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Abstract

In this talk, we consider a path–dependent d–dimensional stochastic differential equations (SDEs)
of the form

dXx
t = b(t,Xx)dt+ σ(t,Xx

t )dWt, t ≥ 0, Xx
0 = x ∈ Rd, (1)

where W = (Wt)t≥0 is a d-dimensional standard Brownian motion on a probability space (Ω,F ,P).
The drift coefficient b : [0,∞) × C([0,∞);Rd) → Rd is a progressively measurable functional and
diffusion matrix σ : [0,∞)× Rd → Rd×d is a measurable function.

The existence and regularity of a probability density function (pdf) of Xx
t with respect to

Lebesgue measure have been studied by many authors. It is well-known that by using Levi’s
parametrix method (see, [1]), if the drift b : [0,∞) × Rd → Rd is bounded Hölder continuous
and diffusion matrix σ is bounded, uniformly elliptic and Hölder continuous, then there exists the
fundamental solution of parabolic type partial differential equations (Kolmogorov equation) and it
is a pdf of a solution of associated SDEs.

The existence of a pdf of a solution of SDEs with path–dependents and non-smooth coefficients
have been studied recently. As a perturbation approach, the parametrix method and Maruyama–
Girsanov theorem are useful tool in order to prove the existence of a pdf of a solution of SDEs
with path–dependents coefficients. The case of bounded and path–dependent drift coefficient,
Makhlouf [3] and Kusuoka [2] studied the existence, explicit representation, Gaussian (type) two–
sided bound. In particular, Makhlouf showed that a pdf, denoted by pt(x, ·), of Brownian motion
with random drift dXt = btdt+ dWt, X0 = x satisfies the following representation:

pt(x, y) = gt(x, y) +

∫ t

0

E [〈∇gt−s(Xs, y), bs〉] ds, a.e., y ∈ Rd, (2)

where gt(x, y) :=
exp(−|y−x|2/2t)

(2πt)d/2
, which is an analogue of the parametrix method. On the other

hand, Kusuoka [2] showed that a pdf of a solution of path–dependent SDE (1) with bounded drift
coefficient, denoted by pt(x, ·), has the following representation:

pt(x, y) = q(0, x; t, y)E
[
Zt(1, Y

0,x) | Y 0,x
t = y

]
, a.e., y ∈ Rd, (3)
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where q(0, x; t, ·) is the pdf of a solution of SDE without drift: dY 0,x
t = σ(t, Y 0,x

t )dWt, Y
0,x
0 = x,

Zt(1, Y
0,x) is the Girsanov density and E[ · | Y 0,x

t = y] is the expectation of a regular conditional
probability given Y 0,x

t = y for y ∈ Rd. This representation is an analogue of Maruyama’s result
on the proof of Girsanov’s theorem (see, [4]).

The aim of this paper is to show that the existence of a pdf and the representations (2)
and (3) hold under linear growth condition on b. By using these representations, we will show
that Gaussian type two–sided bound holds under sub–linear growth condition on b, that is, there
exist positive constants c± and measurable functions C± : (0, T ]× Rd → (0,∞) such that for any
(t, x) ∈ (0, T ]× Rd,

C−(t, x)gc−t(x, y) ≤ pt(x, y) ≤ C+(t, x)gc+t(x, y), a.e., y ∈ Rd.

Moreover, inspired by [5], we consider a sharp two–sided bound for a pdf of Brownian motion with
path–dependent and bounded drift coefficient of the form dXx

t = b(t,Xx)dt+ dWt, by using bang-

bang diffusion processes dY x,α,βt = βsgn(α− Y 0,x,α,β
t )dt+ dWt, Y

x,α,β
0 = x, with parameters α =

(α1, . . . , αd)
>, β = (β1, . . . , βd)

> ∈ Rd. Here we define βsgn(x) := (β1sgn(x1), . . . , βdsgn(xd))
>,

for each x ∈ Rd. More preciously, we will show that for any (t, x, y) ∈ (0, T ] × Rd × Rd, it holds
that

q
y,−‖b‖∞
t (x, y) ≤ pt(x, y) ≤ qy,‖b‖∞t (x, y),

where qα,βt (x, ·) is a pdf of a bang-bang diffusion process Y x,α,βt , which satisfies

qα,βt (x, α) =

d∏
i=1

2√
2πt

∫ ∞
|xi−αi|/

√
t

zi exp

(
− (zi − βi

√
t)2

2

)
dzi.
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