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Let the state space S be a weighted [P space, denoted by
lfﬁ,), such that, for some p € [1,00) and a weight (3;)ien
with 3; > 0,7 € N,

S:l&i) = {x:(ml,wg,...)ERN :

oo
1
Ixlly, = (3 Bileil?)? < oo}, (1)
=1
or a weighted [*° space, denoted by l‘(’gi), such that for a
weight (3;)ien with 3; > 0,7 € N,
S=1%G, = {x = (z1,22,...) €RY :

X||iee . = sup B;|x;| < oo 2
Ixlis,, = sup Bileil < oo}, (2
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or
S = RN, (3)

the direct product space with the metric d(-, -) such that for

— 1 —x/ ;
x, x" € RY, d(x,x) = Y52, (3) =il with

Ixlle = (Ch_y (:)?)2, x = (z1,22,...) € R

Denote by B(S) the Borel o-field of S. Let i be a given
Borel probability measure on (S, B(S)). For each 7 € N, let
o;c be the sub o-field of B(S) that is generated by the
Borel sets

B:{XES}ijEBl,...wanBn}, (4)

jx %1, B € B, k=1,...,n, n €N, where B! denotes
the Borel o-field of R1,
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For each i € N, let pu(- | o) be the conditional probability, a
one-dimensional probability distribution-valued o ;c
measurable function, that is characterized by

p(x s o€ Ay B) = [ w(A]ow) u(dx), ()
VA € B!, VB € o;c. Define
L*(S;p) = {f ‘f : S — R, measurable and

1712 = ([ 17Gmtan)* < oo}, ©
also define

FCg° = the p equivalence class of

{f |men rece® - R} CLX(Sin). ()
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On L2(S; ), for 0 < a < 2, define the Markovian
symmetric forms £ ) called individually adapted Markovian
symmetric form of index o to the measure p:
Firstly, for each 0 < a < 2 and ¢ € N, and for the variables
vi, yi €RY, x = (21,...,Ti—1,Ti, Tit1,...) € S and
X\ Ti = (T1yeeeyTim1y Tit1y...), let
o (U, v3Yis Yio X \ T)
. 1
= i = gatt Yot X {u(ml, s T 1y Yis Tig 1y e - )

’
—u(ccl, ey Li—15Y;9 Litlye - )}
X{’U(flfl, ey T 15 Yiy Tiflye--)

—v(ml,...,xi_l,yg,xi+1,...)}, (8)
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then, for each 0 < a < 1 and 7 € N, define

g((i)) (u, )
= /S { /RI{yi?fiEi}(y’i) &, (u, v; i, i, X \ 25)
x p(dy; | Uic)}u(dx). 9)
and
E(ay(u,v) = Z 5((2) (u,v), (10)

i€EN

where I{.} denotes the indicator function.
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For y; # y., (8) is well defined for any real valued
B(S)-measurable functions v and v. For the Lipschiz
continuous functions u € C§°(R™ — R) C FCg§° resp.

v € C°(R™ — R) C FC§°, mn,m € N which are
representations of u € FCg° resp. v € FC§°, n,m €N,
(9) and (10) are well defined (the right hand side of (10) has
only a finite number of sums). In Theorem 1 given below we
see that (9) and (10) are well defined for FC§°, the space of
p-equivalent class.
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For 1 < o < 2, we suppose that for each 7 € N, the
conditional distribution f.(- | o;c) can be expressed by a
locally bounded probability density p(- ‘ Oic), p-a.e..
Precisely (cf. (2.5) of [AR91]), there exists a o;c-measurable
function 0 < p(- | ojc) on R and

w(dy | oic) = p(y | oic) dy, p— a.e., (11)
holds, with p(- | ;) a function such that for any compact
K C R there exists an L; < oo, which may depend on ¢z,
and for any y € K,

ess sup p(y ’ oic) < L;, u— a.e., (12)

y€ERL
where ess sup,cp: is taken with respect to the Lebesgue
measure on R'. Then define the non-local form &) (u, v),
for 1 2, by the same formula as (10).
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Remark 1. For the B(S) measurable function

