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1 Setting and the main result

Let {Xt} be the rotationally invariant α-stable process on Rd with 0 < α < 2 and denote
by (E ,F) the corresponding Dirichlet form on L2(Rd). We assume α < d, transience of
{Xt} and denote the Green kernel by G(x, y). Let µ and ν be positive Radon smooth
measures satisfying three properties, i.e. Kato class, Green tightness and of finite 0-order
energy integral. Define the Schrödinger form by

Eλ(u, v) = E(u, v)−
∫
Rd

u(x)v(x)µ(dx)− λ

∫
Rd

u(x)v(x)ν(dx) (λ ≥ 0)

For simplicity, we also assume µ is critical, that is,

inf

{
E(u, u)

∣∣∣ u ∈ Fe,

∫
Rd

u2(x)µ(dx) = 1

}
= 1.

Here Fe is the extended Dirichlet space. Define the spectral function by

C(λ) = −
{
Eλ(u, u)

∣∣∣ ∫
Rd

u2(x)dx = 1

}
.

There are several preceding results for the differentiability of the spectral functions.
Takeda and Tsuchida [2] treated this problem in the framework of µ = ν. Nishimori
[1] treated the differentiability of C(λ). Both of them showed that the differentiability of
the spectral function is equivalent to d/α ≤ 2. In this talk, we treat the precise asymptotic
behavior of the spectral function and our main result is as follows:

Theorem 1. (W. 2018)
As λ ↓ 0, the spectral function C(λ) satisfies the asymptotic behavior as follows:

C(λ) ∼

(
αΓ(d

2
)| sin( d

α
π)|⟨h0, h0⟩ν

21−dπ1− d
2 ⟨µ, h0⟩2

λ

) α
d−α

(1 < d/α < 2)

C(λ) ∼ Γ(α + 1)⟨h0, h0⟩ν
21−dπ− d

2 ⟨µ, h0⟩2
· λ

log λ−1
(d/α = 2)
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C(λ) ∼ ⟨h0, h0⟩ν
⟨h0, h0⟩m

· λ (d/α > 2)

Here h0(x) is the ground state of E0 and m stands for the Lebesgue measure of Rd.

Remark 2. For µ = ν = V ·m, this result is the same as in [3]

2 Outline of the proof

(1) Let Gβ(x, y) be the resolvent kernel of {Xt}t≥0. Define the compact operators by

Kλf(x) =

∫
Rd

GC(λ)(x, y)f(y)(µ+ λν)(dy) f ∈ L2(µ+ λν)

K̃λf(x) =

∫
Rd

GC(λ)(x, y)f(y)µ(dy) f ∈ L2(µ)

(2) Denote the principal eigenfunction of these operator by hλ and h̃λ. The principal
eigenvalue of Kλ is 1, while the principal eigenvalue of K̃λ admits the asymptotic
behavior as follows.

lim
λ→0

1− γC(λ)

k(C(λ))
= κ(d, α, µ) k(β) =


βd/α−1 (1 < d/α < 2)

β log β−1 (d/α = 2)

β (d/α > 2)

Here κ(d, α, µ) is a unique positive constant.

(3) Considering the inner product of hλ and h̃λ, we have

(1− γC(λ))⟨hλ, h̃λ⟩µ = λ⟨hλ, h̃λ⟩ν .

Both hλ and h̃λ converges to the ground state h0 in L2(µ) and L2(ν). Thus we
obtain the desired result.
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