™ < |z| < 2™} and
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D* onto (C ~ (—00,0]) N {z: 0 < |z| < e"?™}. Define ¥, first in the interior of the domains D,
etc by
(P|u)_1 oWgo D utir on D, U D}
Uy =< (Ply) toWgoday, on D,
(Ply) "t o Wy o Bayr  on D

Then ¥; on each domain is a homeomorphism onto its image, and extends continuously to the
closure. We need to know that, on a common boundary on two domains, the two extensions
are consistent. Since ¥ is defined as a branch of P~ o ¥y o &)am, as soon as these extensions
match, ¥; will be holomorphic. (In fact, for the points corresponding to the critical value of P,
use the removable singularity theorem.)

Let us check the matching conditions according to the intersection relation (5.53). If z € D,
tends to 8iDn, then ¥go <T>attr(z) tends to [CUP, 0) = I'” from lower side, hence ¥;(z) € U tends

to [cpP, 0) = 751 from lower side. If z € D,,_1 tends to the same boundary curve GiDn = 0" Dy 1

from the other side, then ¥y o %am(z) tends to Fap from upper side, hence ¥1(z) € U tends to
WaPl from upper side. Since P is homeomorphic in a neighborhood of 751-, U, matches completely
along D, N D,_1 = aiDn = 0" Dy_1, and is holomorphic there. Similarly if z € D, tends
to 8" Dy—1, then hence Wy(z) € U tends to 7, = 74, while if z € D}, tends to 8- D},, then
Uy(z) € U tends to 7{:2_ = ’75+. Hence ¥; matches along D,,_; ﬂﬁln =0" D, 1 =0"D,. It
is easy to check the matching for the rest of (5.53), for example, aﬂrD; = 07 D}_, corresponds
to 7527 = ’YQPH and 0" D' | = oL D,, to ’YII;JF = ’Y,ﬁ_. Thus we obtained W¥; defined on

U = the interior of UO (En U ﬁ; U E’Tz,l U EEL) It is easy to to see that PoW; = ¥ oD ypir

n=-—o00
and it is surjective onto U,f = V’. By the description of the images U, U’, " and matching
relations, we can conclude (b) of Proposition 5.8. By (b), ¥ = ¥g o <A15rep o UtV {0} — C*
is well-defined and injective. The relation in (c)

Pod}_lzPo\IfloZI;_l 0\1161:\11005

T 1 g-1_ 1,
rep 0@ ,oVy =VgoEpoVy;

attr
is self-explanatory. Here &)attr, &)rep are the lifted versions of @44, ®rep hence we have 5&7%7‘ o
®,4, = Ep. From this and the normalization Ep(z) = z + o(1) at Imz — 4ioco, we conclude

that 1 extends holomorphically to z = 0 and (0) = 0, ¢¥'(0) = 1.

It remains to show the holomorphic dependence (e). Recall the formal expression (5.1) at
the beginning of §5.A, where ®,., o F7" o ® 4L should be understood as follows: first take
inverse image of @y, in the right half plane {Rez > L} where we know that it is injective,
next take inverse orbits along an appropriate inverse branches of F~!, finally apply ®,cp in
the left half plane {Rez < —L} where we know it is well-defined. The choice of the inverse
branches was made precise in the above construction. This involves local branching only when
it is related to the critical orbit of F', which corresponds to cp,, in the domain of definition of
1. Given a holomorphic family ¢), the Fatou coordinates (on the right/left half planes) and
local branches of F~™ can be constructed so that they depend holomorphically on A (restricting
to a smaller parameter region if necessary), except along the critical orbit. Hence the resulting
1¥x(z) depends holomorphically on A, except at cp p- But the exception can be removed by the
removable singularity theorem and we have the holomorphic dependence for all of V.

The proof of Proposition 5.8 is complete. O
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5.N Remarks

(a) As we commented at the end of proof of Proposition 5.6, we can take 1 to be 13.0 there and
the rest of proof works for this 7. Therefore the resulting ¢ in Main Theorem 1 (c) has univalent
extension to UL ;.

(b) Notice that in the proof, the horn map Er was constructed by taking inverse orbits which
only go through (U2 E,, ). So even though the class F; was defined using the cubic polynomial
P, we only use the degree 2 part of the map. The remainder s+ provides a valuable “space”
for estimates for univalent functions.

