PARACONTROLLED CALCULUS AND REGULARITY STRUCTURES
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Regularity structure (RS) by Hairer (2014) and Paracontrolled calculus (PC) by Gubinelli-
Imkeller-Perkowski (2015) both solve many singular SPDEs. These theories are believed
to be equivalent, but there are some gaps. For example, the general KPZ equation

Bih = 03 + f(h)(8:h)* + g(h)é
is solved by RS, but cannot be solved within PC. Our aim is to show the equivalence
between RS and (an extension of) PC and fill such gaps.

Both of RS and PC are extensions of the rough path theory. Our main result means
that the two different ways of defining the “rough paths” on the same algebraic structure
are equivalent. A rough image of our main result is the following.

Theorem 1. [1, 2] The following equivalences hold.

] Rough path theory H RS \ \ PC ‘
Rough path Model E Pararemainders
Controlled path || Modelled distribution E Paracontrolled distribution

We explain the precise meanings. Recall that the a-Holder geometric rough paths living
in R” are a-Holder continuous paths on the |1/a/-step nilpotent Lie group G/ (R™),
which is identified with a space of linear functionals g on T(L%/¢))(R™) such that

g(zwy) = g(x)g(y)
for any z,y € T/ O‘J)(R"), where LW is the shuffle product. The model is defined similarly
by replacing T(1/ on)(]R") by a general graded Hopf algebra 7.

Definition 1. A (concrete) regularity structure is a pair of a graded Hopf algebra T+ =
Doca+ T with a coproduct AT and a graded linear space T = @ﬁeA Tg with a linear
map A : T — T @ T+ satisfying the right comodule properties on T such that

Atrerol+ler+ @ TS 0T,
0<fB<a
Aceoxl+PT, 0T,
v<p

for any T € TS and o € Tp.

Let Bﬁf) be a basis of Tc(f) and let B(H) = Uaca® B&Jr). We assume that the basis
BT is a monoid generated by BY. Moreover, we assume that BT consists of

e monomials Xq,..., Xy,

e derivatives 9¥7 of “pure” elements 7 € PBT.
1



2 MASATO HOSHINO

(+) g

Then we have the following equivalence result. We say that each element 7 € Ty,
homogeneous and write
IT| = .
Theorem 2. [1, 2] Let Myap be the space of all models (g, M) on R%, i.e., all pairs of
e o Lipschitz continuous map g from R% to the group G of algebra homomorphisms
T — R,
e a bounded operator N : T — S'(R?) such that N7 has a “7|-class Taylor expansion”
for any homogeneous T € T,

and such that g(7) and Mo rapidly decrease at infinity for any 7 € Tt and o € T. Then
the space Mrap is homeomorphic to the direct product of Banach spaces;

Mep~ ] cib®Hx [ clzh@®?).

TE€B,, |T|<0 cePBt

We return to the rough path theory. The path Y : [0,7] — R is said to be an a-
Holder path controlled by a rough path X if there exists a continuous path Y : [0,7] —
T(L1/e)=1)(R") such that Y;? = ¥; and

Y;zlzk _ Z Yu Akl ZZX11 Aklky1---lg + O(‘t _ S‘(Ll/od—k:)a)
Zk+l: ) f

for any iy,...,ix € {1,...,n}, where Y% and X% represents the e;, ® -+ ® e;,-
components of Y and X, respectively. A modelled distribution is a T-valued function on
R? with a similar “Taylor-like expansion” at each point = € R%. Note that any g € G acts
on T by

g(r):=(Idwg)Ar, 7€T.
Denote by (-)r : T — R the projection to the 7-component.
Theorem 3. [2] Let v € R. Let Diap be the space of all v-class modelled distributions,
i.e., all functions f : R* — T such that, for any homogeneous 7 € T,

(f(y) — éyg;f(ac))T =O(ly — ;UW—ITI)7
where gy, = gyg;1 € G, and (f(m))T rapidly decreases as |z| — oo.

We assume that the basis B of T has a good structure; monomials and antiderivatives.
Then the space D}ap is homeomorphic to the direct product of Banach spaces;

DL~ I (I ca'@®)).
TEPBo, |T|<y nEPB-
where PB, is the set of all “pure” elements, and PB; is the set of independent antideriva-
tives of T. (If the antiderivative is unique for each T, then PB; = {r}.)

This talk is based on a joint work with Ismaél Bailleul (Université de Rennes 1).
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