Ji Liyistair o, v5 ys, i, x \ @) u(dy; | o4c) by taking the
expectation conditioned by the sub o-field o, it holds that
(cf.,[Fukushima, Uemura 2012]):

= {/Rf{yﬁésci} q’a(u,v;yi,wi,x\ifz')ﬂ(dyi|0z’c)}u(d><)
://{/I{yzqémz} q)a(u9v;yiawiax\wi)
sJr LJR
X p(dy; ‘ aic)}u(dwi ‘ o) p(dx)
:/ {/ Liyityry Palu, v3yi, yix \ @)
s U Jre

Xp(dy; | oie) p(dy] | o-ic)},u(dx)
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Theorem 1. The symmetric non-local forms €4,

0 < a < 2 given by (10) (for 1 < o« < 2 with the additional
assumption (11) with (12) ) are (cf. Remark 1-i),ii))

i) well-defined on FC§®;

i) Markovian;

ii)  closable in L*(S; ).
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Remark 2. For1l < a < 2 the assumption (11) with (12) can
be replaced by the following general one: for each compact
K C R, there exists an L; < oo and

Ix(y')
sup Iic(y) | o ey 7)< Loy e
ye -
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To prove the theorem, we have to show that

i-1)  for any Borel measurable u such that v = 0, p — a.e.,
it holds that £()(u,u) = 0, and

i-2) for any u,v € FC§°, E()(u,v) €ER,

For the statement ii), we have to show that (cf.
[Fukushima]) for any € > 0 there exists a real function ¢.(t),
—o0 < t < oo, such that ¢.(t) = t, Vt € [0, 1],

—e < p(t) <1+e€, Vt € (—o00,0), and

0 < @e(t') — pe(t) <t —t fort < t, such that for any

u € FCg° it holds that ¢ (u) € FC§° and

Ea) (Pe(u), pe(v)) < Ea)(u, u). (13)
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For the statement iii), we have to show the following: For a
sequence {un}nen, Un € FCF°, n €N, if

Jmflun || L2 (s5) = 0, (14)

and
- }TILIBoo E(a)(Un — Um, Up — Upy) = 0, (15)

then
nll_)rrgo E(a) (Un,un) = 0. (16)
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Proof of i-1): For each ¢ € N and any real valued
B(S)-measurable function u, note that for each ¢ > 0,

Itecio;—yi )y (Ui) Ik (Yi) o (u, w5 yis Tiy X \ @)

defines a B(S X R)-measurable function. The function

P, (u, u; Y5, iy x \ ;), is defined by setting v = u, x = z;,
in (2.8). B(S x R) is the Borel o-field of S x R.

x = (x;,1 € N) € S and y; € R. Then, for any compact
subset K of R,

0 < Itecim;—ys3 (¥s) I (i) Ra(u, us yi, w4, x \ ;) converges
monotonically to Iy, 5.1 (yi) Pa(u, u; y;, i, X \ ;) as

K TR and € ] O, for every y; € R, x € S, and by the
Fatou’s Lemma, we have
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/s {/RI{yi;émi}(yi) Do (w, us ys, iy x \ ;) p(dy; | Uic)}
X p(dx)
= / 11m1nfhm1nf{/I{€<|wi_yi|}(yi) Ik (y;)
R

X P o (U, w3 Ys, Tiy x \ @;) p(dy; | oe) }u(dX)

< lim inf lim inf { Liectm—vin (i) Trc (ys
im in Hggnfs /R{<| i—val} (¥3) Trc (i)

X B (Uy 3 Yi, iy X \ 23) p1(dy; | U'ic)}ﬂ(dx)a (17)
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where K denotes a compact set of R. For any € > 0,

/ {/ Lieciw;—yaly (¥s) I (ys) 7——
s Ve |y
X (w(x1,. .. ))2 p(dy; ‘ cric)}u(dx)

1
< €2a+1/S{Af{e<|mi—yi|}(yi)IK(yi)
X (u(w1, ... ))2 (dy; | a'ic)}u(dx)

_€2a+1/{/ u(wl,.,,))Z

X pu(dy; | oie) () (18)

= 62a+1/ (u(ar;l, .. ) p(dx),

wi|2a+1
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also,

/S(u(mla-"))2{/RI{6<|:ci—yi|}(yi) Ik (y:)

