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This is a joint work with Oliver Matte in Aalborg university [5]. The Nelson Hamilto-
nian with UV(ultraviolet) cutoff parameter ε > 0 is given by

Hε = Hp ⊗ 1l + 1l⊗Hf + gϕ(ϱε(· − x)).

Here Hp = −1
2∆+V (x) is a Schrödinger operator. The operator Hf = dΓ(ω(−i∇)) is the

free field Hamiltonian and ϕ(ϱε(· −x)) is a Gaussian random variable with cutoff function
given by

ϱ̂ε(k) =
e−ε|k|2/2√

ω(k)
1l|k|>λ ∈ L2(R3) ε > 0.

E. Nelson [7] introduces the renormalization term:

Eε = −1

2

∫
|k|>λ

|ϱ̂ε(k)|2

ω(k) + |k|2/2
dk.

Here we noice that Eε → −∞ as ε ↓ 0. It is shown in [8, 7, 1] that there exists a self-adjoint
operator Hren such that

lim
ε↓0

e−T (Hε−g2Eε) = e−THren .

The important fact is that we can not see the explicit form of Hren, it is however shown
in [3] that Hren has the ground state, and it is unique by [6]. Let Ψg be the ground state
of Hren. Let 0 ≤ ϕ ∈ L2(R3) and since (ϕ⊗ 1l,Ψg) ̸= 0, we have

(Ψg, OΨg) = lim
T→∞

lim
ε↓0

(e−THεϕ⊗ 1l, Oe−THεϕ⊗ 1l)

∥e−THεϕ⊗ 1l∥2

for any bounded operators O. On the Wiener space (Ω,F ,W ) the finite volume Gibbs
measure is defined by

µT (A) =
1

ZT

∫
R3

dxEx
W

[
1lAϕ(B−T )ϕ(BT )e

g2

2
Sren

]
for A ∈ F , where (Bt)t∈R is BM on the whole line. For some O it follows that (Ψg, OΨg) =
lim
T→∞

EµT [OT ] with some integrant OT . Let F[−S,S] = σ(Br, r ∈ [−S, S]) and we set

G = σ(∪S≥0F[−S,S]).

Theorem 0.1 [4, 2, 5] There exists a probability measure µ∞ on (Ω,G) such that µT →
µ∞ as T → ∞ in the local weak sense. I.e., µT (A) → µ∞(A) for A ∈ F[−S,S] for arbitrary
S.
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We show several applications in terms of infinite volume Gibbs measure µ∞ in [5].
(1.Super exponential decay of the number of bosons) Let NΛ be the truncated

number operator. Then

(Ψg, e
+βNΛΨg) = Eµ∞ [e−(1−e+β)

∫ 0
−∞ ds

∫∞
0 dtWΛ ] < ∞

for all β ≥ 0.
(2. Gaussian decay) It follows that

(Ψg, e
+βϕ(f)2Ψg) =

1√
1− β∥f∥2/2

Eµ∞

[
e
+

βS2
∞

2(1−β∥f∥2/2)

]
.

In particular (Ψg, e
βϕ(f)2Ψg) < ∞ for β < 1/(2∥f∥2) and lim

β↑1/(2∥f∥2)
(Ψg, e

βϕ(f)2Ψg) = ∞.

(3. Spatial decay) We have by [6]

Ψg = e−T (Hren−E)Ψg = eTEe−
∫ T
0 V (Bs+x)dse

g2

2
Srenea

∗(UT )e−THfea(ŪT )Ψg(Bt + x).

Here UT = − g√
2

∫ T
0

e−|s|ω(k)√
ω(k)

e−ikBsds and E = inf σ(Hren). Under some condition on V it

follows that
∥Ψg(x)∥ ≤ Ce−c|x|

for a.e.x ∈ R3.
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