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This study is an alternative approach to the fundamental theory of rough path analysis on the
basis of fractional calculus. In this talk, using fractional calculus, we will introduce an approach
to the integral of paths controlled by S-Holder rough paths with 5 € (1/4,1/3]. Our definition
of the integral is given by the Lebesgue integrals for fractional derivatives (Eq. (1)). We will
show that, for a geometric S-Holder rough path and its controlled paths with some assumptions,
our definition of the integral is consistent with the usual definition, given by the limit of the
compensated Riemann—Stieltjes sums (Eq. (2)). We will also explain that this result provides
an explicit expression of the rough integral of 1-forms against geometric S-Holder rough paths.

Definition of the integral. Let T > 0, A := {(s,t) €¢ R : 0 < s <t < T}, and V be a
normed space. Let A € (0,1] and ¥ € C(A, V) such that supgcgcpcr [|Usellv (t — s)™ < oo,
Take a € (0, ). We define D¢, ¥ with s € [0,T) and D ¥ with t € (0,T] by D§, ¥(s) := 0,
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for u € [0,t), where I' denotes the gamma function. Let 3 € (1/4,1/3] and X = (1, X!, X2, X3)

be a B-Holder rough path in R?. Take a € (0,3) and t € (0,T]. We define functions Rgl_’o‘)X,
RgQ_’a)X , and Rﬁ’a)X on [0,t] inductively as follows: for u € [0, ],

R X (u) 1= D X (u),
RPN X (u) = D2 X2(w) — DX (X! @ RV X) (w),
REVX (u) = DX (w) ~ DI (X @ RV X) () = DI (X! @ RZVX) ().

For ¢ € C([0,T],V), we define d¢p € C(A,V) as 0psy = ¢y — s for (s,t) € A. Let Z =
(20, zM)| Z(2)) be a path controlled by X with values in R™. Similarly, we define Rg?i’a)Z by
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R>Y Z(u) = DI*R3(Z)(u) — D (RI(Z)RY X)) (u) — DE (62D R X) ()
for u € [0,t]. Here, Rlz_l(Z)s,t = Zt(l) — Z?:_é Z§l+i)X§7t for | = 0,1 and (s,t) € A. We set

Ta®b®c) :=b®a®c for a,b,c € R and Rga))?(u) = R,g?i’a)X(u) + W(Rga)X(u)) for
uwe[0,t]. Let Y = (YO, v y®2) be a path controlled by X with values in R™*"™. We set

Zor = Y2 = 2 + YO Z0X2, + Y2 200 X3, + YV ZP(XE, 4+ 7(XE))



for (s,t) € A. Take a real number «y such that (1 —)/3 <y < 8, and note that the inequalities
1—-v<3B8,1-2y<28,and 1 — 3y < § hold. For (s,t) € A, we define Ix(Y, Z),; € R™ by

(1) Ix(Y, Z)sy = Egp + (—1)1° 7/ D (@2 ,) st (W) RV X (u) du
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Here, D;ﬁf’(@3 )s+(u) and D;+27((I>,2,u)5+(u) are defined as follows:
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for (v,u) € A,
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for u € [s,T] and
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for (v,u) € A,
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for u € [s,T]. We note that supg<,,<p|®5 , — 3, |(u— v)~% and SUPg<y<u<r| o — P2, | (u—

v)~28 are finite. Therefore, D;ﬂ’(@%u)ﬁ(u) and D;;QW(CIJ%U)H(U) are well-defined from 1 —~ <
35 and 1 — 2y < 2, respectively. We also note that the equalities

DY (@8 ,)es (u) = DRIV 2D + YOI X26520 + YO X' RY(2)) (1)

and
D (@%,)s+ (u) = D (Ry(YV) ZP) + Ri(Y) 2
+Y@5z0x L YWORI(Z) + YW X1623))(u)
hold by definition for u € [s, T]. Here, R§(Y)s := ¥, ") = V¥ — vVXL, for (s,t) € A.

In this talk, under suitable assumptions on X and Z, we will show that for (s,t) € A,

2) Ix(Y. Z)sr = Jim Z_tz bt

where the limit is taken over all finite partitions P = {to,%1,...,%;} of the interval [s, ] such
that s=ty <t1 <---<t; =1t and |7)| = maXOSiSZ_1|ti+]_ — ti|.