(¢) Among the constants that appeared in the proof, important ones are 7, p, R and r1. Here is
a brief account on their relation. The choice of n affects the ellipse F via Lemma 5.16 and hence
the class Fj itself. The p and R are related to r; via Lemma 5.17 and also via Lemma 5.23. If p
and R are given, Lemma 5.17 (c) suggests that r; cannot be too large and Lemma 5.23 suggests
that r; cannot be too small (cannot be too close to 1). In fact, Lemmas 5.23 (angle estimate)
and 5.24 indicate that r; cannot be too small in any case. The 7 is related to Ry = R — 27 by
Proposition 5.6 (b) (see (5.44*)). It was crucial to choose appropriate values for these constants.

6 Proof of Main Theorem 2 — Teichmuller contraction

We now make a connection between our F; and the Teichmiiller space of a punctured disk.
Refer [A1], [GL], [IT], [Le| for the theory of Teichmiiller spaces.

6.A Teichmiiller space of a punctured disk

Definition (Teichmiiller space). Let W; be a Jordan domain in C. Fixa point p € Wy and define
W = Wi ~ {p} (which is isomorphic to D \ {0}). We say that ¢ : W — C is a quasiconformal
map if ¢ : W — o(W)(C C) is a homeomorphism and ¢ : W — ¢(W) is quasiconformal in the
usual sense. The Teichmiiller space of W is

Teich(W) ={p: W — C quasiconformal map}/ ~,

where ¢ ~ ¢ if and only if there exists a conformal map h : (W) — (W) (automatically
extending homeomorphically to the closure) which coincides with 1 o »~! on the boundary. Do
not forget that the boundary 0W includes the puncture p.

This definition is equivalent to the standard definition of the Teichmiiller space with marked
boundary. The equivalence ~ for the standard one involves an isotopy between h and 1) o 1.
But we do not need the isotopy condition, since two homeomorphisms between Jordan domains
are isotopic relative to the boundary if they agree on the boundary, and the isotopy can be
adjusted so that it does not move the puncture. The Teichmiiller space can also be regarded
as the quotient space of measurable Beltrami differentials g1 = p(2)% with ||plleo < 1, where

|ptlloc = esssup |p(z)] is L°°-norm. Two definitions are related by ¢ —— p, := <g—‘§ /%‘g) %.

The Teichmiiller distance of [p], )] € Teich(W) is defined to be

d1eien([], [¢]) = inf {logK ' there is a K-quasiconformal map h : (W) — (W) } .

which coincides with 7 o ™! on the boundary

It is known that this is a complete metric on Teich(W).

We have another equivalent formulation of Teich(W).
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Lemma 6.1. Let W be as above with the puncture at p = oo and assume that V := C~ W
contains 0 and OW is smooth and non-singular Jordan curve. Define

ST(V) = {Lp V= C

univalent with ¢(0) =0, ¢’(0) =1
and has a quasiconformal extension to C [

Then there exists a bijection p : S1(V') — Teich(W) defined by p(p) = [¢|w], where ¢ : C — C
is a quasiconformal extension of p. If o, € S(V) and dreich(p(on), p(¢)) — 0(n — o), then
{en} converges to v uniformly on compact sets in V. A mapping 7(\) from a complex manifold

A to Teich(W) is holomorphic if and only if there exists a holomorphic function ¢ : A xV — C
such that @y == @(X,-) € S1(V) and p(py) = 7(N).

Proof. The map p(p) = [¢|w] is well-defined, since the ambiguity of the extension ¢ to W
is absorbed by ~ for Teich(W). It is surjective; given any quasiconfomal map ¢ : W — (@,
measurable Riemann mapping theorem yields a quasiconfomal map ¢ : C — C such that ¢
is conformal (univalent) in V and ¢ o 4~! is also conformal on (W), then after a proper
normalization, we have p(¢) = [¢|w]| = [¢]. This also justifies the statement on the convergence.

To injectivity, let ¢, p1 € S?(V) and suppose p(¢) = p(¢1). This means that for extensions
@, @1, there exists a conformal map h : @(W) — @1 (W) with h = $1 0 ¢~ on 9p(W). Extend
h to (V) by h = @1 o ¢! which is conformal there. Then h is quasiconformal either by by
Rickman’s theorem ([Ri], see also Lemma 2 in Chap. 1 of [DH1]) or because two conformal maps
are glued along quasicircle. Since h is conformal in p(V) and @(W) = C \ ¢(V) and ¢(0V)
has Lebesgue measure 0, h is conformal on all C, therefore affine. By the normalization at 0,
h(z) = z, hence ¢1 = ¢. Thus p is injective.

