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This talk is based on [4, 5], which are joint works with Kazuhiro Kuwae (Fukuoka
University).

Let p ∈ [1,∞). A Borel measure µ on Rd is said to be of Lp-Kato class K p
d with

respect to the Brownian motion on Rd if

lim
r→0

sup
x∈Rd

∫
|x−y|<r

µ(dy)

|x− y|(d−2)p
= 0 for d ≥ 3,

lim
r→0

sup
x∈Rd

∫
|x−y|<r

(log |x− y|−1)pµ(dy) = 0 for d = 2,

sup
x∈Rd

∫
|x−y|≤1

µ(dy) < ∞ for d = 1.

We write Kd instead of K1
d for p = 1. The notion of (L1-)Kato class Kd was introduced

by T. Kato in order to solve the essential self-adjointness of the Schrödinger operator
−∆+ V on C∞

0 (Rd). The following theorem is proved by Aizenman and Simon [1] under
p = 1 and noted by the speaker [7] for general p ∈ (1,∞) with d− p(d− 2) > 0:

Let p ∈ [1,∞) with d− p(d− 2) > 0. Then µ ∈ K p
d if and only if

supx∈Rd

∫
Rd

(∫ t

0
ps(x, y)ds

)p
µ(dy) → 0 as t → 0,

where pt(x, y) :=
1

(2πt)d/2
exp

(
− |x−y|2

2t

)
is the heat kernel of the Brownian motion. Kuwae

and Takahashi [6] extend this result under p = 1 in a probabilistic way to symmetric
Markov processes satisfying some heat kernel estimates. In the first half of this talk, we
explain an extension of this for general p ∈ [1,∞) under the framework of [6].

In the latter half of the talk, we discuss the Lp-version of the notion of Green-tightness
from two motivations. One is to give a Rellich-Kondrashov type compact embedding the-
orem for Dirichlet spaces. The classical Rellich-Kondrashov compact embedding theorem
states that:

For a bounded domain D ⊂ Rd with smooth boundary and p ∈ [1,∞) with
d− p(d− 2) > 0, the inclusion H1(D) ↪→ L2p(D) is a compact operator.

On the case p = 1, Takeda [8] extended such a compact embedding result to the framework
of general Dirichlet spaces. The speaker [7] proposed the notion of Lp-Kato class to obtain
the several probabilistic properties on the intersection measures, and he extended Takeda’s
result to p ≥ 1 by additionally assuming that the measure is of Lp-Kato class with respect
to the given Markov process. We will explain a natural extension of these results by
introducing the notation of Lp-Green-tight measures.
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The other motivation is more historical. The notion of Green-tightness for Kato
class potential was introduced by Zhao [9] to consider the gaugeability for Feynman-Kac
functionals and the subcriticality of Schrödinger operator −1

2
∆+V in the framework of d-

dimensional Brownian motion with d ≥ 3. However, the notion was not enough to develop
such a theory for general symmetric Markov processes. To overcome this difficulty, Chen
[2] gave a new notion of Green-tight smooth measures of Kato class. After that, Kim and
Kuwae [3] showed that the both classes coincide provided the given symmetric Markov
process possesses the resolvent strong Feller property. We will explain a natural extension
of their result to general p ≥ 1. We also characterize the class of Lp-Green-tight measures
of Lp-Kato class when the given Markov process has the heat kernel estimates set in the
first half of the talk.

References

[1] M. Aizenman and B. Simon. Brownian motion and Harnack inequality for Schrödinger
operators. Comm. Pure Appl. Math., 35(2):209–273, 1982.

[2] Z.-Q. Chen. Gaugeability and conditional gaugeability. Trans. Amer. Math. Soc.,
354(11):4639–4679, 2002.

[3] D. Kim and K. Kuwae. Analytic characterizations of gaugeability for generalized
Feynman-Kac functionals. Trans. Amer. Math. Soc., 369(7):4545–4596, 2017.

[4] K. Kuwae and T. Mori. Lp-Green-tight measures of Lp-Kato class for symmetric
Markov processes, 2020. preprint, available at arXiv:2011.00762.

[5] K. Kuwae and T. Mori. Lp-Kato class measures for symmetric Markov processes under
heat kernel estimates, 2021.

[6] K. Kuwae and M. Takahashi. Kato class measures of symmetric Markov processes
under heat kernel estimates. J. Funct. Anal., 250(1):86–113, 2007.

[7] T. Mori. Lp-Kato class measures and their relations with Sobolev embedding theorems
for Dirichlet spaces. J. Funct. Anal., 281(3):Paper No. 109034, 32, 2021.

[8] M. Takeda. Compactness of symmetric Markov semigroups and boundedness of eigen-
functions. Trans. Amer. Math. Soc., 372(6):3905–3920, 2019.

[9] Z. X. Zhao. Subcriticality and gaugeability of the Schrödinger operator. Trans. Amer.
Math. Soc., 334(1):75–96, 1992.

2

https://arxiv.org/abs/2011.00762

	References

