Skorohod SDEs with a class of non-Lipschitz coefficients and
non-smooth domains*

Kouhei Matsuura (University of Tsukuba)
(jointwork with Masanori Hino (Kyoto University)
and Misaki Yonezawa (Daiwa Securities Co. Ltd.))

Let (2, F,{F:}t>0, P) be a filtered probability space with the usual condition. Let D be a
domain of R? and denote its closure by D. In this talk, we are concerned with the following
Skorohod SDE:

{dX(t) = o(t,, X (1)) dB(t) + b(t,, X (£)) dt + dDx (), >0,

X(0) e D. )

Here, B = {B(t)}+>0 is a d-dimensional Brownian motion and ®x = {®x(t)}:>0 denotes a
reflection term, which is an unknown continuous function of bounded variation. Coefficients
0:[0,00) x 2 x D — RT@R? and b: [0,00) x Q2 x D — R? are measurable functions. We
assume moreover that [0,00) X Q 3 (t,w) — o(t,w,z) and [0,00) X Q > (t,w) > b(t,w,z) are
progressively measurable for any fixed z € D.

If D satisfies the conditions (A) and (B) below, and o and b depend only on the space
variables and are Lipschitz continuous on D, then the solutions to (1) are pathwise unique
(Saisho [4]). In this talk, we prove the pathwise uniqueness under certain conditions which allow
non-Lipschitz conefficients o and b. Under the conditions, the solutions to (1) can explode. So,
we also provide two types of conditions for the solutions to be non-explosive.

In what follows, we give a precise setting and explain the main results. We denote by
(-,-) and | - | the standard inner product and norm on R? respectively. We write || - || for the
Hilbert-Schmidt norm on R? ® R?. For z € dD(= D\ D) and r € (0, 00), we define

./\/'LT:{neRdHlﬂ:l, B(:C—TII,T)QD:@}7 Nx: U Nx,r-
r€(0,00)

Here, B(z,r) denotes the open ball in R? centered at z with radius r. Following [3,4], we
introduce conditions (A) and (B) on D as follows:

(A) There exists ro € (0,00) such that Ny = Ny, # 0 for any z € dD.

(B) There exist 0 € (0,00) and 3 € [1,00) with the requirement that for any x € 9D there
exists a unit vector 1 such that (1;,mn) > 1/ for any n € U,c g 50 Ny.

In order to give a sufficient condition for the pathwise uniqueness, we introduce the following
condition for a nonnegative and Borel measurable function A on [0, 1):

(L) There exists g € (0,1) such that A is continuous and non-decreasing on [0,&p), and
Jo" A(s)"tds = oc.
For example, A(s) = s and A(s) = slog(1/s) satisfy these conditions. Let g = {g(¢,)}+>0 be a
nonnegative progressively measurable process such that P( fOT g(s,-)ds < o00) =1 for any T > 0.
Then, a sufficient condition for the pathwise uniqueness is described as follows.

Theorem 1. Assume condition (A) and that for each R > 0 there exists a Borel measurable
function Ag : [0,1) — Ry satisfying (L) such that for P-a.s. w,

Ha(t7w7$) - J(tvwv y)H2 + 2<$ - Y b(t,w,x) - b(t7w7y)> < g(t,(.d)AR(‘.’I} - y‘Q)

for any ¢t > 0 and =,y € DN B(0, R) with |z —y| < 1. Then, we have P(X(t) =Y (¢),t >0) =1
for any solutions X = {X(¢)}+>0 and Y = {Y(¢) }+>0 to (1) with the same Brownian motion
B ={B(®)}>0-
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Theorem 1 can be regarded as a natural generalization of [2, Theorem 2| and inherit the
assumptions in that work. Note that coefficients ¢ and b satisfying the condition in Theorem 1
can be non-Lipschitz continuous.

Next, we discuss the non-explosion property of the solution. Let v: Ry — [1,00) be a
continuous and non-decreasing function such that lim,_,o y(s) = oo and [~ ~(s) ™' ds = oco. We
note that functions v(s) = s+ 1, y(s) = slog(s + 1) + 1 are typical examples satisfying these
conditions. For a solution X to (1), we set (x = inf{t > 0| X(t) ¢ D}.

Theorem 2. Assume condition (A), and that there exists a nonnegative function V€ C12([0, 00) x
R?) with the following conditions:

(2.1) For any t > 0,
lim inf V(s,z) = 0.
R—00 5¢[0,t], 2€ D\ B(0,R)

(2.2) For any x € 9D, t > 0, and n € Ny, ((VV)(t,z),n) <O0.

(2.3) For P-a.s.w,

lo(t,w, 2)|2(AV)(t, ) + 2(b(t,w, z), (VV)(t,z)) + 2%—‘2
< g(t,w)y(V(t, z))
for any t > 0 and x € D.

(t, )

Then, the solutions to (1) are non-explosive. That is, P((x = co) = 1 for any solution X to (1).

Theorem 2 corresponds to [2, Theorem 1], where the non-explosion property of SDEs without
reflection terms was discussed. In the talk, we will explain that these conditions fit for convex
domains and some domains whose boundaries are (globally) described by smooth functions. For
such domains, we will also confirm that the norms of coefficients o and b in (1) can grow as
z|(log |=|)"/? in z as |z| — co.

Theorem 3 below describes the non-explosion property for more general domains but with
more restrictive conditions on the coefficients. For 2 € D, § > 0, and T > 0, we define

M(z,6,T) =esssup  sup  {|lo(t,w, )|V [b(t,w, 2)[*}.
weQ  ¢e[0,T), zeB(z,6)ND

Then, we have the following.
Theorem 3. Assume conditions (A) and (B), and the following:
(3.1) For P-a.s.w,
lo(t,w,2)* v [b(t,w, 2)|* < g(¢, w)y(|z]*)
foranytZOand:L‘GE.

(3.2) For each T > 0, there exist constants C' > 0, v € [0,1), § > 0, 3 € (0,1), points
{£,}22, C OD, and positive numbers {3, }°2, C [§,00) such that dD C |J>°; B(xn, 36,)
and

M (zy, 0n,T) < C9, for any n € N.

Then, the solutions to (1) are non-explosive.

In the talk, we will explain that Theorem 3 allows the coefficients to have at most sub-linear
growth of order (1/2) — ¢ in x for some € > 0 as |z| — oc.
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