In order to discuss the complex structure on Teich(W), we review the Bers embedding
in this setting (see the above references). Fix a quasicoformal map 1y : C — C such that
Po(C D) = W, 9o(D) =V, 19(0) = 0, and 1) is conformal in D. For any ¢ € S%(V), ¢ o 1
can be lifted to ¢ : C — C such that Expfop = ¢ o 1y o Exp!. Let S@ be the Schwarzian
derivative of ¢. Then it can be checked that the map ¢ — S¢ corresponds to

SV 2 Teich(W) 2L Teich(C ~ D) 2% 02 (H),

where (1g)* is the isomorphism induced by v, Bers is Bers embedding of Teich(C \ D) into
the space Q°(H) of Z-invariant holomorphic quadratic differentials ¢ = q(z)dz? with norm
lgllg = sup{(Imz)2|q(z)| : = € H} < oco. Here Z-invariance is required because the deck
transformations of Exp? : H — D* are the translations by Z. The image of Bers embedding is
a bounded open set in Q7°(H), and this define the structure of complex Banach manifold for
Teich(C~D) and Teich(W). Any holomorphic function A 3 X — 7()\) € Teich(W) is represented
by holomorphic family of quadratic differentials g, = gy(2z)dz? which are holomorphic in (X, z)
with g, € Q7°(H), and vice versa. (To see the converse, we need to check that %L)f € QF(H),
when A is 1-dimensional. But this follows from Cauchy formula applied to A-variable.) From
this description and the construction ¢ — S¢, the last statement is obvious. (Remark that
the Schwarzian derivative taken directly from ¢ € S9(V) does not determine the position of
puncture, therefore insufficient for the embedding.) O

6.B Proof of Main Theorem 2

Now we turn to our class F; and prove Main Theorem 2.

Proof of Main Theorem 2. Let V, V' be as in Main Theorem 1. Take a domain V" so that
vcvicvry C V" and V" is a non-singular real-analytic Jordan curve. We denote W := C\V
and U := C . V”. They have a puncture at p = oc.
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If f=Pop e F, then by definition ¢ € S¥(V) and p(y) defines a point in Teich(W).
The above lemma shows that this is one to one correspondence. Let RI®" denote the induced
map on Teich(W) from the parabolic renormalization Ry. In fact, Ry induces a map ﬁOT eich
Teich(W) — Teich(U), defined by p(¢) — p(1) where Ro(Po¢~1) = Po~! and this map is

holomorphic by Main Theorem (e) and the above lemma. Hence it satisfies
dTeich(U) (ﬁgeich (Tl)v ﬁg“eich (TQ)) < dTeich(W) (7_17 7—2) for 7,1 € T@lCh(W),

due to Royden-Gardiner Theorem.

Theorem 6.2 (Royden-Gardiner). Any holomorphic map between Teichmiiller spaces does not
expand the Teichmiiller distance.

Now we can write RI#" = ZoRI*" where Z : Teich(U) — Teich(W) is defined as follows:
if ¢ € S9(V") with quasiconformal extension ¥ to C, then Z(p(¢¥)) = p(1|v), or equivalently
2([¢|y]) = [¢w]. It follows from Theorem 6.3 below that = is well-defined with relatively
compact image and satisfies

d Teich(w) (E(T1), Z(72)) < e 2mmod(V/\V) dreicn(uy(T1,72)  for 71,72 € Teich(U).

The estimate in Main Theorem 2 follows immediately, by letting V" tend to V. O

6.C Extension map and contraction

Theorem 6.3 (Extension map). Let Wi and Uy be Jordan domains in C such that U, C W;.
Fiz a point p € Uy and define W = Wi ~ {p} and U = Uy \ {p}. There exists a canonical map

= Teich(U) — Teich(W)

such that Z(7) = 7' if and only if there is a quasiconformal map ¢ : W — C satisfying (V] = 7/
in Teich(W), [¢|u] = T in Teich(U) and %—iﬁ =0 a.e. in W~ U. The image of = is relatively
compact (hence bounded) with respect to dreich(w). Moreover it is a uniform contraction with
an explicit bound:

dreich(w)(2(11), E(12)) < M geicnw) (11, 72)  for 11,72 € Teich(U),
where A = e=27mod(WNU) 1,
As for the Teichmiiller spaces without removing the puncture p (universal Teichmiiller space),

the same conclusion holds for the map Teich(Uy) — Teich(Wh) is a contraction with the factor
6747r mod(W1~U1) )

