Error distribution of general numerical solution of 1-dim
SDE driven by fBm with arbitrary Hurst index
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In this talk, we consider an ODE
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driven by the fractional Brownian motion(fBm) B with Hurst exponent H and numerical schemes ]}.(m)

of this equation. Then, we aim to calculate asymptotic error distributions G, defined by
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of these schemes.

Equation (1) is defined in the context of a rough path of arbitrary dimension but can be defined using
symmetric integral[1] in one dimension.

Studies of error distributions belong to the central limit theorem, and Brownian motion independent
from the solution may appear in the error distributions.

The (k-)Milstein method
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and the Crank-Nicholson method
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have been particularly well studied. The Milstein method is the most standard numerical solution
method with good behavior, while the Milstein method is a numerical solution method with a simple
definition but special behavior.

In the one-dimensional case, for equations without drift terms, the error distributions for the Milstein
method for arbitrary Hurst exponents in [3], the Crank-Nicholson method for specific diffusion coeffi-
cients and H > 1/6 in [2], and the Crank-Nicholson method for H > 1/3 in [4] have been calculated.
On the other hand, [6] obtains error distributions in the range of the Hurst exponent H > 1/3 for both



the Milstein and Crank-Nicholson schemes with drift coefficients. By contrast, in the multidimensional
case, [5][7] justifies the error distribution of the Milstein scheme with H > 1/3. This talk is an extension
of the method of [7].

We show the following result about one-dimensional SODE and numerical schemes.

e We have found and justified a method for computing error distributions in general iterative
schemes, except when the numerical solutions converge at an exceptionally low Hurst indices..
For example, the Crank-Nicholson method can calculate the error distribution when H > 1/4.
Also, the (k-)Milstein method can compute the numerical solution when H > 1/(2|k/2]).

e We proved the existence of schemes that converges faster than previously known numerical
solution methods and calculated their error distribution.

e We classified numerical schemes defined independently from the Hurst index, including Runge-
Kutta schemes, Milstein schemes, and Crank-Nicolson scheme, according to the qualitative form

of the error distribution.

S 3R

[1] E Russo, P Vallois, Forward, backward and symmetric stochastic integration, Probab. Theory Relat.
Fields 97, 403421 (1993)

[2] A. Neuenkirch, I. Nourdin Exact rate of convergence of some approximation schemes associated
to SDEs Driven by a fractional Brownian motion, ] Theor Probab 20 (2007): 871-899

[3] M. Gradinaru, I. Nourdin, Milstein’s type schemes for fractional SDEs, Annales de l'Institut Henri
Poincaré - Probabilités et Statistiques 45, No. 4 (2009): 1085-1098

[4] N. Naganuma: Asymptotic error distributions of the Crank—-Nicholson scheme for SDEs driven by
fractional Brownian motion, J. Theoret. Probab. 28 (2015), 1082-1124.

[5] Y. Liuand S. Tindel: First-order Euler scheme for SDEs driven by fractional Brownian motions: the
rough case, Ann. Appl. Probab. 29 (2019): 758-826

[6] S.Aida, N. Naganuma: Error analysis for approximations to one-dimensional SDEs via the pertu-
bation method, Osaka J. Math. 57 (2020): 381424

[7] S.Aida, N. Naganuma: An approach to asymptotic error distributions of rough differential equa-
tions, (2022+)



