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The Goal of This Talk
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the renormalizations are contracting/hyperbolic
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Ef0(z) = Φattr ◦ Φ−1
rep

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf

1

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep χf χf (z) = z − 1

α
Rf = χf ◦ Ef

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf χf

1

depends continuously  on 

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf

1

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf

1

(after a suitable normalization)

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep χf χf (z) = z − 1

α
Rf = χf ◦ Ef

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf χf

1

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

z
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep χf χf (z) = z − 1

α
Rf = χf ◦ Ef '

Ef0(z) = z + o(1) (Im z → +∞)

Π Π(z) = e2πiz Π : C/Z #−→ C∗

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

1

first return map

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

z
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep χf χf (z) = z − 1

α
R̃f = χf ◦ Ef R̃f Rf = χf ◦ Ef '

Ef0(z) = z + o(1) (Im z → +∞)

Π Π(z) = e2πiz Π : C/Z #−→ C∗ R0f0 = Π ◦ Ef0 ◦ Π−1 R0f0 = Π ◦ Ef0 ◦ Π−1 R0f0 =
Π ◦ Ef0 ◦ Π−1

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

1



Parabolic Bifurcation/Implosion
When a parabolic point is perturnbed....

Discontinuous change 
of Julia sets

New complicated 
dynamics is created 
by the orbits going 
through the “gate”

New dynamics can be 
understood via the 
return map



Parabolic Renormalization
f0

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small

α ∈ C ! {0} small and | arg α| <
π

4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf

1

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

z
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep χf χf (z) = z − 1

α
Rf = χf ◦ Ef

Ef0(z) = z + o(1) (Im z → +∞)

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z (→ e2πiz z (→ exp(2πiz)

1

Normalize the Fatou coordinates 
so that

0  is 1-parabolic fixed point

The following text is drawn in white.

Φattr R1 = 239

e−2π = 0.00186 . . .

Exp" Exp"(z) = e2πiz Exp" : C/Z "−→ C∗

R0f0 = Exp" ◦Ef0 ◦ (Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) %= ∞ and z %= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) %= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1

The following text is drawn in white.

Φattr R1 = 239

e−2π = 0.00186 . . .

Exp" Exp"(z) = e2πiz Exp" : C/Z "−→ C∗

R0f0 = Exp" ◦Ef0 ◦ (Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) %= ∞ and z %= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) %= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1

Let                             then

The following text is drawn in white.

Φattr R1 = 239

e−2π = 0.00186 . . .

Exp" Exp"(z) = e2πiz Exp" : C/Z "−→ C∗

R0f0 = Exp" ◦Ef0 ◦ (Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) %= ∞ and z %= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) %= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1
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R0f0 = Exp" ◦Ef0 ◦ (Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) %= ∞ and z %= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) %= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1

Parabolic Renormalization

The following text is drawn in white.
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R0f0 = Exp" ◦Ef0 ◦ (Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) %= ∞ and z %= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) %= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1

The following text is drawn in white.

Φattr R1 = 239

e−2π = 0.00186 . . .
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R0f0 = Exp" ◦Ef0 ◦ (Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) %= ∞ and z %= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) %= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1



Near-parabolic Renormalization (cylinder renorm.)
f

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4
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g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) $= ∞ and z $= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) $= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

D0 D′
0 D−1 D′′

−1

1

highly recurrent behavior of       can be analyzed 
through    ’s

The following text is drawn in white.

Φattr R1 = 239

e−2π = 0.00186 . . .

f0
R−→ f1

R−→ f2
R−→ f3

R−→ . . .

fi

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
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Renormalization:  The Picture

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

z
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α
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where β = − 1
α

(mod Z) or α =
1

m − β
(m ∈ N)

f(z) = e2πiαz + O(z2) = e2πiαf0(z) where f0(z) = z + O(z2) 1-parabolic
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Main Theorems
Theorem 1 Let P (z) = z(1 + z)2. There exist bounded simply connected
open sets V and V ′ with 0 ∈ V ⊂ V ⊂ V ′ ⊂ C such that the class