1
X m M(dyz‘ ‘ Uz’C) }H(dx)

< 623‘_"‘1 /S (u(ml? <o ))2“(dx)a (19)

and from (18), by the Cauchy Schwaz’s inequality

’ /S"(“”l’ e ){ /RI{€<|‘B'L‘_%|}(yi) Ik (ys)
1
X

mu(wl, o) p(dy; | O'ic)}l_l,(dx)‘
1

< €2a+1/s(u(a:1,...))2u(dx). (20)
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By (8) and (17), from (18), (19) and (20), for any Borel
measurable function © on S such that

u(r1,...) =0, u— a.e.,
it holds that

ED (uu) =0, VieN,  Eay(uu)=0.
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In order to show i-2), for 0 < a < 1,

take any representation u € C§°(R™) of u € FCg§°, n € N.
Using 0 < o + 1 < 2, it is easy to see from the definition
(8) that there exists an M < oo depending on @ such that

0 < ®,(a, 035, ys, x\@;) < M, Vx €S, and Vy;, y, € R.

(21)
Since, u = @ + 0 for some real valued B(S)-measurable
function 0 such that 0 = 0, p-a.e., by (21) together with
i-1) and the the Cauchy Schwarz’s inequality, for u € FCg°,
Ea)(u,u) € R, 0 < a < 1, is identical with £,)(u, ) and
well-defined (in fact, for only a finite number of ¢ € N. we
have 8((2) (u,u) # 0, cf. also (10)). Then by the Cauchy
Schwarz’s inequality i-2) follows.
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A proof of ii) is very similar to the one given in section 1 of
[Fukushimal].
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Proof of iii): Suppose that a sequence {un, }nen satisfies
(14) and (15). Then, by (14) there exists a measurable set
N € B(S) and a sub sequence {un,} of {u,} such that

n(N) =0, mléiinoounk(x) =0, VxeS\N.
Define
Un, (X) = Up, (x)for x € S\ N, and dp,(x) =0forx € N.
Then,

Un, (X) = up, (x), p—a.e., n,lclinoo Un,(x) =0, Vxe€S.
(22)
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By the fact i-1), for each 1,

/ { / I{yz;ﬁﬂcz}(yz) P o (Uny Unj Yis Ty X\ T5) IJ/(dyz { Uzc) },u(dx)

= / / Ity 2a2:3(Yi) n;];Ii)noo Do (Un—Uny, Up—Un,; Yis Tiy X \Ti)
X p(dy; | o) }u(dx)

< lim inf { /R Ityiza:} Po(Un—Tn,, Un—Tn,; Yi, Tis X\T;)

T —> OO0 S
X p(dy; | oze) }u(dx)

N —>00

= lim inf { / I{yﬁéwi} (I)a(un_unk,’ Up—Un,s Yis Liy X\$z)
S R

X p(dy; | ose) }u(dX)

i
_llmlnfg() Up — Up, s Uy — Uy, ). 23
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Now, by using the assumption (15) to the right hand side of
(23), we get
lim %)

n—oo (o)

(Un,un) =0, Vi € N. (24)

(24) together with i) shows that for each i € N, 5((2) with
the domain FCg° is closable in L?(S; u). Since,
Ea) = Dien 8((2), by using the Fatou’s Lemma, from (24)
and the assumption (15) we see that
8(a) (un, un) = Z 'rr}gnoo 5((2) (un — Um s Up — um)
1€EN

< liminf ) (Un — Um, Un — Um) — 0as n — oco.
m—r0o0

This proves (16) (cf. Proposition 1-3.7 of [MR] for a general
argument). The proof of iii) is completed.
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The proof of Theorem 1, for 1 < a < 2

The proof of i-1), ii) and iii) can be carried out by the
completely same manner as the previous proof we have
provided for the case 0 < a < 1. We only show that i-2),
i.e., &) (u,u) < oo, Vu € FCF® also holds when we make
use of the additional assumption (11) with (12),.

