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This study is an alternative approach to the fundamental theory of rough path analysis on the

basis of fractional calculus. In this talk, using fractional calculus, we will introduce an approach

to the integral of paths controlled by β-Hölder rough paths with β ∈ (1/4, 1/3]. Our definition

of the integral is given by the Lebesgue integrals for fractional derivatives (Eq. (1)). We will

show that, for a geometric β-Hölder rough path and its controlled paths with some assumptions,

our definition of the integral is consistent with the usual definition, given by the limit of the

compensated Riemann–Stieltjes sums (Eq. (2)). We will also explain that this result provides

an explicit expression of the rough integral of 1-forms against geometric β-Hölder rough paths.

Definition of the integral. Let T > 0, △ := {(s, t) ∈ R2 : 0 ≤ s ≤ t ≤ T}, and V be a

normed space. Let λ ∈ (0, 1] and Ψ ∈ C(△, V ) such that sup0≤s<t≤T ∥Ψs,t∥V (t − s)−λ < ∞.

Take α ∈ (0, λ). We define Dα
s+Ψ with s ∈ [0, T ) and Dα

t−Ψ with t ∈ (0, T ] by Dα
s+Ψ(s) := 0,

Dα
s+Ψ(u) :=

1

Γ(1− α)

(
Ψs,u

(u− s)α
+ α

∫ u

s

Ψv,u

(u− v)α+1
dv

)
for u ∈ (s, T ] and Dα

t−Ψ(t) := 0,

Dα
t−Ψ(u) :=

(−1)1+α

Γ(1− α)

(
Ψu,t

(t− u)α
+ α

∫ t

u

Ψu,v

(v − u)α+1
dv

)
for u ∈ [0, t), where Γ denotes the gamma function. Let β ∈ (1/4, 1/3] and X = (1, X1, X2, X3)

be a β-Hölder rough path in Rd. Take α ∈ (0, β) and t ∈ (0, T ]. We define functions R(1,α)
t− X,

R(2,α)
t− X, and R(3,α)

t− X on [0, t] inductively as follows: for u ∈ [0, t],

R(1,α)
t− X(u) := Dα

t−X
1(u),

R(2,α)
t− X(u) := D2α

t−X
2(u)−Dα

t−(X
1 ⊗R(1,α)

t− X)(u),

R(3,α)
t− X(u) := D3α

t−X
3(u)−D2α

t−(X
2 ⊗R(1,α)

t− X)(u)−Dα
t−(X

1 ⊗R(2,α)
t− X)(u).

For ψ ∈ C([0, T ], V ), we define δψ ∈ C(△, V ) as δψs,t := ψt − ψs for (s, t) ∈ △. Let Z =

(Z(0), Z(1), Z(2)) be a path controlled by X with values in Rn. Similarly, we define R(3,α)
t− Z by

R(3,α)
t− Z(u) := D3α

t−R
2
0(Z)(u)−D2α

t−(R
1
1(Z)R

(1,α)
t− X)(u)−Dα

t−(δZ
(2)R(2,α)

t− X)(u)

for u ∈ [0, t]. Here, R2−l
l (Z)s,t := Z

(l)
t −

∑2−l
i=0 Z

(l+i)
s Xi

s,t for l = 0, 1 and (s, t) ∈ △. We set

π(a ⊗ b ⊗ c) := b ⊗ a ⊗ c for a, b, c ∈ Rd and R(3,α)
t− X̂(u) := R(3,α)

t− X(u) + π(R(3,α)
t− X(u)) for

u ∈ [0, t]. Let Y = (Y (0), Y (1), Y (2)) be a path controlled by X with values in Rm×n. We set

Ξs,t := Y (0)
s (Z

(0)
t − Z(0)

s ) + Y (1)
s Z(1)

s X2
s,t + Y (2)

s Z(1)
s X3

s,t + Y (1)
s Z(2)

s (X3
s,t + π(X3

s,t))



for (s, t) ∈ △. Take a real number γ such that (1−β)/3 < γ < β, and note that the inequalities