F1 =
{

f = P ◦ ϕ−1 : ϕ(V ) → C
∣∣∣∣

ϕ : V → C is univalent
ϕ(0) = 0, ϕ′(0) = 1

}

satisfies the following:

(0) every f ∈ F1 is non-degenerate;

(i) F0 ! {quadratic polynomial} can be naturally embedded into F1 (in par-
ticular, Rn

0 (z + z2) ∈ F1 n = 1, 2, . . . );

(ii) The renormalization R0 is well defined on F1 so that R0(F1) ⊂ F1 ;

(iii) If we write Rf = P ◦ ψ−1, then ψ can be extended univalently to V ′;

(iv) f %→ R′f is “holomorphic.”

univalent = holomorphic and injective

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R!Q C/Z C∗ D∗ C C!D (−∞,−1]

z %→ e2πiz z %→ exp(2πiz)
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Also compare with the works on critical circle maps
(for example, Epstein-Yampolsky)
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F0 =






f : Uf → C

∣∣∣∣∣∣∣∣∣∣

0 ∈ Uf open and connected ⊂ C,
f is holomorphic in Uf , f(0) = 0, f ′(0) = 1,

f : Uf ! {0} → C∗ is a branched covering map
with a unique critical value,

all critical points are of local degree 2






2

z + z2,R0(z + z2), · · · ∈ F0

R0(F0) ⊂ F0

3

z + z2,R0(z + z2), · · · ∈ F0

R0(F0) ⊂ F0

3

This class was used in the proof of HD=2 for generic Julia sets on 
the boundary of the Mandelbrot set, and for the the boundary of 
the Mandelbrot set itself.



The following text is drawn in white.

Φattr R1 = 239

e−2π = 0.00186 . . .

Exp" Exp"(z) = e2πiz Exp" : C/Z "−→ C∗

R0f0 = Exp" ◦Ef0 ◦(Exp")−1 R0f0 = Exp" ◦Ef0 ◦ (Exp")−1

R0f = Exp" ◦Ef ◦ (Exp")−1

Rf = Exp" ◦R̃f ◦ (Exp")−1 = Exp" ◦χf ◦ Ef ◦ (Exp")−1 =
e2πiβz + O(z2)

Corollary. There exists an N such that if f(z) = e2πiαh(z)
with h ∈ F1 and α ∈ R ! Q whose continued fraction has co-
efficients an ≥ N , then the critical orbit stays in the domain
of f and can be iterated infinitely many times. Moreover if
f is (a part of) a rational map, then the critical orbit is not
dense.

Φattr(cv) = 1 D1 = Φ−1
attr({z : 1 < Re z < 2, | Im z| < η =
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R−→ f3
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An Application



Contraction and Hyperbolicity

Royden-Gardiner Theorem (Teichmüller distance = Kobayashi distance)
cotangent space = {integrable holomorphic quadratic differentials}
modulus-area inequality for holom. quad. differentials
isoperimetric inequality for holom. quad. differentials
modified Carleman’s inequality

Theorem 3 Modifying the definition slightly (requiring that ϕ has a quasi-
confomal extension to C), F1 is in one to one correspondence with the
Teichmüller space Teich(W ) of W = C!V (! D∗). The induced map RTeich

0

is a uniform contraction with respect to the Teichmüller distance. (The Lip-
shitz constant ≤ exp(−2π mod(V ′ ! V )).)

Theorem 4 The above statements hold for the fiber map Rα for α small.
Hence the total renormalization R is hyperbolic in this region.
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We outline the proof of Theorem 1.

Theorem 2 follows from Theorem 1 and 
the continuity of          with respect to    .

f0(z) holomorphic near 0 f0(0) = 0 f ′
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f0(z) = λz+a2z2+ . . . f0(z) = e2πi p
q z+a2z2+ . . . f0(z) = z+a2z2+ . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . . f(z) = e2πiαz + O(z2) f ′(0) = e2πiα, α small
| arg α| < π

4

α ∈ C ! {0} small and | arg α| < π
4 α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w +1+ o(1) w = − c

z
near 0 near ∞ T (w) = w +1 Φattr

Φrep C/Z C mod Z Ef0 Ef
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f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z)+1 Φrep(f(z)) = Φrep(z)+1 Φ...(f0(z)) = Φ...(z)+
1
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rep χf χf (z) = z − 1

α
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where β = − 1
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(mod Z) or α =
1

m − β
(m ∈ N)
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one cannot compute          !