Proof. In terms of definition of Teich(W)’s by Beltrami differentials, = is defined to be the
0O-extension map [p] — [f], where p is defined on U and t =p on U and t =0 on W N\ U. In
terms of quasiconformal maps, it can be expressed as follows: Let ¢ : U — Chea quasiconformal
map, then take its Beltrami differential K, Then by measurable Riemann mapping theorem,

there exists a quasiconformal map ¢ : W — C such that Ky = My, ae. on U and py, =0
a.e. on W~ U. Then v o ¢~! is conformal in o(W), hence [¢|7] = [p] in Teich(U). Define
=(¢)) = [¢] € Teich(W).

Let us check that this is well-defined. This can follow from Lemma 6.1 if QU is smooth or
quasicircle. But we prove without this assumption. Take another representative ¢; of [¢] in
Teich(U), hence there exists a conformal map h : o(U) — ¢1(U) which coincides with ¢1 0 ™!
on the boundary. Let ¢ be the result of the above construction for ;. Now define the map
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hep(W) — 1 (W) by h =109 ohogpop™ on ¢(U) and h = 11 09~ on (U) ~ o (V).
Since cpfl ohoy =idon U, h is continuous on oY(U), then by Rickman’s theorem (quoted
above), it is a quasiconformal map. Moreover, h is conformal in ¥(U) because ¢ o cpl_l, h,
@ o1~ are so in corresponding domains. We also have & ? =0 a.e. in (W) \ ¢(U) because

Ky = py, = 0 ae. on W\ U. Hence h is a conformal map coinciding with ¢; o ¥~ on the
boundary. Therefore 11 ~ ¢ and = is well-defined.

Next we prove the relative compactness of the image of =. We may suppose that W = D*.
Let [¢,] be a sequence in Z(Teich(D*)). The representative 1), can be chosen so that %’ =0
a.e. in W N\ U and that ¢,(1) = 1, ¢,(D*) = D* (which correspond to Beltrami differentials
symmetric with respect to dD). Even in the case of the universal Teichmiiller space Teich(D),
¥, can be adjusted so that ¢,(0) = 0 by composing a Mébius transformation of D. Lift 1y,
to 1, by Exp? so that v, o Exp? = Exp? o), with normalization ¢,(0) = 0, ¢,(1) = 1. By
Schwarz reflection principle, we obtain a conformal map wn defined on 2, where {2 is the union
of R, Expﬁ_l(]D) . U) and its reflection. Applying Koebe distortion theorem to z;n with the
above normalization, we obtain a subsequence {1/;7%} which converges to a limit ¢ uniformly
near R. Ahlfors-Beurling Theorem gives a new quasiconformal extension Q%k : C — C such
that 1/~)§Lk = 9, on R and 1%% (z+1) = ~;lk (z) + 1. Moreover their Beltrami differentials 5
are uniformly bounded from 1 and converge uniformly to u e This implies that the maximefl

dilatation of 1/;;% 09p~! tends to 0. Therefore {[1),,]} converges to ¢ induced from ). This proves
the relative compactness of Z( Teich(D*)).

Before proving the contraction, let us recall the infinitesimal definition of Teichmiiller met-
ric. For a point 7 = [¢)] € Teich(W), the tangent space T Teich(W), the cotangent space
T Teich(W), the pairing (g, u) and Teichmiiller norm || - || 7¢icn are defined by

d
T, Teich(W) = {p = ,u(z)d—z measurable Beltrami differential on (W) with [|p[lec < 00}/ ~
2

T} Teich(W) = {q = q(z )dz2 holomorphic quadratic differential on (W) with |q[|; < oo}

// z)dx dy for q € T Teich(W) and p € T, Teich(W)

| ]l Teich = Sup{!(qju)l 1 q € T} Teich(W) with g1 = 1},

where ||q|l1 = [/ |q(2)|dx dy is L'-norm on the domain of definition and the equivalence relation
for T Teich(W) is defined as p ~ v if and only if ||pt — V|| 7eicn, = 0. A different representative of
the class 7 = [¢] will give canonically isomorphic tangent and cotangent spaces. The Teichmiiller
distance coincides with the distance (a Finsler metric) defined as the infimum of the length of
paths joining the two points, where the length is defined by integrating Teichmiiller norm ||-{| 7e;cn
along the path. Note that the finiteness of ||g||; forces that g can have a simple pole at the
puncture.

