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parallel transport

Let G = SU(n), and g = su(n), the Lie algebra of G equipped
with the inner product (-, -),, minus the Killing form. Let

Q! = QY(IR?, g) denote the space of g-valued smooth 1-forms on
R2. Let A= Ardx; + Ardxe € Q1 (A1, Ay € C(R2,g)). The
parallel transport % . o(t) € G (t € R) along the curve
¢ € C*°(R, R?) is defined by the differential equation

d%z}?(t) = A(e(t)) Zea(t) ZAk t))ek(t) % a(t),

with the initial condition % 4(0) = e.
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(2) I. Gyoéngy and G. Michaletzky, On Wong—Zakai approximations
with d-martingales, Proc. R. Soc. Lond. A, 460 (2004):
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(3) H. Kunita, Stochastic Flows and Stochastic Differential
Equations, (1990), p.281, Thm. 5.7.4.

Smooth approximation of Yang—Mills theory on .



(3) H. Kunita, Stochastic Flows and Stochastic Differential
Equations, (1990), p.281, Thm. 5.7.4.

200 yYMODOOO,DOO,0000000000000000O00O
U, 0d0bbbtbdoooobbo,oooooboobooboood
00000000000 0DO0DO0ObO0O0n lengthyO OO, 00O
goooon

Smooth approximation of Yang—Mills theory on .



(3) H. Kunita, Stochastic Flows and Stochastic Differential
Equations, (1990), p.281, Thm. 5.7.4.

200 yYMODOOO,DOO,0000000000000000O00O
U, 0d0bbbtbdoooobbo,oooooboobooboood
00000000000 0DO0DO0ObO0O0n lengthyO OO, 00O
goooon

0000000000000 (martingaleOOO0O)00O0OOOO
ddooooooooooo

=—> Wong-ZakaiO O OO martingale 00O O0O0OO0OOOOOO
ggoooon

Smooth approximation of Yang—Mills theory on .



(3) H. Kunita, Stochastic Flows and Stochastic Differential
Equations, (1990), p.281, Thm. 5.7.4.

200 yYMODOOO,DOO,0000000000000000O00O
U, 0d0bbbtbdoooobbo,oooooboobooboood
00000000000 0DO0DO0ObO0O0n lengthyO OO, 00O
goooon

0000000000000 (martingaleOOO0O)00O0OOOO
ddooooooooooo

=—> Wong-ZakaiO O OO martingale 00O O0O0OO0OOOOOO
ggoooon

Wong-Zakai 0 0 0 OO Rough path theory 0 00O OO OO0
goooad

00O, Rough path theory 0 0 0 OO OO O O Paracontrolled
distributions 0 0 O (GIP O O) (M. Gubinelli, P. Imkeller and N.
Perkowski, 2015) 00000000000 OOO0OOOOOOO
o, ggooooon

Smooth approximation of Yang—Mills theory on .




(3) H. Kunita, Stochastic Flows and Stochastic Differential
Equations, (1990), p.281, Thm. 5.7.4.

200 yYMODOOO,DOO,0000000000000000O00O
U, 0d0bbbtbdoooobbo,oooooboobooboood
00000000000 0DO0DO0ObO0O0n lengthyO OO, 00O
goooon

0000000000000 (martingaleOOO0O)00O0OOOO
ddooooooooooo

=—> Wong-ZakaiO O OO martingale 00O O0O0OO0OOOOOO
ggoooon

Wong-Zakai 0 0 0 OO Rough path theory 0 00O OO OO0
goooad

00O, Rough path theory 0 0 0 OO OO O O Paracontrolled
distributions 0 0 O (GIP O O) (M. Gubinelli, P. Imkeller and N.
Perkowski, 2015) 00000000000 OOO0OOOOOOO
o, ggooooon

000,000, GIPO0O0OO0OOODOD rough path theory (e.g.
P. Friz and M. Hairer, A Course on Rough Paths, (2014)) 00 00O
dooooooooooooooodoooodn

Smooth approximation of Yang—Mills theory on .



ooood

000000 ce C®(R,R?)000,000000000000
0000 Chiee O OO

Theorem (cf. Conj. 0.1)

Ql-oooooo AY (jeN)DOODOOOODOOOO OO
000000 SC e 0000

() PV € S, % = limj o0 %, po» € C([0,1], G)| = 1.

000 limOD0O00O0O00O00O0

(i) GOODOOOO {% :c€S, cisaloop} 0 R200 YMDO
Wilson loops 0 0 O OO0 O OO

Smooth approximation of Yang—Mills theory on .



Littlewood—Paley [ [

Let x, p € 2 be nonnegative radial functions on RY, such that

i. suppy is contained in a ball and suppp is contained in an
annulus;

i. X(2) + X js0p(27z) =1forall z € RY;

iii. supp(x) Nsupp(p(2~7-)) = 0 for j > 1 and

supp(p(2~'+)) N supp(p(277-)) = 0 for |i — j| > 1.

We call such (x, p) dyadic partition of unity, and we frequently
employ the notation

p1i=x, pi=p27), j=0.
The Littlewood—Paley blocks are now defined as
A u=F (xFu)=F Yp_1Fu), Dju:=F YpjFu), j>0.