Theorem 1 Let P (z) = z(1 + z)2. There exist bounded simply connected
open sets V and V ′ with 0 ∈ V ⊂ V ⊂ V ′ ⊂ C such that the class

F1 =
{

f = P ◦ ϕ−1 : ϕ(V ) → C
∣∣∣∣

ϕ : V → C is univalent
ϕ(0) = 0, ϕ′(0) = 1

}

satisfies the following:

(0) every f ∈ F1 is non-degenerate;

(i) F0 ! {quadratic polynomial} can be naturally embedded into F1 (in par-
ticular, Rn

0 (z + z2) ∈ F1 n = 1, 2, . . . );
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exists an N such that the above holds for

α =
1

m + β
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η = 2 4
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Theorem 3 Modifying the definition slightly (requiring that ϕ has a quasi-
confomal extension to C), F1 is in one to one correspondence with the
Teichmüller space Teich(W ) of W = C!V (! D∗). The induced map RTeich

0

is a uniform contraction with respect to the Teichmüller distance. (The Lip-
shitz constant ≤ exp(−2π mod(V ′ ! V )).)

Theorem 4 The above statements hold for the fiber map Rα for α small.
Hence the total renormalization R is hyperbolic in this region.
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f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz+a2z2+ . . . f0(z) = e2πi p
q z+a2z2+ . . . f0(z) = z+a2z2+ . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . . f(z) = e2πiαz + O(z2) f ′(0) = e2πiα, α small
| arg α| < π

4

α ∈ C ! {0} small and | arg α| < π
4 α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w +1+ o(1) w = − c

z
near 0 near ∞ T (w) = w +1 Φattr

Φrep C/Z C mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z
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α
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R0 contracting? R hyperbolic? (Rα contracting?)
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identity 
(or a canonical isomorphism)

We will characterize              by color-tiling the domains  (V replaced by V’)
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Before the proof...
send the parabolic fixed point to 

C R Z Q D H R ! Q C/Z C∗ D∗ C
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∞
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dynamics is already close to a translation

Fatou coordinates will be “close” to the identity or affine 
transformation

we must handle                              with arbitrary univalent function
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q λ = 1 a2 != 0

f(z) = e2πiαz + . . .
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f ′(0) = e2πiα, α small

α ∈ C ! {0} small and | arg α| <
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4

α ∈ R ! Q

α =
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a1 ±
1

a2 ±
1

a3 ± . . .
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α
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it is easier to work with univalent functions in
(Area theorem etc)
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z
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z
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open the slit                   to the unit disk and obtain       
with the same covering property
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We will work with f ∈ FQ
1 instead of F1

FQ
1 =





f = Q ◦ ϕ−1 : ϕ(V ) → Ĉ

∣∣∣∣∣∣∣

ϕ : V → Ĉ ! E is univalent
ϕ(∞) = 0, limz→∞

ϕ(z)
z = 1

and 0 /∈ Image(ϕ)


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“checkerboard picture”
f0

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small

α ∈ C ! {0} small and | arg α| <
π

4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf
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How to see that          is in           

Theorem 3 Modifying the definition slightly (requiring that ϕ has a quasi-
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Teichmüller space Teich(W ) of W = C!V (! D∗). The induced map RTeich

0

is a uniform contraction with respect to the Teichmüller distance. (The Lip-
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Theorem 4 The above statements hold for the fiber map Rα for α small.
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∈ F ′
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Make a color-tiling according to the range (= attracting Fatou coordinate)
and compare with that of P

For      ,  domain = repelling Fatou coordinate
           range = attracting Fatou coordinate
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The following text is drawn in white.
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V’
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ϕ : V → Ĉ ! E is univalent
ϕ(∞) = ∞, limz→∞

ϕ(z)
z = 1

and 0 /∈ Image(ϕ)






E =

{
x + iy ∈ C :

(
x + 0.18

1.24

)2

+
( y

1.04

)2
≤ 1

}

and V = ψ1(Ĉ ! E).
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Left: repelling side