Now according to the description of = in terms of Beltrami differentials, the derivative
D.= at 7 = [¢] € T;Teich(W) is the 0-extension operator [p] — [f], where p is defined on
Y(U) and o = p on YP(U) and fo = 0 on (W) ~ ¢(U). Therefore its adjoint (coderivative)
D= : T} Teich(W) — T} Teich(U) is defined by the restriction operator q +— gl In view
of the definition of Teichmiiller norm, in order to prove the contraction inequality, it suffices to
prove the following infinitesimal contraction inequality on the coderivative

ID7E(@)l = llgly@nll < Allglly for q € T Teich(W).

This is exactly the content of Theorem 6.6 below. O
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We need a preparation:

Theorem 6.4 (Isoperimetric Inequality for quadratic differential with a simple pole). If D is
a Jordan domain with real-analytic boundary and q(z) is meromorphic in a neighborhood of D
with at most one simple pole which is in D, then

</aD m‘dZOQ =2 [[ la(e)ldzdy.

If q(z) has no pole, then 27 can be replaced by 4.

Proof. This is a modified version of Carleman’s inequality (see [Ca]). It is enough to prove the
inequality when D is the unit disk D and the pole is at 0. In fact, if ) : D — D is a conformal map
(which extends conformally to a neighborhood of D), the inequality for v¥*q(z) = q(¢(2))(¥'(2))?
on D yields the inequality for ¢(z). Now we need a lemma:

Lemma 6.5. If p1(2) and p2(2) are holomorphic in the neighborhood of D, then for s > —2

J[ 1o oandr < o { o A ([ le@fiae) ([ leaR o).

Proof. Expand ¢1(2), p2(2) and ¢1(2)p2(z) as

Z%Z pa(z Zbyz v1(z ch, , Where ¢, = Z auby .

u=0

ox [ 00 00 00
/ lo1(2)[? |dz2] = / S e | (S ae ) do =213
oD 0 v=0 v=0 v=0

A similar equality holds for ¢2(z). We also have

27 oo o0
// lp1(2)pa(z ]z\ dxdy—/ / (Zc r’e “’9> (ch,r”ei”9> rstldr do
v=0

Then

It can be checked (using 2|agb,a@1b,_1| < |agby|? + |a1b,_1|? etc) that

leo|? < (v +1) (Jaoby | + Jarby—1] + - - - + |aubo[?) -

Hence, using 2V"J:f91+2 <1 5 (s >0), ZVlj:rS1+2 < S+2 (—2 < s <0), we have
o0 2
O T S D ) DU
— 2w +s+2 +2 2 H .
v=0 v=0 p=0

—max{ 5.5 <Z|ay|2) (g'bv'2>’

The desired inequality follows. O
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Now we continue the proof of Theorem 6.4. Suppose ¢(z) is holomorphic in a neighborhood
of D except at z = 0, which is at most a simple pole. Let aq, ..., be zeroes of ¢(z) within
D. By shifting the boundary a little bit, we may suppose that they are all in . Factoring out
Blaschke factors for the zeroes, we can write

q(2) = 2°q.(2) ﬁ <1z__5iyz> ’

v=1

where s = —1 or 0 depending on whether 0 is a pole or not, and qﬂz) has no zeroes in . Hence
there exists a holomorphic function ¢(z) in a neighborhood of D such that ¢.(z) = (¢(2))*.

Since
4(2)| < |2 [p()|* in D and /[q(z)] = e(z)” on oD,
Lemma 6.5 with ¢ = w9 = ¢ yields the isoperimetric inequality. O

Now we can prove the following, which completes the proof of Theorem 6.3.

Theorem 6.6 (Modulus-Area Inequality for quadratic differential with a simple pole). Let A
be an annulus in C with finite modulus mod A, and K the bounded component of C — A. If q(z)
is a meromorphic function in AUK such that q(z) has at most one simple pole, the pole (if any)
is in K and [[, ;. lq(z)|dzdy < oo, then

// q(2)|dz dy < e~ 27 mod(4) // 2)|dz dy.
AUK

If q(2) has no pole, then 2w can be replaced by 4.

