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ones.

e Absorbing Brownian motions always possess the strong Feller
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e A Markov operator on a topological space E is said to satisfy
the strong Feller property if it maps all bounded measurable
functions on FE into bounded continuous functions.

e Under the strong Feller property, measure theoretic
properties (of a process) are strengthened to topological
ones.

e Absorbing Brownian motions always possess the strong Feller
property.

e In this talk, we are concerned with the strong Feller property
of reflected Brownian motions (RBMs) on general domains
and continuity of the heat kernel.
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Introduction

Let D C R% be a domain, and m the Leb. measure on D.
We define a Dirichlet form (£, H'(D)) by

HY(D) :={f € L*(D,m) | |[Vf| € L*(D,m)},
1
E(f.9) =4 | (V£ Va)dm, f.g€ H (D).
If (£, H'(D)) is regular on D (H'(D) N C.(D) are dense in

H'(D) and C.(D)), it generates an m-sym. diffusion
X = ({Xt}t>05 {Pe}oep) on D.

We call X a RBM on D, which may not be a semimartingale.

Question.

Under what conditions on D (or D), does X have the
strong Feller property?



Known results 1

e Bass and Hsu (1991) considered a RBM X on a bounded
Lipschitz domain D C R%. The semigroup {PX};~¢ of X is
strong Feller: PX(By(D)) C Cy(D) for any t > 0.

e Fukushima and Tomisaki (1995, 1996) extended the work of
Bass and Hsu. They studied a RBM on a Lipschitz domain
D C R? with cusps.



Known results 2

e Gyrya and Saloff-Coste (2011): RBMs on uniform domains.

(More precisely, they considered RBMs on inner uniform
domains. (£, H'(D’)) on an inner uniform domain D’
is not necessarily regular on D’.)



Known results 2

e Gyrya and Saloff-Coste (2011): RBMs on uniform domains.

(More precisely, they considered RBMs on inner uniform
domains. (£, H'(D’)) on an inner uniform domain D’

is not necessarily regular on D’.)

[Definition of uniform domains (Vaisala)]
D C R% is unform domain if there exists C > 0 such that for

any x,y € D, there is a rectifiable curve v in D connecting

x and y with
length(v) < Clz —y|,

and
min{|z — z|, |z — y|} < Cdist(z,R%\ D)

for any z € ~.



o The Koch snowflake domain is a uniform domain.
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Known results 2

D is a metric space under the shortest path metric p(z,y).

Gyrya and Saloff-Coste proved (VD) and (PI) for the
Dirichlet sp. (D, p, m, &, H'(D)).

As a result, X has a jointly conti. heat kernel p;* (z, y).
Je1,c0 € (0,00) s.t. Yt > 0,z,y €D

Py (z,y) X exm(By(z, V1)) "t exp(—czp(z,y)?/1).

Ja € (0,1] s.t. the map
D>xz+— pg((m,y) € (0, 00)

is a-Holder continuous Yy € D and Yt > 0.
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Summary of main results

e We prove the semigroup strong Feller property for RBMs on

(1)

(2)

a class of planar domains.

The class consists of Jordan domains which are images of the
unit disk D under Holder continuous conformal maps.

The class is studied in the potential theory
The class 5 a non-inner uniform domain
The class O {bdd simply connected planar uniform domains}

S the Koch snowflake domain.

On the bdd simply cnnctd planar uniform domains,
the HKs of RBMs are Holder conti.
In this case, we give lower bounds for the Holder exponents.
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Conformal invariance of planar RBM

In what follows, D C C is a Jordan domain.

Fix a conformal map ¢ : D — D, which is extended to a
homeo. D — D (D: the unit disk).

Let Y = ({Yi}i>0, {P) },c5) be the RBM on D.
Define X = ({X:¢}t>0, {P)},cp) as

X ._ pY
By = Pyaay

Xt = qb(YAt_1), t € [0.00),

xeb,

where
t
A = / |0"(Ys)|?1p(Ys) ds 7 oo as t — oco.
0

Then, the Dirichlet form of X is identified with (£, H1(D))
and is regular on D.

