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This talk is a review of the joint work[1] with Hirofumi Osada (Kyushu university).
Let S be a closed subset of Rd such that the interior Sint is a connected open set

satisfying Sint = S, and that the boundary ∂S has Lebesgue measure 0. Let S be
the configuration space of unlabeled particles:

S = {s =
∑
k

δsk ; s(K) < ∞, for any compact K ⊂ S}.

S is a Polish space with the vague topology.
The configuration space of m labeled partcles is Sm, and that of infinite labeled

particles is SN = S∞, respectively. For each m ∈ N ∪ {∞} we introduce the maps
um : Sm → S and u[m] : S

m × S → S defined by

um(x) =
m∑
k=1

δxk
, u[m]((x, y)) = um(x) + y, x ∈ Sm, y ∈ S.

For x = (xj)j∈N ∈ SN, m ∈ N we put

xm⋄ = (x1, . . . , xm−1, xm+1, . . . ), xm⋆ = (xm+1, xm+2, . . . ) ∈ SN,

and for X = (X i)i∈N ∈ C([0,∞), SN) put

Xt = u∞(Xt), Xm⋄
t = u∞(Xm⋄

t ), Xm⋆
t = u∞(Xm⋆

t ).

For a suitable subset H of S, we put H[1] = u−1
[1] (H) ⊂ S × S. Let (Ω,F , P, {Ft})

be a probability space with filtration, and B = {Bj}j∈N be Ft-adapted independent
Brownian motions. For measurable functions

σ : H[1] → Rd2 and b : H[1] → Rd,

we consider the following infinite dimensional stochastic differential equation:

dXj
t = σ(Xj

t ,X
j⋄
t )dBj

t + b(Xj
t ,X

j⋄
t )dt,

X ∈ C([0,∞),H), (ISDE)

X0 = s ∈ H ≡ u−1
∞ (H).

In this talk we discuss the uniqueness of solutions of (ISDE).

Remark The coefficients σ and b are not always defined for any elemet (x, s) ∈
S×S. The set H is chosen such that these coefficents are well defined and a solution
has it as a state space.



We first make the following assumption.

(B.1) (ISDE) has a solution (X,B) on (Ω,F , P, {Ft}).

Suppose that X is a solution of (ISDE). For each m ∈ N, σm
X : [0,∞)× Sm → Sm

and bmX : [0,∞)× Sm → Sm are functions defined by

σm,j
X (t,x) = σ(xj,

m∑
k ̸=j

δxk
+ Xm⋆

t ), bm,j
X (t,x) = b(xj,

m∑
k ̸=j

δxk
+ Xm⋆

t ).

Then we consider the following system of finite dimensional SDEs:

dY m,j
t = σm,j

X (t,Ym
t )dB

j
t + bm,j(t,Ym

t )dt, j = 1, . . . ,m,

X ∈ C([0,∞),H), (SDE-m)

(Ym
0 ,X

m⋆
0 ) = s.

We then make the following assumption. Set Bm = (Bj)mj=1.

(B.2) ∀m ∈ N, (SDE-m) has the unique strong solution Ym = Fm
s (Bm,Xm⋆).

We introduce the tail σ-fields on the path space C([0,∞), SN):

Tpath(S
N) =

∞∩
m=1

σ[wm⋆].

For a probability measure P on C([0,∞), SN), we set

T {1}
path(S

N;P) = {A ∈ Tpath(S
N) : P(A) = 1}.

Let Ps,B(·) = P (X ∈ ·|B) and P∞
Br be the distribution of the standard Brownian

motion on (Rd)N starting at the origin. We then make the following assumption.

(B.3) Tpath(S
N) is Ps,B-trivial for P

∞
Br -a.s. B.

(B,4) T {1}
path(S

N;Ps,B) is independent of the distribution P (X ∈ ·) for P∞
Br -a.s. B.

The main theorem of this talk is the following.

Theorem([1])
(i) Assume that (X,B) satisfies (B.1)-(B.3). Then (X,B) is a strong solution of
(ISDE).
(ii) Assume that (X,B) satisfies (B.1)-(B.4). Then (X,B) is the unique strong
solution of (ISDE).

Some important examples satisfying (B.1)-(B.4) are given in the talk.
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