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Goal

Numerical scheme for SDE

dX(t) = dB(t) + Zk( X ))dt, t €[0,T],
aeV @,

X0)=xeW:={xeR?; (a,x) >0, Yo € V}.

k>1/2,V = R, c R? positive root system.
W: Wely chamber
Examples. Bessel proc., Dyson BM, ...
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Root systems



Root systems

> A root system R in R? is a finite set of nonzero vectors in RY s.t.
(R1) Rn{ca; c € R} ={a,—a},forany @ € R
(R2) 04(R) = Rforany a € R,
where orthogonal reflection w.r.t. a

> A root system R is said to be crystallographic if it holds that
(R3) cop := 2a, BY/|a)? € Z, for any o, B € R.
> The concept is fundamental in the theory of Lie algebras and the
classification of semi-simple Lie algebras.
> W = W(R), sub-group of O(d) : Weyl group generated by R :
W := (o, | @ € R).
» The const. k can be generalized to multiplicity func.:
dw e Ws.t. wa = 8= k(a) = k(B).

> Let > be a total ordering of RY.
R, :={@ e R;a >0} ={a € R;(a,uy) > 0}, uy € R?.
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Examples



Type A

Bessel processes (A; = By = Cy):
R := {1}, R, = {+1}

1
dX(¢) = dB(t) + kmdt.

Type A,-1(Dyson’s BM):

R:={e;—e; eR?; i # j} C{xeR% Zlflzl x; = 0} is a crystallographic
root system

R, ={e; —ej; i < j}, (Lexicographic order)

Wya={xeR¥; x1>x3> > x4}

1

dX(t) = dBi(t) + ). “So-x0"
i J

Jij#E
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Type By, Cy4, Dy

R:={ei—ej; i#jiU{sign(j—i)e;+e;);i#jIU{xre;;i=
1,...,d} c R? r = 1,2,0 are crystallographic root systems.
R.,={ei—ej;i<jlUlei+e;j;i<jiUlre;;i=1,...,d},

Wep={xeRI; x1>x2>++>x5> 0}
We={xeR; x;>x3>+>x5> 0}
Wp ={xeRY; x1>x3 >+ > |xq] > 0.
k 1 1
dXi(1) = dBi(1) + ——dt + Y k{ + }dt,
Xi(s) per Xi()-X;(0)  Xi(t) + X;(¢)

Special case of a Wishart process:

dY;(¢) :=d|X;(0)]?
Yi(t) + Y;(¥)

=2 VYi(OdBi(t) + (1 + 2k(d — 1 + r)}dt + 2k ) Yi(t) - YD)
i -y

Jij#El
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Type G, and the other types

Type G;:

R:=fe;—e; e RY; 1<i# jJU{xQe;—ej—ex; {i,j, k) = {1,2,3}} c R}
is a crystallographic root system.

Ry ={ei—ej; 1<i<j<3}U{2;—e;—e {i,j,k} ={1,2,3}}

WGZ = {xEIR3; X1 > X3 > X3, 2x1 > X3 + X3, 2X3 > X1 + X3, 2x3 >

X1 + xz}.

1 1
dX;(t) =dB;(t) + k {X,'(t) _ Xj(t) + Xi(t) - Xk(t)} d

2 -1 -1
k
{zxi(t) ZX(0) = Xe(D) | 2X,0) = Xi(0) = Xe(D) | 2Xe(0) = X;(0) — Xi()

Other types:
crystallographic: Fy4, Fe78
non crystallographic: Hz4, Io(m), m =5, m > 7.
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Analytical property

Theorem 1 (cf. Dunkl and Xu ')

V finite set of non-zero vectors in R?. A [1,ev{v,x) = 0 iff Ac, € R for
v € Vst {c,v; v €V} =R, for some (reduced) root system in R? and
no vector in 'V is a scalar multiple of another vector in V.