Hence, X is a RBM on D.



Main results

Denote by {RX},>0 the resolvent of X.

Theorem 1. (M.)

Suppose that ¢ : D — D is x-Holder conti.
Then, Yo > 0, Ve € (0,kK), °C = Cpex > 0 s.t.

|IRX f(z) — RX f(y)|
< C|fllocld™(z) — ¢ (g) |

for Vz,y € D and Vf € By(D).



Main results

Denote by {RX},>0 the resolvent of X.

Theorem 1. (M.)

Suppose that ¢ : D — D is x-Holder conti.
Then, Yo > 0, Ve € (0,kK), °C = Cpex > 0 s.t.

IR f(x) — RS f(v)]

< Cllflleol¢™ (=) — ¢~ ()| "7
for Vz,y € D and Vf € By(D).
Denote by {P;X};~0 the semigroup of X.

Theorem 2. (M.)

Suppose that ¢ : D — D is Holder conti. Then,
{PX }+>0 is strong Feller.
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Main results

e If D C R? is uniform domain, it is known that
¢:D—>D and ¢ ':D—-D

are Hélder continuous. This means that {RX },>¢ is also
Holder continuous.

e If D C R? is uniform domain, {PX };-¢ is ultracontractive.
e By a result of Bass—Kassmann—Kumagai (2010), we know
Xpr_ pX
Prf=R,h

for some a > 0 and h € L*°(D, m).
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Main results

Corollary. (M.)

Let D be a bdd simply cnnctd planar uniform domain.
Assume that

¢:D — D is k-Hoélder continuous

and B
¢~ 1:D — D is A-Holder continuous.

Then, Ve € (0,k),"xz € D and vt > 0,
D>y r— pX(z,y)

is A X (k — €)-Holder continuous.

Nakki—Palka (1980) showed
2 arcsin? k(0D) ™
m(mw — arcsin k(8D))’ — 2(w — arcsin k(0D))

K2 (> 1/2).



Estimates for < and \

|z1 — zs||z2 — 24|

k(8D) = inf
|21 — 22|23 — 24| + |21 — 24|22 — 23]

€ (0,1},

where the infimum is extended over the quadruples
21, 22, 23, 24 Of finite points of Jordan arc 9D with the
property that z; and z3 separate z2 and z4.

For the Koch snowflake,
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Outline of proof (mirror couplings of RBMs)

e Atar and Burdzy (2004) constructed mirror couplings of
RBMs on a class of Euclidean domains.

e Let v be the inward unit normal vector on 9D. The mirror
coupling of RBMs (Y, Z) on D is described as

t
Yt=y+Bt+/ v(Ys)dLY,
0

t
Zy =2+ W, +/ v(Zs)dL?,
0

W, =B 2/t Yo = 2 (Y, — Zs,dB,)
t — t 0|}ft—Zt|2 s Sy s).

e W, is the mirror image of the Brownian motion B; w.r.t.
the hyperplane M; between Y; and Z;.



I.MO
D Y|z
Y, | 2

Mirror M; moves up to Ty A inf{t > 0 | | X¢| = |Yi|}.



e Recall that X = ({X;}:>0, {P, },cp) is described as
PX — PY 1(;13)’ €T E b,
X = ¢(YA—1)7 t>0,

where Y is a RBM on D, and A; = fo |¢’ (Y3)|?1p(Ys) ds.



e Recall that X = ({X;}:>0, {P, },cp) is described as
PX = P¢Y_1(m), x € D,
X, := ¢(YAt—1), t>0,
where Y is a RBM on D, and A; = fg |¢’ (Y3)|?1p(Ys) ds.
e Using the mirror coupling of RBMs (Y, Z), we have