The detailed proof is omitted.
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For each ¢ € N, denote by X; the random variable that
represents the coordinate x; of x = (z1,z2,...):

X; :Sox+—x; €R. (25)
Then

/SlB(a}i) p(dx) = u(X; € B), for B € B(S). (26)
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Theorem 2 (Strictly Quasi-regularlity). Let 0 < a<1,
and (€, D(E())) be the closed Markovian symmetric form
defined through Theorem 1.

i) In case where S = l?ﬂi)' 1 < p < oo, if there exists positive
IP sequence {*yi_l}ieN ( foreg., vi = i for some & > 0),
and an Mgy < oo and

oo 1
S 8r02 - n(IXil > Mo- 57 47 < oo, (27)
=1

1 _1
p(UOXI<M-g 7y 7 vieNy) =1, (28)
MeN

hold, then (€, D(E(w))) is a strictly quasi-regular Dirichlet
form.
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i) In case where S = 173, defined by (2), if there exist an
M, < oo and a sequence {~; }ien such that
0<v1 <7 < :-+— 00, and both

> B u(lXiI > Mo - B 7[1) < oo, (29)
=1
p(UOXd <M 87 vien}) =1, (30
MeN

hold, then (o), D(E(ay)) is a strictly quasi-regular Dirichlet form.
iii)  In case where S = R defined by (3), (E(a)s P(E)) is a
strictly quasi-regular Dirichlet form.
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Proof of Theorem 2.  We have to show that

(E(a)s D(E(a))) satisfies

i)  There exists an £)-nest (Dnr)nen consisting of
compact sets.

ii)  There exists a subset of D(£(,)), that is dense with

respect to the norm || - ||12(s;u) + 1/&(a)- And the elements
of the subset have £,)-quasi continuous versions.

iii)  There exists u, € D(€(q)), n € N, having £,)-quasi
continuous p-versions un, n € N, and an £,)-exceptional
set N’ C S such that {@, : n € N} separates the points of
S\ N.

iv)  For the strictly quasi-regularity, it suffices to show that
1e D(g(a)).
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146
For the case where S = lf’ﬂ‘), for simplicity, let v; ' =i~ »

for some § > 0. A key point of the proof is the fact that for
each M € N,

z 18
Dy = {xelfﬁi) 2 B |es| S M -1 P ,zEN}, (31)
- . _ p
is a compact set in S = l(ﬁi).

Note that D), is not identical to but a proper subset of the
bounded set such that

{X € Ug,) (Zﬁil«’ﬂilp)’l’ < M}.
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Let 7(-) € C5°(R) be a function such that 7(xz) > 0,
d
|—n(x)| <1, Vr €R and
dx
1, o] < 15

n(x) = (32)
0, |lz] > 3.

For each M € N and 7z € N, let
146 L
nm,i(z) =n <M‘1-i r By w) , x*€ER,
then, H N, € l?ﬁi)' supp [Hizl nm,i) C Dspn M € N.

i>1
For each f € Cg°(R™ — R), n € N, define

fM(wla' ey Lmy L1y - ) = f(xla' . -awn) . H nM,i(xi)-

(33)
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Under the condition (27), it is possible to show that

fm € D(E(qy)- Also, by (28), it is possible to show that
there exists a subsequence {fas, }ien of {fas}aren such that
the Cesaro mean

’meiZfMl —u=f-]]1r(=)
ml=1

i>1
in D(£g) as n — oo. (34)

(34) shows that
the linear hull of{fM, MeN : fECPR" 5 R), ne N}.

can be taken as an D(€(,))-nest.
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Theorem 3 (Strictly Quasi-regularlity). Let 1< a<?2.
Suppose that the assumption (11) with (12) hold. Let

(E(a)s D(E(a))) be the closed Markovian symmetric form defined
at the beginning of this section through Theorem 1. Then the
following statements hold:

i) In the case where S = l€5i), 1 < p < oo, as defined by (1),

_1
if there exists a positive IP sequence {~; * }ien and an
My < oo, and both (28),

Z(ﬁp %)a+1 (ﬁ Xi| > Mo -,
=1

|_|

) < oo, (35)

1

lim M_aiLM,i'(ﬁi%%’%) ’ ( P|X|>M7’ ><oo,

M —o00

(36)
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hold, then (€ o), D(E(ay)) is a strictly quasi-regular Dirichlet form,
where for each M € N and© € N, Lyy; is the bound of the
conditional probability density p for a given compact set

1 1 1 1

Ky;=[—6M-8; "~ *,6M -3, "~ "] CR

in the assumption (12).