Lemma 1
0(x) :=log [1yer, (@, x), x € W. Then

A6(x)+ZM=0

ok, (@x)

This lemma shows that 6(X(#)) with k = 1/2 is local martingale!

" Orthogonal polynomials of several variables. Cambridge university press, second
edition (2001).

10/26



Dunkl operators and Dunkl processes
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Dunkl operators and Laplacian
» Dunkl operators T; (introduced by Dunkl (1989)3):
differential-difference operators given by
X X T X
af(x) Zk Sfx) - f(a/),

(a, x)

Tif(x) :=

i @€R,

» Dunkl Laplacian:

Af(x) = Z T2 = Af(x)+2 ) k

der, 5@ (@, x)*

Application to Dunkl operators:
» Hamiltonian op. of some Calogero-Moser-Sutherland quantum

mechanical systems.
> Résler (1998)%: Dunkl heat eq.

Ak
(at - ?)u =0, u(-0) =f

d Bessel func.)
2 Differential-difference operators associated to reflection groups. Trans. Amer. Math.
Soc., 311(1), 167-183, (1989).

3 Generalized Hermite polynomials and the heat equation for Dunkl operators. Commun.

Math. Phys, 192 519-541, (1998).

{(Vf(x), @) . floex) - f(x)}

12/26



Dunkl processes and radial Dunkl processes

Dunkl processes:
> Résler and Voit (1998)*: A Dunkl proc. Y* = (YF)rzo i R? stating

from x € R¢, is cadlag Markov proc. with infinitesimal generator %Ak.

> u(t,x) = ]ELf(Y:‘)] is a sol. of Dunkl heat eq.
> Its satisfies martingale and the scaling properties: for ¢ > 0,
(VEY;‘/ ﬁ),zo = (Y¥ )20 in law, by Gallardo and Yor (2005)°.
Radial Dunkl process:
» A radian Dunkl proc, X = (X;);»¢ is a continuous Markov proc. with
infinitesimal generator LZV/Z, which is defined by

b

LY f(x) v
k Af(x) N Z k( f(x), @)

2 T2 ok (a,x)
> X : W-radial part of the Dunkl proc. Y : for the canonical projection
7:RY > RIYW ~ W := {x € R | (@, x) > 0, Va € R,}: Weyl

chamber, X = a(¥).
“Résler, M. and Voit, M. Markov processes related with Dunkl operators. Adv, Appl.

Math., 21(4), 575-643, (1998).
5Some new examples of Markov processes which enjoy the time-inversion property.

Probab. Theory Relat. Fields, 132, 150-162, (2005).
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SDE representation

Theorem 2 (Schapira (2007)®, Demni (2009)")

X: radial Dunkl proc. Ty := inf{t > 0| X(¢) € OW}.

Ifk 21/2,thenTy = oo a.s. and AB: d-dim BM s.t. X is a unique strong
solution of the SDE

dX(¢) = dB(¢) + k——
; <nm

Remark: It is easy to prove pathwise uniqueness. Indeed, the drift
fr: W - RY

Fil®) = (fea@, v fra@)T 2= Y k—

@€R, ( x)

satisfies one-sided Lip. (monotone) condition:

x =y, fi(x) = fr(») £0, Vx,y € W.

6 The Heckman—Opdam Markov processes. Probab. Theory Related Fields, 138(3—4),
495-519, (2007).

7 Radial Dunkl processes: existence, uniqueness and hitting time. C. R. Math. Acad. Sci.

Paris, Ser. | 347, 1125-1128, (2009).
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Numerical scheme for radial Dunkl processes
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Explicit Euler-Maruyama

B : d-dim BM : (, F,P): prob. sp.
X"0)=X0)=xeW

X(tr41) 1= X(t;) + B(te1) — B(te) + At - fr(X™(2())

tp:=tAt, £ =0,...,n, At :=T/n.
But

X" (t)) = x + B(t;) + At - Jie(x) ~ N(x + fr(x)At, At)

Hence P()?<">(t,) € w) € (0,1).
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Implicit Euler-Maruyama
X™(0) := X(0) = x(0) and foreach £ = 0,...,n— 1, X" (t,,1) is the
unique solution in W of the following equation:

XP(tr41) = X"(t,) + B(trs1) — B(te) + At - fr(X™(2141)).