IRX f(o(y)) — RX f((2))]
<2m,. ([ 00 ds) £ 2]

Tep 1 _
+ 2E,. [(/O |¢’(ZS)|21D(Zs)ds) A a} , y,z€D

E,, is the expectation under P,..



e Recall that X = ({X;}:>0, {P, },cp) is described as
PX = P¢Y_1(m), x € D,
X, := ¢(YAt—1), t>0,
where Y is a RBM on D, and A; = fg |¢’ (Y3)|?1p(Ys) ds.
e Using the mirror coupling of RBMs (Y, Z), we have

IRX f(o(y)) — RX f((2))]
<2m,. ([ 00 ds) £ 2]

Tep 1 _
+ 2E,. [(/O |¢’(ZS)|21D(Zs)ds) A a} , y,z€D

E,, is the expectation under P,..
T 2 1

By | ([0 as) A
0

7'113/( )T) !
< E, / "¢ (Ye) P1n(Y5) ds] + — X Pya(Tept > Ty, )
0




Outline of proof
. TB(y.r) B
¢ : D — D is k-Hdl. continuous. =inf{t | Y: ¢ DN B(y,r)}.

It can be shown that

TY
« EY [/0 B<y,>|¢,(ml2dsl

< —r?**logr, r € (0,1/32]
< (1/e) x r*7¢, ¢ € (0,2k).
o Py (Tem >1t) S|y — z|/t1/2a
y,z €D
Y/ Y
° Py (TB(yﬂ") <1
< exp(—r?/128t), 7 > 0, t > 0, DN B, 7



Outline of proof
e Setting 7 = |y — z|'/2, we have

= B ([0 0PI ds) A 2]

< Ey

T (yr) 1
/0 ’ |¢’(K)|21D(n)dsl + o X Poz(Tep > TB(yr))

Sy — 2109 |y — 2]V S [y — 2|9/,



Outline of proof

e Setting 7 = |y — z|'/2, we have
Tt 2 1
I,. = E,. K/ 16/ (Ys)] 1D(Ys)ds> A a]
0

<E,

B(y,m) 1
/0 e (Ya) 1 (V) d's] o X Pos(Tept > Ta(y)
Sy — 2179+ ly — 22 S Jy — 2 TN,

o By the strong Markov property, we have

Y

Tep AT (y,r) 1
I,. =E,. [(/0 8 (V) 21n(Ys) ds> A

+ Eyz |:IY v Z v : Tcpl > Tg(y’r)] (***)

(S; ,,,2&—5)

"B(y,m) "B(y,r)



Outline of proof

e Setting 7 = |y — z|'/2, we have

= B ([0 0PI ds) A 2]

<E,

(v>m) 1
/0 e (Ya) 1 (V) d's] o X Pur (T > i)
Sly =207ty — 212 < Jy — 2|CTOND,

o By the strong Markov property, we have

Y

Tep AT (y,r) 1
I,. =E,. [(/0 8 (V) 21n(Ys) ds> A

+ Eyz |:IY v Z v : Tcpl > Tg(y’r)] (***)

(S; ,,,2&—5)

"B(y,m) "B(y,r)

Sly— 219 + By Yy = Zyy  |TONA2 oy > Y

) TB(y,m)



e By the Chebyshev’s inequality,
Iy. S ly — 2|79
y 1/q
+ Pyz <Tcpl > TB(y,r))

1/p
« By [IYT _ PLs—)A(L/2)}

Y
cpl/\TB(y,T.) Tcpl/\‘r};(y’r)

1 1
(*+7:17 p7q€(1voo))
p q



e By the Chebyshev’s inequality,
Iy. S ly — 2|79
y 1/q
+ Pyz <Tcpl > TB(y,r))

1/p
B p{(k—e)A(1/2)}
X E?Jz |:|YTcpIAT§(y,T) Tcpl/\fg(yﬂ“)|

1 1
(*+*:17 p7q€(1,00))-

P q

e By It0’s formula and some geometric considerations,

- ZTcpI/\TY Ie S |y - Zle, 0 € (0, 1].