Construct a Riemann surface X
where an appropriate inverse branch is defined
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Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
half plane in Ĉ (including the case of the complement of a closed disk). If
g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
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half plane and f : Ω → C a holomorphic function with f(z) $= z. Suppose f
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half plane in Ĉ (including the case of the complement of a closed disk). If
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g : Ω → Ĉ is a univalent holomorphic mapping, then for z, ζ ∈ Ω with
z, ζ, g(z), g(ζ) $= ∞ and z $= ζ,

∣∣∣∣ log
g′(z)g′(ζ)(z − ζ)2

(g(z) − g(ζ))2

∣∣∣∣ ≤ 2 log cosh
dΩ(z, ζ)

2
.

Theorem (A general estimate on Fatou coordinate). Let Ω be a disk or a
half plane and f : Ω → C a holomorphic function with f(z) $= z. Suppose f
has a univalent Fatou coordinate Φ : Ω → C, i.e., Φ(f(z)) = Φ(z) + 1 when
z, f(z) ∈ Ω. If z ∈ Ω and f(z) ∈ Ω, then
∣∣∣∣ log Φ′(z) + log(f(z) − z) − 1

2
log f ′(z)

∣∣∣∣ ≤ log cosh
dΩ(z, f(z))

2
=

1
2

log
1

1 − r2
,

where r is a real number such that 0 ≤ r < 1 and dD(0, r) = dΩ(z, f(z)).

f g C X π

1

The following text is drawn in white.

f1
R−→ f2

R−→ f3
R−→ f4

R−→ . . .

Theorem (A consequence of Golusin inequalities). Let Ω be a disk or a
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half plane in Ĉ (including the case of the complement of a closed disk). If
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∣∣∣∣∣∣∣

ϕ : V → Ĉ ! E is univalent
ϕ(∞) = ∞, limz→∞

ϕ(z)
z = 1

and 0 /∈ Image(ϕ)






E =

{
x + iy ∈ C :

(
x + 0.18

1.24

)2

+
( y

1.04

)2
≤ 1

}

and V = ψ1(Ĉ ! E).
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g : Ĉ ! D → Ĉ ! {0} g(∞) = ∞

lim
z→∞

g(z)
z

= 1 ( lim
z→∞

g1(z) = 0)

g(z) = z + c0 + g1(z)

|c0| ≤ 2

|z| ≥ 1.25 |z| ≥ 5 |z| ≥ 10

|g1(z)| ≤ . . . 1.01 . . . 0.202 . . . 0.100 . . .

| log g′(z)| ≤ . . . 1.02 . . . 0.040 . . . 0.010 . . .

|g(z)| ≥ . . . 0.05 3.2 8.1

arg
g(z)
z

≤ . . . 2.19 . . . 0.40 . . . 0.20 . . .

p q if p > 1
2 > q then

Prob(Xn < 0 and limn→∞ Xn = +∞) > 0

Lemma (Primitive Vitali Lemma). U ⊂ C bounded open,
E ⊂ U measurable. If for any x ∈ E there exists a dyadic
square Q ' x contained in U such that densityQ(E) < λ,
then

densityX(E) < λ.

Q fn fn(Q) p > q

p = P (n-th step = +1| itinerary up to n−1) > q = P (n-th step = −1| itinerary up to n−1)

P (n-th step = +1| itinerary up to n − 1) >
1
2

2
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PROBLEM: BY-PASS des disques de Siegel

Program: Random Walk Model
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Joyeux anniversaire!
Adrein.

f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 != 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

w
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z '→ e2πiz z '→ exp(2πiz)

f Rf R0f Rαf Rf
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rep χf χf (z) = z − 1

α
Rf = χf ◦ Ef

f = P ◦ ϕ−1
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Merci!

A draft is available at 
http://www.math.kyoto-u.ac.jp/~mitsu/pararenorm/

Tomorrow at IHP:
Hyperbolicity of near-parabolic renormalization

http://www.math.kyoto-u.ac.jp/~mitsu/pararenorm/
http://www.math.kyoto-u.ac.jp/~mitsu/pararenorm/