Minoru W. Yoshida, (Dept. Information Systems Kanagawa Univ. ) with Sergio Albeverio , Toshinao Kagawa, Yumi Yahagi

Applications of non-local Dirichlet forms defined on infinite dimensional spaces



ii) In the case where S = I75 ) as defined by (2), if there exists a
sequence {; }ien such that 0 < v < 45 < - -+ — 00, and both
ﬁz% a+1 u(ﬁi|Xi| > M, - 'yi_l> < oo, for some My < oo,
=1

(37)

lim M~ Lagi - (Brvi) " - u(Bi1X] > M -4;") < oo, (38)

M — o0
=1

and (30) hold, then (Eay, P(E(a))) is a strictly quasi-regular
Dirichlet form, where for each M € N and @ € N, Lys; is the bound
of the conditional probability density p for a given compact set

Kui=[—6M-87 '~ 6M -8 v CR
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iii)  In the case where S = RY as defined by (2.3), if there exists a
sequence {; }ien such that 0 < ~;, Vi € N, and

lim M~ Ly ©- u,(IXiI > M - %) < oo, (39)
1=1

M —o00

holds, then (€ (o), D(E(a))) is a strictly quasi-regular Dirichlet form,
where for each M € N and© € N, Lyy; is the bound of the
conditional probability density p for a given compact set

KM,'L'E [—6M"}’7l, GM")Q] CR

in the assumption (2.12).
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Theorem 4. Let 0 < a < 2, and let E(o), D(€())) be a
strictly quasi-regular Dirichlet form on L2(S; u) that is defined
through Theorem 2 or Theorem 3. Then for (€, P(E(a))).
there exists a properly associated p-tight special standard process,
in short a strong Markov process taking values in S and having
right continuous trajectories with left limits up to the life time (cf.
Definitions IV-1.5, 1.8 and 1.13 of [MR] for its precise definition),

M= <Q, F, (Xt)tZOa (PX)XGSA)’

where /\ is an adjoined extra points, called as the cemetery, of S.
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Euclidean (scalar) quantum fields are expressed as random
fields on S’ = S/(R? — R), or, resp., S'(T¢ — R), the
Schwartz’s space of real tempered distributions on R?, resp.,
the d-dimensional torus T¢, with d > 1 a given space time
dimension. Hence, each Euclidean quantum field is taken as
a probability space (S’,B(S’),v), where B(S’) is the Borel
o-field of 8’ and v is a Borel probability measure on S’. One
of the standard theorem through which such v are
constructed is the Bochner-Minlos’s theorem (cf. e.g.,
Section 3.2 of [Hida]), which is an existence theorem of
probability measures on Hilbert nuclear spaces. Since the
space S and its dual 8’ is a Hilbert nuclear space, and by
making use of a Hilbert-Schmidt operators defined on it, we
can adapt our Theorems.
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Let
Ho={f : IFl0 = ((f; o) * <00, f:RI R,
measurable} S S(RY), (40)
where
(f:900 = (o0 = [ F@a(@) o (1)
Let
= (2P + )T (—A+ )T (2P +1)F,  (42)
H™' = (|22 + 1)~ % (—A + 1)~ % (|2 + 1)—71, (43)
be the pseudo differential operators on

S'(R? — R) = S’'(R?) with the d-dimensional Laplace
operator A.
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For each n € N, define

‘H., = the completion of S(R?) with respect to the norm

I flln =V (Fs FIn with (f,9)n = (H"f, H"g)3,, (44)

and

H_,, = the completion of S’(R?) with respect to the norm

1Fll—n = \/(fs £)—n with (f,9)—n = (H™)"f, (H")"9)#0-
(45)
by taking an inductive limit H = (), cy Hn, then

HC - CHpp 1 CHR C- - CHoC--- CH_n CH_n1

C--- CH~ (46)
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For the positive self-adjoint operator H~! on
Ho = L?(RY — R),take the orthonormal base (O.N.B.)
{i}ien of Ho such that