Ey. |YTC,,./\7-Y By

B(y,r)



e By the Chebyshev’s inequality,
Iy. S ly — 2|79
y 1/q
+ Pyz <Tcpl > TB(y,r))

1/p
« By [IYT _ PLs—)A(L/2)}

Y
cpl/\TB(y,T.) Tcpl/\‘r};(y’r)

1 1
(*+7:17 p7q€(1voo))
p q

e By It0’s formula and some geometric considerations,

By ||Yrnr ] <ly—=° 6€ @71l

—Z Y
B(y,r) Teu AT

B(y,r

e Settingp=q=2,0 =p{(k—¢)A(1/2)} <1, we have

1/2
Iy Sy — z|(K_E) + Py <TcPI > Tg(um)) X |y — Z|(&_E)/\(1/2)
< |ly — z|E79NB/4) (Go back to (kk¥k)!).



Remark

Theorem 1. (M.)
Suppose that ¢ : D — D is k-Holder continuous.
Then, Yo > 0, Ve € (0,K), °C = Cpex > 0 s.t.
|RX f(z) — R ()|
< Cllflloold™ (@) — o (1)

for Yo,y € D and Vf € By(D).

e The semigroup PtX of X is strong Feller?
o If PtX is ultracontractive, there is no problem.

o There exists a non-inner uniform Jordan domain with the
condition in Thm 1. It is not an extension domain.
E C R4 s said to be an extension domain if

HY(E) C LP(E,m) for some p > 2.



Example by Becker and Pommerenke (1982)

Define a Jordan domain D (which is not inner uniform) by

D = {(u,v) € R? | [u] <1, |v| <1} U | R,

n=1

n log 2 n
s [v—(1/n)] < 27"}

R, ={(u,v) ER?|0<u—-1<

For n Z 5, anRn+1 = 0

D n27"log?2




A Refinement of Theorem 1.

e D is a domain with the condition in Theorem 1.

e Let U be an open subset of D such that U C D \ B, where
B C D is a closed disk such that ¢(B(0,¢)) C B
Ly: the Laplacian on U with the Dirichlet bdry. cond. on
red line and the Neumann bdry. cond. on blue line.

/D




A Refinement of Theorem 1.

® Gp\ 41 (p) (T, y) < 2log(1+ e7l) —2log|z — y| .

e Ly has discrete spectrum, and 3C;, Cs € (0, c0) s.t.

C1{2log(1 +e71) + Co} 1

the first ei lue of —Ly) >
(the first eigenvalue o v) 2 m(U) log (2 + m(U)~1)

for any € € (0,1) and any closed disk B C D such that
»(B(g)) C B, and any open subset U of D such that
UcCD\B
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® Gp\ 41 (p) (T, y) < 2log(1+ e7l) —2log|z — y| .

e Ly has discrete spectrum, and 3C;, Cs € (0, c0) s.t.

C1{2log(1 +e71) + Co} 1

the first ei lue of —Ly) >
(the first eigenvalue o v) 2 m(U) log (2 + m(U)~1)

for any € € (0,1) and any closed disk B C D such that
»(B(g)) C B, and any open subset U of D such that
UcCD\B

Lemma.

The semigroup of the part process XP\B of X on D\ B
has a ultracontractivity.



A Refinement of Theorem 1.

Denote by {Ptf)\ﬁ}bg the
semigroup of the part process
XD\B of X on D\ B.

e XD\B s smgrp strong Feller.

. D\B
e lim, ,.coB P, \ f(x)=0
for any t > 0 and any

f € By(D \ B).

By shrinking the radius of B,
we have

]

Theorem 2. (M.)

Suppose that ¢ : D — D is Holder continuous.
Then, the semigroug{PtX}t>0 of X is strong Feller:
P (By(D)) C Cy(D).



