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This is a joint work with Masato Hoshino and Hiroshi Kawabi. Let Λ be the
2-dimensional torus (R/2πZ)2 and µ0 be Nelson’s free field measure on Λ with mass
1. We consider the exp(Φ)2-quantum field measure:

µ(α)
exp(dϕ) =

1

Z(α)
exp

(
−
∫
Λ

exp⋄(αϕ)(x)dx

)
µ0(dϕ)

where Z(α) is the normalizing constant and exp⋄(αϕ) is the Wick exponential defined
by

exp⋄(αϕ) = : exp(αϕ) : =
∞∑
n=0

αn

n!
: ϕn : .

We also have a formal equation

exp⋄(αϕ) = exp

(
αϕ− α2

2
Eµ0 [ϕ(·)2]

)
.

Here, note that Eµ0 [ϕ(·)2] = ∞. In this talk, we consider the stochastic quantization
of the exp(Φ)2-measure, which is a time-evolution having the exp(Φ)2-measure as
an invariant measure. The associated SPDE is given by

∂tΦt(x) =
1

2
(△− 1)Φt(x)−

α

2
exp⋄(αΦt(x)) + Ẇt(x), x ∈ Λ (1)

where Ẇt(x) is a white noise with parameter (t, x). This SPDE is obtained by log-

derivative of µ
(α)
exp. Let X = X(ϕ) be the infinite-dimensional Ornstein-Uhlenbeck

process, which is the solution to{
∂tXt = 1

2
(△− 1)Xt + Ẇt

X0 = ϕ.

If Φ is a solution to (1) in some sense, Y := Φ−X satisfies

∂tYt =
1

2
(△− 1)Yt −

α

2
exp⋄(αXt) exp(αYt). (2)

We call (2) the shifted equation of (1). Via approximations for |α| <
√
4π we are

able to define the process of Wick exponentials of Xt by

Xt(ϕ) = exp⋄(αXt(ϕ))

and ∫
D′(Λ)

(∫ T

0

∥Xt(ϕ)∥2H−β(Λ) dt

)
µ0(dϕ) < ∞.

for β ∈ (α2/(4π), 1). There are some difficulties to apply general theories such as
the regularity structure and the paracontrolled calculus to (1). When we apply a
general theory, we usually assume that inputs (driving processes) are W s,∞-valued
processes. However, exp⋄(αXt) is a W−α2/(4π)−ε,2-valued process, and to improve
the integrability 2 we need to loose the regularity. The regularity is very serious



for singular SPDEs. So, we need to solve (1) in the spaces with integrability 2 by
using a model dependent argument. Another difficulty is that exponential functions
do not have polynomial growth, and the derivatives are unbounded. These are the
reasons that we study the exp(Φ)2-model by using the method by singuar SPDEs.
We remark that Xt(ϕ) is a nonnegative distribution almost every ϕ, and that the
nonnegativity plays an important role in the proofs of main theorems.

Theorem 1. Assume that |α| <
√
4π and let β ∈ (α2/(4π), 1), X ∈ L2([0, T ];H−β

+ )
and v ∈ H2−β. Then, {

∂tYt = 1
2
(△− 1)Yt − α

2
eαYtXt

Y0 = v,

has a unique mild solution in L2([0, T ];H1+δ) ∩ C([0, T ];Hδ) for δ ∈ (0, 1 − β).
Moreover, the mapping

S : H2−β × L2([0, T ];H−β
+ ) ∋ (v,X ) 7→ Y ∈ L2([0, T ];H1+δ) ∩ C([0, T ];Hδ)

is continuous.

In this talk we call Φ := Y +X the strong solution to (1), where Y is the solution
appeared in Theorem 1 and X is the Ornstein-Uhlenbeck process. We are able to
show that the strong solution corresponds to the limit of the stationary processes
associated to approximating equations to (1).

Theorem 2. Let |α| <
√
4π, ε > 0, and PN as above. Let N ∈ N and consider the

solution Φ̄N to ∂tΦ̄
N
t =

1

2
(△− 1)Φ̄N

t − α

2
PN exp

(
αPN Φ̄

N
t − α2

2
CN

)
+ Ẇt,

Φ̄N
0 = ξN ∈ D′(Λ)

(3)

where ξN be a random variable with the law µ
(α)
N and independent of W . Then Φ̄N is

a stationary process and converges in law to the strong solution with an initial law
µ
(α)
exp, in the space C([0, T ];H−ε(Λ)) for any T > 0. Moreover, the law of Φ̄t is µ

(α)
exp

for any t ≥ 0.

In [1], the Markov process M = (Θ,G, (Gt)t≥0, (Ψt)t≥0, (Qϕ)ϕ∈E) associated to (1)
by the Dirichlet form theory. As follows, we obtain the identification between the
processes obtained in Theorem 1 and [1].

Theorem 3. Let |α| <
√
4π. Then for µ

(α)
exp-a.e. ϕ, the diffusion process Ψ coincides

with the strong solution Φ of (1) driven by some L2(Λ)-cylindrical (Gt)-Brownian
motion W = (Wt)t≥0 with the initial value ϕ, Qϕ-almost surely.

References
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