H™ o = X @i, t €N, (47)

where {\;}icn is the corresponding eigenvalues such that
1> X1 > Ay > -+ > 0, which satisfies

> (A)? < oo, e, {Ai}ien €12 (48)
ieN
Then,
{(Ai)ncpi}ieN is an O.N.B. of %n (49)
and
{(Xi) "@i}tien is an O.N.B. of H_,, (50)
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Thus, by the Fourier series expansion for f € H,,,

f=> ai(A¢:), with

ieN
a; = (.fa (Arﬂoz))m = Ai_m(.fa $i)r2, © €N, (51)

we have an isometric isomorphism T,,, for each m € Z such

that
Tm : Hm D fr— (A11na17 A;na@, X ) S l?)\.—%ﬂ)? (52)
where 12 is the weighted 12 space defined by (1) with

a7
p =2, and B; = \;°".
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Ho C Hi CHo=L*RY) CH_1 CH_a, (53)

Ly-ay Cli2y © 8 C 1oy C Iy (54)
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Example 1. (The Euclidean free fields)
Let v¢ be the Euclidean free field measure on
S’ = 8’(R%), precisely, the the corresponding (generalized)
characteristic function, in the sense the Bochner Minlos’s
theorem, C(p) = [5, €<?*>1y(do) is given by

C(p) = exb(— (o, (— A + m2) "0 p2(aay), & € SEL - R),
(55)

Equivalently, v is a centered Gaussian probability measure

on &', the covariance of which is , for ¢;, 2 € S(R? — R),

/ < ¢7 p1>--< ¢7 Y1 > VO(dd)) = (9017 (_A+m(2))_1902)’
Sl

(56)
where A is the d-dimensional Laplace operator and mg > 0.
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By (55), the functional C(y) is continuous with respect to
the norm of the space #o = L?(R%), and the kernel of
(—A 4+ m2)~1, which is the Fourier inverse transform of
(1€]%2 + m2)~1, € € RY, is explicitly given by Bessel
functions. By the Bochner Minlos’s theorem, the support of
Vo can be taken to be in the wider Hilbert spaces H_,,,

n > 1. We take vy as a Borel probability measure on H _s.
By (52), by taking m = —2, 7_2 defines an isometric
isomorphism such that

T2 : H_23 fr— (a1,a2,...) € l?)fil)’ (57)

with a; = (f, \; *pi)_2, i €N.
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Define a probability measure p on l?)\‘;) such that

u(B) =vpor ,(B) for B¢ B(l&l)).

We set S = l?X;)
the weight (3; satisfies 3; = )\f. We can take 'yi_% = X; in

Theorem 2-i) with p = 2, then, from (48) we have

in Theorems 2 and 4, then it follows that

Zﬁi%'u(ﬁﬂXd > M-~ 2) <D Biri=) (M) <oo
i=1 i=1 i=1

(58)
(58) shows that the condition (27) holds.
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Also, as has been mentioned above, since vo(H_,) = 1, for
any n > 1, we have
0 1 1
1 =wvo(H-1) = p(lih2) = n( | {1Xi) < MB; 2,2, Vi e N}
MeN

for 3; = )\;1, 'yz_% = \;.
This shows that the condition (28) is satisfied.
Thus, by Theorem 2-i) and Theorem 4, for each 0 < o < 1,
there exists an l?(Ai)4)—valued Hunt process
M = (92, F, (Xt)t>0, (Px)xesn ), associated to the non-local
Dirichlet form (g(a)v D(E(a)))
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We can define an ‘H _»-valued process (Y;);>o such that

(Yi)i>0 = (T—_zl(Xt))tZO'

Equivalently, by (57) for X; = (X1(t), X2(t),...) € Z?X.‘)’
P, — a.e., by setting A;(t) such that A;(t) = \; X;(t), we

see that Y; is also given by

Y=Y Ait)( A7) =D Xi(t)pi € Hoz, Vt >0, Py—a.e..
ieN ieN
(59)
Y; is an H _z-valued Hunt process that is a stochastic

quantization with respect to the non-local Dirichlet form
(€(a)» D(E(a))) On L2(H_2,10), that is defined through
(€(a)s D(€(a))), by making use of 7_5. This holds for all
0<a<l.
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Example 2. (The Euclidean ®3 fields)