Proof. This is a word-to-word translation of Modulus-Area Inequality (see Milnor [Mi] Appendix
B, Corollary B.9, McMullen Inequality) with Euclidean metric replaced by the conformal met-
¢ v/|q(2)]|dz| induced from quadratic differential q(z)dz?. We include the proof for reader’s
convenience.
By previous lemma, for any smooth Jordan curve ¥ which is not null-homotopic in A (hence
surrounds K),

<Aﬂwmwfz%/QWWMy

Since mod(A) can be defined as the inverse of extremal length of real-analytic Jordan curves
that are not null-homotopic in A (see [A2]), by considering \/|q(2)| |dz| as a conformal metric
on A, we have

1 S (mffy Vla(z)| ]dz\) 27rffK lq(z)|dx dy
mod(A) = [[,la@)|dedy = [[,lq(z)|dxdy

where the infimum is taken over all Jordan curve + as above. Therefore

//AUK 2)|dz dy > (1 + 27 mod( ))/Klq<z)ldwdy.

Now divide A into nested subannuli (n annuli with modulus 1 mod(A)), and apply the above
inequality repeatedly. We obtain, by letting n — oo,

// z)|dz dy > (14 2L mod( ))n// lg(2)|dx dy — e%mOd(A)/ |q(2)|dx dy.
AUK K K
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7 Proof of Main Theorem 3 and Corollaries

In order to prove Main Theorem 3, we first show the following:

Lemma 7.1. Given any fo € F1, there exist a neighborhood Ny, of fo and o (fo) > 0 such that
if f € Ny, satisfies f(0) =0, f'(0) = e*™* with |arga| < T and 0 < |a| < ax(fo), then the horn
map Ey for f is defined and Voo Eyo ¥y L belongs to fp

Proof. This claim follows from the continuity of horn maps (Theorem 2.1) if we allow ourselves
to take a slightly smaller V’ than U,IID . (Note here that the uniform convergence of Ey, on
{z+iy:0<2z<1,y0 <y <y} implies that of ¥go By oWyt on {z: e 2™ < 2| < e72™0})
then they are also uniformly convergent on {z : |2| < e~2™0} by the maximum value principle.)

If we want to keep the same V' = UP, it can be proved as follows. As in [Sh2], we can

a(f)

e 2riaNw
7. Then f(2) in z-plane lifts to Fy(w) on C \ Unezﬁ(ﬁ,}%g) with some large Ry > 0 and
when f tends to fy, Fy converges to Fy = Ff, =7, ' o fo o 70 uniformly on {w : | Re(a(f)w)| <
5 and |w| > Ry}, where 1o(w) = —L. Therefore the Fatou coordinates @ ; and ®_ ; exist in
Qpp = {w : a(f)|R2 < Re(a(f)w) < 3} and @y = {w : —5 < Re(a(f)w) < —|a(f)|Ra2}
and they converge to @ 5, and ®,.p r, respectively, when f tends to fy (taking larger Ry if
necessary ).

Let Dy, 0, Dno, ng sz,o (n =1,0,—1,...) denote the domains for Fj corresponding to
D,, D), D, DY in §5. Define Dyo = FJ 1 (D1p) for n =2,3,.... If we take sufficiently large
¢,m > 0, then Dy C {w : |w| > Ry,|argw| < §} and 5,m70,ﬁ/_m70,ﬁim’0,ﬁﬁ_m’0 C{w:
lw| > Ra, ‘r{f <argw < %’T} If f is sufficiently close to f with |arg a(f)| < 7, then these domains
are alio contained in Q0 ¢ and €1_ . Note that @y F, 0. FS”H maps E,mp homeomorphically
onto Dy = {z: ¢ <Rez < ¢+ 1,|Imz| <n}. Consider Dy(r) = Dy \D(¢,7) UD({ + 1,7) for a

_ _ -1 __
small 7 > 0 and define D_,, o(r) = D_p, 0N (@attnpo ) Fg"”H) (D¢(r)). Since Pgptr R, © F(’)”M

is diffeomorphic on D_,, o(r), there exists a neighborhood W of D_,,(r) such that if f is
sufficiently close to fo, then ® ;o F}"M is defined and diffeomorphic on W and the image

_ _ -1 _
contains Dy(r) (by Rouché’s theorem). This defines D_,, r(r) =W N (<I>+,f o ij”+e> (De(r)).
Similarly D’ —m,f(r) and 5Hm (1) are defined. Also for {w_,} = D 0N D "m0 N D100

-/

D_,, 10, there is a neighborhood W’ such that &, r o F M+ on W covers D(4, r) twice with
branching over ¢. Adding proper portion of W' to D,, f(r) etc, we obtain D, ¢, D!, 4 Dy for
n = —m, —m — 1, which are similar to D,,, D}, D! in §5.M.

