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1. INTRODUCTION

Many singular SPDEs have motivations from statistical physics, quantum field
theory, etc., but they are sometimes ill-posed without “renormalizations”. The
theory of paracontrolled calculus by Gubinelli, Imkeller and Perkowski [4] made
it possible to show the local well-posedness results for such renormalized SPDEs.
Compared with the famous theory of reqularity structures by Hairer [6], the PC
theory has an advantage in showing detailed properties [5, 8, 9, 1, 3, 7] (global well-
posedness, ergodicity, etc.) but it is not algebraically sophisticated. Our ultimate
goal is to show the equivalence of RS and PC and construct a new theory which
has both advantages of RS and PC.

One of the main differences between the two theories is in the definition of
solutions. In PC, solutions are written by using the Bony’s paraproduct [2]. In
RS, solutions are described based on local estimates. Therefore in order to get the
relationship between these concepts, we need local estimates of Bony’s paraproduct.

This talk is based on a joint work with Ismaél Bailleul.

2. MAIN RESULTS

Our main theorems are the local estimates of iterated paraproducts and the Hopf
algebra structure behind these estimates.

We consider the Bony’s paraproducts on the Euclidean space RY. Let (A;);>—1
be the Littlewood-Paley blocks. For any distribution f on R¢, we write

fi=0if, fio= > 1

j<i—2

Then the Bony’s paraproduct is defined by
f©g= Z fi-9i.

For any f' € S'(R%), i = 1,...,n, we define the iterated paraproduct
L =D e e = e (™
Note that
(ff' s M #AC((Ffefheff) ..o hHe

We conjecture that they have similar local estimates.

Theorem 2.1. Let aq,...,a, > 0.
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(1) Let f* € C*t. Define

k
y—x
At =P - Y Y ),
Uﬁ)‘<0¢1
Then one has |Ay, f1| < |y — x|
(2) Let f1 € C* and f? € C*2. Define

1 02\ _ (el g2 _ (y_x)kk12
A(f 1) =0 = > =0k )W)

|k|<oi+as &
IRPRY/
- U @A
[l|<as ’
where
KL =0 G - Y @)

k=l+m,|l|<a1,m|>as
Then one has |Ay, (f*, f2)] S ly — o[> toz,
(3) Let ff € C*,i=1,...,n. Define

1 ny __ 1 n _ (y_x)k krrl n

k
|k|<ai+-+an
n—1 . 1
=Yy T @
m=1|l|<ai++om ’

with some coefficients 6i(f1, -, f™)(x) defined continuously from L
Then one has |Ay(f1, ..., f")| S|y — ot ton,

Next we define the Hopf algebra which describes these “extended Taylor series”.
Let W = Ugen{1,...,n}" and let W be the commutative algebra freely generated
by W. We define the coproduct

S

-1
Ay ig) = (i1 i) QL+ 1@ (i1 ip) + > (irg1-..ix) @ (i1 ... 01).
1

Then W is a Hopf algebra. Moreover, let W =W x N¢ and deDﬁHe the differential
map 0; : W = W by 0;Ts, = Tte,.- We extend the coproduct A by
Ad; = (0; @ 1d + 1d ® 9;)A.
We have independent symbols {X;}¢_; and define
AX; =X; 91 +18X;.
Let H be the commutative algebra freely gencrated by W U {X;}¢_,. Then (4, A)
is a Hopf algebra. We next define the new coproduct A by
d
A= exp(z X; ® 0;)A.
i=1
Here we assume 0,X; = 0 and denote by X; the map 7 +— X;7. Then (#,A) is
again a Hopf algebra.

~
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Fix 81,...,8, > 0. We define the homogeneity |- | on H by
(i1 ik)m| = Biy + -+ Bi, —Iml|,  [Xi[ =1
Here |m| = 2?21 m;. Now H is graded but contains negative homogeneities. Hence
we focus only on the algebra
Hy =H/{to € H;|o| <0).
Then H™' forms the regularity structure (H.,G) with the character group G on
H*. The following theorem is the another form of the above theorem.
Theorem 2.2. Let aq,...,q, > 0.
(1) Given fi € C%,i=1,...,n, we define (N,g) by
NGt in)m() = go((i1 - in)m) = O (f, .., f5%) ().
Then (N, g) is a model on (H4,G).
(2) Let B3>0 and g € CP. We define the H. -valued function
k 1 X*
|k|<B+ar++an ’
ki

FY Y e R )

i=1 |ki|<B+on+-Fay
Xm
[m|<B+ai++a,
Then one has g € DA+t +an,
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