1− γ < 3β, 1− 2γ < 2β, and 1− 3γ < β hold. For (s, t) ∈ △, we define IX(Y, Z)s,t ∈ Rm by

IX(Y, Z)s,t := Ξs,t + (−1)1−γ

∫ t

s
D1−γ

s+ (Φ3
·,u)s+(u)R

(1,γ)
t− X(u) du(1)

+ (−1)1−2γ

∫ t

s
D1−2γ

s+ (Φ2
·,u)s+(u)R

(2,γ)
t− X(u) du

+ (−1)1−3γ

∫ t

s
D1−3γ

s+ δY (0)(u)R(3,γ)
t− Z(u) du

+ (−1)1−3γ

∫ t

s
D1−3γ

s+ δ(Y (2)Z(1))(u)R(3,γ)
t− X(u) du

+ (−1)1−3γ

∫ t

s
D1−3γ

s+ δ(Y (1)Z(2))(u)R(3,γ)
t− X̂(u) du.

Here, D1−γ
s+ (Φ3

·,u)s+(u) and D
1−2γ
s+ (Φ2

·,u)s+(u) are defined as follows:

Φ3
v,u := (Y (0)

v + Y (1)
v X1

v,u + Y (2)
v X2

v,u)Z
(1)
u − Y (2)

v X2
v,uδZ

(1)
v,u − Y (1)

v X1
v,uR

1
1(Z)v,u

for (v, u) ∈ △,

D1−γ
s+ (Φ3

·,u)s+(u) :=
1

Γ(1− (1− γ))

(
Φ3
u,u − Φ3

s,u

(u− s)1−γ
+ (1− γ)

∫ u

s

Φ3
u,u − Φ3

v,u

(u− v)(1−γ)+1
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)
for u ∈ [s, T ] and

Φ2
v,u := (Y (0)

v + Y (1)
v X1

v,u)Z
(2)
u + (Y (1)

v + Y (2)
v X1

v,u)Z
(1)
u

− Y (2)
v δZ(1)

v,uX
1
v,u − Y (1)

v R1
1(Z)v,u − Y (1)

v X1
v,uδZ

(2)
v,u

for (v, u) ∈ △,

D1−2γ
s+ (Φ2

·,u)s+(u) :=
1

Γ(1− (1− 2γ))

(
Φ2
u,u − Φ2

s,u

(u− s)1−2γ
+ (1− 2γ)

∫ u

s

Φ2
u,u − Φ2

v,u

(u− v)(1−2γ)+1
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)
for u ∈ [s, T ]. We note that sup0≤v<u≤T |Φ3

u,u−Φ3
v,u|(u−v)−3β and sup0≤v<u≤T |Φ2

u,u−Φ2
v,u|(u−

v)−2β are finite. Therefore, D1−γ
s+ (Φ3

·,u)s+(u) and D
1−2γ
s+ (Φ2

·,u)s+(u) are well-defined from 1−γ <
3β and 1− 2γ < 2β, respectively. We also note that the equalities

D1−γ
s+ (Φ3

·,u)s+(u) = D1−γ
s+ (R2

0(Y )Z(1)
u + Y (2)X2δZ(1) + Y (1)X1R1

1(Z))(u)

and

D1−2γ
s+ (Φ2

·,u)s+(u) = D1−2γ
s+ (R1

0(Y )Z(2)
u +R1

1(Y )Z(1)
u

+ Y (2)δZ(1)X1 + Y (1)R1
1(Z) + Y (1)X1δZ(2))(u)

hold by definition for u ∈ [s, T ]. Here, R1
0(Y )s,t := Y

(0)
t − Y

(0)
s − Y

(1)
s X1

s,t for (s, t) ∈ △.

In this talk, under suitable assumptions on X and Z, we will show that for (s, t) ∈ △,

IX(Y, Z)s,t = lim
|P|→0

l−1∑
i=0

Ξti,ti+1 ,(2)

where the limit is taken over all finite partitions P = {t0, t1, . . . , tl} of the interval [s, t] such

that s = t0 < t1 < · · · < tl = t and |P| := max0≤i≤l−1|ti+1 − ti|.


