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1. INTRODUCTION

Both the regularity structures (RS) [4] and the paracontrolled calculus (PC) [3] are
general theories that give rigorous meanings to singular stochastic PDEs. Both have their
roots in the rough path theory for ODEs driven by irregular controls. The RS provides a
“microscopic” pointwise description of dynamics, while the PC a “macroscopic” spectral
description. In fact, these two descriptions are equivalent, as clarified in the papers [1, 2].

In this talk, we introduce an application of [1, 2] to the commutator estimates, which
have important roles in the PC. Recall from [3] the definition of the bilinear operator <
called Bony’s paraproduct. We define the multilinear operators as follows.

Definition 1. For any functions &, f1, fo,... in S(RY), define
Ci(f1,8) = fr =& (= il = L < 9),
Cr(frs- s fny§) = Cna(fi < f2, 35 s fn:§) — f1Cn—1(f2, f3, -, [, §)-

For each o € R, let C§ be the completion of S(R?) in the Besov norm C® = B 0o
The following theorem is a multivariable extension of the original commutator estimate
([3, Lemma 2.4]).

Theorem 1 ([5, Theorem 4.1]). Let ay,...,a, € (0,1) and oo < 0 be the regularity
exponents such that

ay + -t ap <1, g+t ta<0<ar+-- 4 oy + ao.
Then the operator Cy, is uniquely extended to the continuous operator from Cy' X --- X
Cgtn % Cgéo to Cg1+~~~+an+ao'

Theorem 1 was extended to the By -type norms with arbitrary p,q € [1, 00] in [6].

2. PROOF OF THEOREM 1

In what follows, we consider the “word Hopf algbera”, which is also important in the
geometric rough path theory. Fix n € N and define the set of “words”
Wie={(k,k+1,....,0—-14); 1<k <{<n}.

Denote by R[W] the polynomial ring in W, and 1 its unit.
Proposition 2. Define the algebra morphism A : R[W] - RIW]@R[W] by Al =1®1
and

l—1

Alk,....0) =(k,....0) @1 4+1® (k,...,0) + (ky...,m)®@(m+1,...,0)
m=k
1
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forany 1 <k <{¢<n. Then R[W] is a Hopf algebra.

We define the “word regularity structure” as follows. On the basis of the linear space
R[W] (i.e., the monomials of words), we define the grading | - | by

0, T=1,
7l o= -
ap + -+ ay, T_(ka"wg)a

and by extending it multiplicatively. Then Tt = R[W] is a graded Hopf algebra. Moreover,
on the linear subspace T' = (W U{1}) we can define another grading |7|" := |7|+aq for each
7 € WU{1}. Then T is a graded linear space with the comodule structure A : T'— T+ ®T,
so the pair (TF,T) is a concrete reqularity structure ([1, 2]). Recall the definition of models
from these references.

Theorem 3 ([2, Theorem 1]). Let .# be the set of all models on the concrete regularity
structure (T, T). For any (Il,g) € A and o,7 € W U {1}, we can define the func-
tions/distributions [glo € C1°1 and [T € CVI" (continuously depending on (I1,g)) by

glo)y= > glo) <[gloa+[glo,  Tr=>_g(rn) < [+ [M]r,
o1,027#1 T1#1
where (o1,02) runs over all partition of o, that is, 01,00 € W U {1} and o1 ® o9 appears
in the minimal expansion of Ao. Moreover, the mapping

M5 (11, g) > (([Hmewu{l},ag]a)aew) e JI c"x]Jcv.
|7]'<0 TEWU{1} cEW
|T)'<0

1s a bijection and locally bi-Lipschitz continuous.

By Theorem 3, for given data (f1,..., fn,§) € Cp* x -+ x Cg™ x C§°, we can define
the model (II, g) by

o fk, 0 = (k)a o §, T=1,
[g]a_{o, o= (k... 0), k<0’ [Hh_{o, rew, v <o.

Then we can complete the proof of Theorem 1, since the composition of mappings

coincides with the commutator Cy,(f1,..., fn,§), if all functions fi,..., fn, & are smooth.
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