Lemma 2
Leta € R4, ThenAlx € W s.t.

=a+ At - fr(x),

Existence: Use homotopy argument:
(1) Forw e W, g(x) :=a + At - fr(x) —w,x € W.
(2) Prove global existence of eq:

ag(x(1)\ d
{ X(0) = g(x(®) +w + (£ = Dgw), { (I - det ))) 0 < ko,

—_ ox dt
x(0) =w x(0) = w.

(3) x(1) = g(x(1)) +w = a + At - fr(x(1)).
Uniqueness: Apply the fact one-sided Lipschitz condition for f:

(x _yyfk(x) _fk(y)) < 0, Vx,y € W.
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Main statements

Theorem 3 (Ngo and Taguchi)

Let R be a (reduced) root system in R? and X be a radial Dunkl process
with parameter k. Then

» 1/p
]E[ sup |X(£) = X® (") ]
£=1,...,n
Cr 2k—1 2k-1
— if,k27/2, (QIST_LPE[l’T_]J"'(A)
<{ «n

¢
=it k2332 (@43 B, pell, Bl B)

Remark 1
L?-convergence is useful for multi-level Monte Carlo (Giles (2008)8):

L
E[f(X0)] » BLF(X®))] = Y EIF(X®)) = FXE )] + BLFX®)).

=1

to reduce the computational complexity.
8 Multilevel monte carlo path simulation. Oper. Res. 56(3), 607-617, (2008).

18/26



Known results
Bessel type SDEs:
» Dereich, Neuenkirch and Szpruch (2012)°: (A) with p € [1, %].
> Alfonsi (2013)°: (A) with p € [1, ] and (B) with p € [1, 2]
> Neuenkirch and Szpruch (2014)'": (B) with p € [1, 2],
Dyson type SDE:

> Ngo and Taguchi (2019)12
(A) with p € [1, &£], (B) with p € [1, %=4].
Ass. of k depends on the dim. d, but we can consider SDEs

dX(1) = Z o/ (X(0)dBj(t) + Y

—dt
o 4 Xi(0) - X;(0)

9 An Euler-type method for the strong approximation for the Cox-Ingersoll-Ross process.
Proc. R. Soc. A 468, 1105-1115 (2012).

10Strong order one convergence of a drift implicit Euler scheme: Application to the CIR
process. Statist. Probab. Lett. 83(2), 602—-607 (2013).

" First order strong approximations of scalar SDEs defined in a domain. Numer. Math.
128, 103-136 (2014).

12 Semi-implicit Euler-Maruyama approximation for non-colliding particle systems. To
appear in Ann. Appl. Probab.
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Idea of proof
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Inverse moment
We need to estimate E[{a, X(¢))?]. The idea is change of measure.
Lemma 3 (Chybiryakov 2006, PhD thesis'®, Yor 1980'* (for
Bessel case))
Let X” be a radial Dunki proc with k = v + 1 > 1. Define

" (@, dB(s))
v | ——=

1
Z(t) := exp (M(t) - E<M>(t))’ M) : b @ X0

a€R,

Then Z is a martingale and satisfies for any t € [0, T]

@x' oy (1 C @)
Z(t) = 1 ds|. (1
o= Gy exp[ s 5 (@, X())(B. X"(s)) s] W

aeR, @, PeR,

and for g : C([0,T]; W) = R s.t. E[|g(X")|], E[lg(X")IZ(T)] < o,

E[g(X")] = E[g(X")Z(T)].