The same argument works for Df . f except that for the part corresponding to Im @444 (2) > Rs
with large R3, we already have a unlform control by the above convergence Iy — Fp.

construct the “pre-Fatou coordinate” z = 7¢(w) = for f near fp with |arga(f)| <

N

Thus we have obtained domains D,, f, D/, £ D! £ Dn 7 with the same intersection relation as

(5.53) for f close to fy. This is enough to construct 1) = 15 so that \I'OOEfO\Ifg1 = Poy e FP
as in §5.M. O

Proof of Main Theorem 3. By Koebe Distortion theorem (see References in Appendix), the
space of normalized univalent functions in V is sequentially compact with respect to the topol-
ogy of uniform convergence on compact sets. Hence the above lemma implies that there must
be a uniform a, > 0 such that if h € Fy, |arga| < § and 0 < |a| < a,, then Rf is defined
for f(z) = 2™h(z) and Roh = ¥go Ef o ¥,! € FF. This proves the invariance part of Main
theorem 3.
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The statements on the holomorphic dependence and the contraction are proved exactly as
in §5.M and in §6. O

Proof of Corollary 4.1. The existence of the unique fixed point and the convergence are imme-
diate from Main Theorem 2 and the completeness of the Teichmiiller distance. For f € Fy,
Theorem 3.2 guarantees that Ry fisinFoy therefore can be represented as Ry f = g pepe © Un 1
with 1, € S. So we can choose a subsequence ny " 0o such that {1y, } converges uniformly on
compact sets in ). By the convergence to the fixed point in Fj, we know that we always have
the same limit function in a neighborhood of 0 for any convergent subsequence. Therefore the
whole sequence {1, } must converge to a limit function. This implies that R f considered as
elements in Fy converge to a fixed point and the fixed point must be in Fjy. O

Proof of Corollary 4.2. Let f(z) = e*™*h(z), where h € F; and |arga| < Z and |o| small.
Take the fundamental region Sg, ; such that gattr, = El, r U Ei, ¢ U E{ ¥ (corresponding to
1 < Re®uur ¢(2) < 2). Consider g(z) = Rah(eﬂ”iz), which is linear conjugate to Rf(z) =
e‘QﬂiéRah(z). It can be shown as in [Sh1], [Sh2] that there exists cu. > 0 and C' > 0 such that
if |of < s, 21,22 € Sastr,f, Wi = Vo(Papr p(2:)) (i =1,2), w1 € Dom(g) and g(w1) = wo, then
there exists an integer m > 0 such that f™(z1) = z2 with Rei —C <m<Re é + C. So taking
o small so that Re a%* — C > 2, this implies that if w; can be iterated n times under g, then
the corresponding point 21 (in Suur,f) can be iterated at Ieast 2n times under f.

Let f be as in the assumption of Corollary, with N > —— + 1. Then the sequence {f,} as
in (3.2) is defined so that f,, € (0, a.] * F1. Since for each fn, the critical value can be iterated
once, by the above, we conclude that the critical orbit can be iterated infinitely many times.
Moreover the estimates show that the orbit cannot accumulate to the lower end of the Ecalle-
Voronin cylinder, where the lower end corresponds to the fixed point o(f,,) in the construction in
§2. Therefore there exists a sequence of periodic orbits (corresponding to o(f,,)) for the original
f, and the critical orbit does not accumulate to any of these periodic orbits.

When f(z) = €2™®2+22 is a quadratic polynomial, f itself is not in Fy. But Ro(z+22) € F¥,
so for sufficiently small o we have R (z + 2%) € Fy, therefore we have the above sequence f,
with f, € F1 for n =1,2,.... The rest is similar. O

A Univalent functions

In this appendix, we prepare some estimates on univalent functions. Refer to [Po], [Du] for the
theory of univalent functions.

Definition. A complex valued function is called univalent if it is holomorphic and injective.
Important classes of univalent functions are:

S={f:D— C|f is univalent and f(0) =0, f(0) = 1},

Y ={g:C~D — C|g is univalent and lim M:1}.

z—00 %

For g € ¥, we can consider that g is a holomorphic map from C <D to C with g(oc) = oo.
It can be written as g(z) = z + ¢, + g1(2), where ¢, € C and g; is holomophic in C < D with

lim, o g1(2) = 0. We define subclasses of ¥ by
Yo ={g € X|cy= lim (9(2) —2) =0}, %u={gcX[0¢ Image(g)}.

Theorem A.l. For f € S, we have
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(a) [f"(0)] <4.

