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Let K be the two-dimensional standard Sierpinski gasket and λ the normalized Haus-
dorff measure. The transition density pt(x, y) of Brownian motion on K—which is asso-
ciated with the canonical Dirichlet form (E ,F) on L2(K,λ)—was extensively studied by
Barlow and Perkins [1]. In particular, the following sub-Gaussian estimate is known:
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where cj (j = 1, 2, 3, 4) are positive constants, ds = 2 log5 3 = 1.36521 · · · is the spec-
tral dimension, and dw = log2 5 = 2.32192 · · · > 2 is the walk dimension. On the other
hand, the transition density qt(x, y) of the time-changed Brownian motion by the Kusuoka
measure ν—which is associated with the Dirichlet form (E ,F) on L2(K, ν)—was studied
in [7, 5, 4]. The behavior of qt(x, y) is quite different from that of pt(x, y) and is some-
what Gaussian-like. Concerning the short-time asymptotics of the on-diagonal qt(x, x), in
particular, the following result is known.

Theorem 1 ([4, Theorem 1.3 (2) and Proposition 6.6]). There exists a constant dlocs ∈
(1, 2 log25/3 5] such that

lim
t↓0

2 log qt(x, x)

− log t
= dlocs , ν-a.e. x.

Moreover, dlocs is described as

dlocs = 2− 2 log(5/3)

log(5/3)− ρ
, (0.1)

where ρ = limm→∞ ρm = infm∈N ρm with

ρm =
1

m

∑
w∈Wm

ν(Kw) log ν(Kw). (0.2)

Here, Wm = {1, 2, 3}m is the totality of words consisting of letters 1, 2, 3 with length m;
Kw is a cell of K corresponding the word w ∈ Wm.
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We call dlocs the local spectral dimension of K. From numerical computation of ρm
with m = 16, a quantitative estimate of dlocs is given in [4, Remark 6.7 (1)] as(

2− 2 log(5/3)

log(5/3)− ρ16
=

)
1.27874 · · · ≤ dlocs ≤ 1.51814 · · ·

(
= 2 log25/3 5

)
.

It seems difficult to obtain a substantially sharper estimate of dlocs by using only the above
equations. Here, we discuss quantitative estimates of dlocs by another approach. The
following are main results.

Theorem 2. It holds that

(1.271650 · · · =)
15 log 3 + 15 log 5− 14 log 7

15 log 5− 7 log 7
≤ dlocs

≤ 5 log 5− 3 log 3

5 log 5− 4 log 3
(= 1.300763 · · · ). (0.3)

In particular, dlocs < ds.

Numerical result. With the help of numerical calculation by Mathematica [8],

1.291008 · · · ≤ dlocs ≤ 1.291026 · · ·.

In particular, the first few digits of dlocs are 1.2910 · · · , a value that happens to be close to√
5/3 = 1.290994 · · · .

The ingredients for the arguments are a result about a bias of the distribution ratios of
ν in [3], which was firstly studied in [2], and an integral representation of ρ by an invariant
measure of some Markov chain on the space of distribution ratios of ν.
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Sierpiński gasket, Indiana Univ. Math. J. 63 (2014), 831–868.

[3] M. Hino, Some properties of energy measures on Sierpinski gasket type fractals, J. Fractal
Geom. 3 (2016), 245–263.

[4] N. Kajino, Heat kernel asymptotics for the measurable Riemannian structure on the Sierpinski
gasket, Potential Anal. 36 (2012), 67–115.

[5] J. Kigami, Measurable Riemannian geometry on the Sierpinski gasket: the Kusuoka measure
and the Gaussian heat kernel estimate, Math. Ann. 340 (2008), 781–804.

[6] S. Kusuoka, Dirichlet forms on fractals and products of random matrices, Publ. Res. Inst.
Math. Sci. 25 (1989), 659–680.

[7] V. Metz and K.-T. Sturm, Gaussian and non-Gaussian estimates for heat kernels on the
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