3 Processus de Dunki et relation de Lamperti. PhD thesis, University Paris 6, (2006).
141 oi de I'indice du lacet brownien, et distribution de Hartman-Watson. Z. Wahrsch. Verw.
Gebiete, 53(1) 71-95, (1980).
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Proof of Lemma 4. By It6’s formula for 6(x) := log [1,er, (@, x), x € W,

(@, dB(s))

S(X°(1) = 6(x) + f LY 6(X(s)ds + ) f = 6(x) + %M(t),

a€R, <(Z, X:)

since

Ly o (V6(x), @)
SL1,00) = 6() ZZ—W’x)

a€R,

Hence Z satisfies (1), because by def. of 9,

(@ X'()y’
M(t) =1 —_—.
® Og(wl;[ <a,x(0)>vl

» By def, Z is a local mart.
» FACT: Z mart iff {Z(t) ; T : stopping time < T} is UI,
(e.g. Revuz and Yor, class DL).
We can prove Ul. Indeed VYp > 1, by representation of Z in (1),

|l”” supyg, <7 IX° (0P

l—[ I(a_, J;)II’V

@€R,

sup EIZ@P1<E

7<T:stopping time

< oo,

since X? has any positive moment (by using 1t&’s formula for |x|?).
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Lemma 4
k=v+1/221/2, @ € R,. ¥p € (0,v], there exists C, > 0 such that

E[{e, X' (1)) "] € ———.
OssltlET L, XN < [per, B, x)*

Proof.
Apply Girsanov transform

El{a, X" (1)) 7] = E[a, X" (1)) Z(1)]

B, X"(t)y’
<E (e, X"(t))? -
(@, X°(1)) ﬂ];[ Gy

< oo, ifv=p>0.
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Proof of Theorem 3 (A)
Define

e(l +1) := X(tr1) = X" (tr41)
= e(l) + At - {fiX(t1:1)) = il Xt} + 1),

tr1
10 = [ ) - Xt ds
tl

Then
WW+DP=@W+D&U+D)

=(e(f +1),e(f)) + At - (e(f + 1), fr(X(241) — fk(X(")(tr+1)))
+ (e(£ + 1), r())

1 1
< Sle(+ D + Ele(t’)lz + le(€ + D|Ir(0)].

Hence
t
le(¢ + DI < le(O) + 2le(¢ + DIF@O] < 2 ) lej + DIrG.
=0
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Proof of Theorem 3 (A)
By taking the supremum,

sup le(&) < 22 e+ DlirG) £ 2 sup le(O) Z IrGil

{=1,...,n

and thus,

-1

sup (0] < 2 S <2 f (X () = filX(kn(s))] ds.

younsll 7=0

where k,(s) := tpp1 = (€ + DAL, if s € [, tr11).
Let p € [1,v/3]. Then

T -
<C > ol f ]E[ ) = Xl |
(@, X(s))P (@, X(kn(s)))?

a€R,

E sup le(OF

_ 3p11/3 ’
<c Z o f SIXW) - K@ C
0 EKa, X(5))PTEKe, X)) 1~ ol

bu using Kolmogorov type condition E [|X(¢) — X(s)IP] < C,lt — s|P/2.

O
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Questions, problem, future works
»> How to compute the solution x of the non-linear equation

Newton’s method may not work (simulation result does not
converge...)

> The other idea: For B € R, Yg(t) := (B, X(¢)).
Then Yy satisfies the equation

dY(t) = (B,dB(1)) + Z B2y,

acr, Yo(O
Moreover, define Zg(t) := Y,g(t)‘l, then Zg satisfies the equation

dZp(t) = —Zp(t)B,dB(@) — Zp(t)® ) (B, &) Za(0)dt + Zy(t)|BIdt

a€R,

which is SDE with “super-linear growing" coefficients.
» Can we apply “tamed" EM introduced by Hutzenthaler, Jentzen,

Kloeden 1° ?
5 Strong convergence of an explicit numerical method for SDEs with non-globally
Lipschitz continuous coefficients. Ann. Appl. Probab., 22(4), 1611-1641, (2012).
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