(b) |log <z f;g;)‘ < log 1 i_ I; for|z| < 1.
(c) |log fiz) +log(1 — |z]?)| < log 1 t }j .

Here the branches log on the left hand side in (a) and in (b) are (well-defined and) taken so that
it has value 0 at z =0

Proof. (a) This is well-known. See [Po] Chap. 1, Theorem 1.5. [Du] Theorem 2.2. For (b), see
[Po] Corollary 3.5, page 66, or [Du], Corollary 3, page 126.
To prove (c), fix f € S and z; € D. Define A(z) = —£=2% and fi(2) = c(f 0 A(2) — f(21)),

Z12

where ¢ is determined so that f](0) = 1. Then f; € S. Since fi(z) = —cf'(A(z)) 1_|,Z1|§2, we

(1-z12
have L
fl(zl) -, Cf/(o)(l_zlll)z _ 21
AG@) e O~ f@) T fe = lalP)
The assertion follows from (b) applied to fi at z;. See also [Du], Exercise 2, page 141. O

Theorem A.2. Let g(2) = z + ¢, + g1(2) € X. Then the following estimates hold:

(a) {z € C: |z —c¢y| > 2} C Image(g). In particular, if g € X, then [c,| < 2.

1
< _—.
(0) 11(2)| <y log =11

(d) If g € ¥y, then

1 1
logM—log 1—— || <log 12 + .
z |22 2] =1

In particular,

1\? 1\?
2] (1—,Z|) < lg(2)] < |4 (1+|Z|) and

Proof. (a) See [Po], Theorem 1.4, page 19. If w ¢ Image(g), then let f(z) = g(ll)_w‘ We have
f(z) =2z — (¢, —w)z> + O(z%) € S. Tt follows from Theorem A.2 that |¢, — | <22.

(b) If we write g(2) = z+c,+_,2; 2, the coefficients satisfy the Area Inequality ([Po] Theorem
1.3, or [Du] Theorem 2.1, )

9(2)

1
arg‘ < log 12 +
z

|2l =1

o0

Z nlea|? < 1.

n=1

By Cauchy-Schwarz inequality and the expansion —log(l —z) = 7, % (Jz| < 1)

n—

oo o¢]

o
‘ 1 1
< — 2 — < ,/log ——.
l91(2)] < EZ EE E nlen| ,;:1: n|z|2n = 0g 1— |22

n=1
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(c) This follows from Theorem A.3 below. Or see [Po], Chap. 3.2, (5), page 65, or [Du] Chap.4,
Exercise 1, page 140.

(d) Let f(2) = p (ll). Then it is easy to see that f € S. The first inequality follows from Theorem
A.1. The rest follows from the first. (In fact, the one for |g(z)| follows from a standard estimate

for [ £(2)].) O

Theorem A.3 (A consequence of Golusin inequalities). Let be a disk or a half plane in C
(including the case of the complement of a closed disk). If g : Q — C is a univalent holomorphic

mapping, then for z,{ € Q with z,(, g(z),9(¢) # oo and z # ¢,

g'(2)g(0)(z = ¢)?
(9(2) —9(¢))?

Remark. There exists a Mdbius transformation which sends Q2 to D, z to 0 and ¢ to r € [0,1).

49(22, 9, (A1)

log < 2log cosh

In this case, s = dq(z,¢) = log %, therefore it is easy to check that
da(z,¢) e +24 e 1
21 h—22 =] — ) =1 . A2
0g cos 5 og 1 0813 (A.2)

Proof. Notice that the both sides of the inequality is invariant under pre- and post-composition
of Mobius transformations, provided that the domain of definition € is transformed accordingly.
In fact, for the left hand side, one can express in terms of cross ratios:

R OE—0 0 —a) 6 —0(@) (=OE =)
(002 =9~ 3% (6 — 9(Dla=) —9(C) =T =) |

Therefore this also has a meaning even when z,(, g(z) or g(¢) is equal to oo, as long as z # (.
When Q = C\ D, g(oo) = oo, lim, 96 — q, z,{ # oo and z # (, the inequality (A.1)

4
is known as a consequence of Golusin inequalities (see [Po], Chap. 3.2, (6), page 65, or [Du]

Chap.4, proof of Corollary 2, page 126), where the right hand side becomes (cf. (A.2))

21log cosh do (;’ <)

¢ — 1P
(2 = D(I¢PP = 1)

By the Mobius invariance, it also holds in general cases. O

= log

(A.4)
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