By making use of the results in [Brydges,Frohlich,Sokal 83],
through the Bochner-Minlos’s theorem, the prorability
measure v of the ®3 Euclidean field on R3 has the
(generalized) characteristic function
— (=1)"
C =
(o) =) )l

n=0

<S2n, ¢®2n>. (60)

It is possible to show that
IC(p) — 1] < exKllelra — 1, Vo ey  (61)

Thus, for any n > 2

v is the probability measure on H_,, corresponding to C(yp).
(62)
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By taking n = —3, 7_3 defines an isometric isomorphism
such that

7_3: H_3> fr— (a1,a2,...) € l?A?), with
ai = (f, \{°pi)—s, i €N. (63)
Define ;2 on l?A?) such that
u(B)=vor 4(B) for B¢ B(l?)\?)). (64)
Set S = l?}ﬁ)' We can take 38; = A¢, ~;~32 = )\; in Theorem

2-i) with p = 2, then,

_1
2

Zﬁi%"u(ﬂ?lXil > M-, ) < Bivi =) (A)* < oo,
=1 =1 =1
(65)
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This shows that (27) holds, also, it is possible to see that

(28) holds.
Thus, by Theorem 2-i) and Theorem 4, for each 0 < a < 1,
there exists an l?)ﬁ)—valued Hunt process

M= (Qa F, (Xt)tzm (Px)xESA)v (66)

associated to the non-local Dirichlet form (€., D(€(q)))-
Then define an 7 _3-valued process (Y;):>o such that

(Y)iso = (725 (Xt)) y>0-
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Equivalently, by (44) for X; = (X1(t), X2(t),...) € l?}ﬁ)’
P, — a.e., by setting A;(t) such that X;(t) = )\i_3Ai(t),

then Y; is given by
Y=Y Ait)(A i) =) Xi(t)pi € Hos,
ieN iEN
vVt > 0, Px —a.e.. (67)
It is an H _3-valued Hunt process that is a stochastic
quantization with respect to the non-local Dirichlet form

(f:'(a),’D(é(a))) on L%(#_3,v), that is defined through
(€(@)> P(E(ay)), by making use of 7_3.
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Example 1. (The Hgegh-Krohn model with d = 2)

For |ag| < v4m and g € L?(R?2 — R) N L'(R?2 — R), on
the measure space (S’, B(S’),vy), define a random variable

Ve:cp(¢) = Z (a())n <g,: ¢n >, (68)

!
n—0 n.

and define a probability measure v¢z, on S’ such that
Veap(dp) = Z7Le™Verr(Pyy(do), (69)

where v is the 2-dimensional Euclidean free field measure
and 8’ = 8’(R? — R), Z is the normalizing constant.
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It is known that (cf., e.g., [A,H72], [Simon])
‘/escp € erlLT(SlaVO)a Véwp((:b) 2 0, vo — a.e., (70)

0<e Verr® <1, py—a.e.. (71)

Through simple calculations, by making use of the Holder’s
inequality, and the Gaussian inequality, it is possible to see
that for Cc.p(¢), the characteristic function of vy,

|Ceap(e) — 1| < Z7 (2! —1)|p|2 + 9|2}, Yy € &,
(72)
where [p|* = ((=A + 1), @) 2.
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(72) shows that the characteristic function of v,, possesses
the same continuity (in a neighbourhood of the origin) as the
one of the Euclidean free field (cf. Example 1). Hence,
through the same arguments as were done in the previous
examples, for the random field (S’, B(S’), Veqp) the same
results on the non-local type stochastic quantizations as the
one for the Euclidean free field with d = 2 holds.
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Example 1. (The P(¢)2 and the Albeverio, Hgegh-Krohn
trigonometric model with d = 2)

For the 2-dimensional, (d = 2), Euclidean fields with the
(truncated) potential term P(¢)2 and the Albeverio,
Hgegh-Krohn trigonometric functions, passing through the
similar arguments as were performed in the previous
examples, with a little indirect way, we see that theses fields
can be treated same as the Euclidean free field with d = 2.
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