The jth mollifying operator is Sju =} ;,<;_; Aju, which
satisfies lim;_o Sju = u.
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smooth approximation of g-valued white noise

Let W be a g-valued standard Gaussian white noise on R?. Define
the jth smooth approximation WU) € C>(R?, g) of W by
wl) .= S;W. Define the Q'-valued random variable

AD = AD dx + AD dxy € Q1 (AD, AY) € C(R2, g)) by

Xl
=0, A= [* Wea)de, x= () € R,
(2)
and define %, 5y by (1). The condition A(J (x) =0 is called the
axial gauge condltlon
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For t > 0, define XU)(t) = Xc(j)(t) to be the line integral of AU)
along ¢ | [0, t]:

x9(t) = / AV, (3)
c/[0,¢]

We see XU)(£) = [ [ wl)(€, eo(t)))en(t')dE dt".
For H:R? - R and h:[0,1] — R, let

E.(H, h) = /01 /Ocl(t) H(xt, ca(£)) h(£)éa () dq dt.
if the integral in the r.h.s. exists. Then we see
X(f)(t) — é’\c(W(J'), l[O,t])
Define & : L%°(R) — L2(R?) by

<H7€Ch>L2(R2) - 6,,\C(H7 h)? H e Lz(R2)7 he LOO(R)'

oooo Smooth approximation of Yang—Mills theory on .



Nice (well-behaved) curves

Let € C C*°(RR,R?) be the set of curves which are constant on
(—00,0] and [1,00), respectively. Define subsets €ryt, Coo C € by

CRot = {c € €: Rot(c) := sup | &l ‘ < oo}, (4)
(s,t)eRZ Lee
Cooi= {c€C: ||&lpoo < 00} C CRot. (5)

where [[E| ., = sup {[|€chll o 3 h € L=([0,1]), [|Al| o <1}

00000 e00000000000000000000000
D000000MO000000000000 Ciee CEO0D
O00000C.000 € 000000000000 00

gbobobobobobobobuobo e ,oooog
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Rough path theory

vooooooooood TOW)=Re Ve (Ve V)

(truncated tensor algebra) 0000 TA(V) O OO X = (r, X,X)
0000000 Xe GY™(0,T],V) (e XOODODOODOOO
0 Xo=0), 000 lift(X) € C([0, T], T®(V))DOooOoooOO

t
t > Lift(X)e := <1, X, / X,®dX,> e TA(Vv)
0

Xer =X;1@X, 0000 Xsy=Xs:® X, 00000 (Chen’
relation).

G@(v) := {1ife(X)e - X € G ([0, T, V)} < TO(V) (o)

00000000 O0000DO0DO0 Carnot-Caratheodory [0 [0
dec0000D00ODOODODODOOX,Ye GA(V)OODO

dec(o, X) = [X| +X[Y?, 0:=(1,0,0) € GP(V)
dec(X,Y) = dec(o, X10Y) ~ |Y — X|+|]Y =X — X ® (Y — X)|/?
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For X,Y € C([0, T], GA(V)),

doc(Xs,t, Ys,
dy-1s1(X, Y) = decip-nsto, 7)(X, Y) :==  sup decXsir Ysie) ; t)
0<s<t<T |t — s

(7)
c9([0, 1], 6A(v)) == {X € ([0, T], 6B(V)); dymn(X, 0) < oo}

Proposition (Prop. 8.12 of Friz&Victoir Book (2010))

Suppose 1/3 < h < 1/2, X € C"Hol([o, T], G@®)(V)) and
Xo =0=(1,0,0). Then there exists a sequence

(XM c ¢t ([0, T], V), n € N, such that lift(X("M) — X
uniformly as n — oo, i.e.

lim sup doc(Xe, lift(X(M),) = 0.

n=0 tefo,T]

If 1/3 < h <1/2, C"Hol([0,1], GB(V)) is called the space of
weak geometric h-Holder rough paths.
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Let XU) = xY (j > —1) be the g-valued process defined by (3),
and XY = (1, x9 x9y .= 1t (xY) e crHol([0,1], G@)(g)).
Using Thm. A.12 (p.583) in Friz&Vitoir(2010), we have

Lemma (Uniform rough path bounds in LP)

Letc € €y, g€ [l,00) and b € (1/3,1/2). Then

< Q.
La(P)

sup HdCC;h-H(jI:[O,l] (XEj), 0)
Jj=-1

Using Prop. A.15 (p.587) in Friz&Vitoir(2010), we have

Lemma (pointwise LP convergence)

Foreachce€ €y, g€ [l,00) and 0 <t <1, th converges to an

element X ; € Ch‘Hél([O, 1], G2 (g)) in L9, that is,

H dCC(Xg27 Xc,t)HLq(IP) =0.

lim
Jj—oo
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Theorem (Existence and uniqueness of RDE solution; step-2 case

of Thm. 10.14 with Thm. 10.26 in Friz&Victoir book (2010) )

Letd,e €N, h € (1/3,1/2] , and assume the following:
() V:RY — L(Re,RY) is in Lip”~*(R®), where v > 1/,
(i) (x'M) en is a sequence in C1V2*([0, T],R9), such that
sup, dcc;p-Heli[0, T] (lift(x(”))7 0) < 0.

(iii) x € CHoY([0, T], GP(RY)) satisfies

Iim,,_,oo dCC;O—Hél;[O,T](hft(x("))ax) =0.

(iv) yé") € R¢ is a sequence converging to some yq.

(v) y(") is the solution of the ODE

dy™(2) = V(D () d(8),  y7(0) = 5"
Then, there exists a unique y € C([0, T],RY) s.t.

lim-sub y(M =y in L.

n— oo

(lim-subj s y; =y <= 0 (ya)hen 0000000000 O0DOOOO
ooo yDDDDDD)
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Let W be a g-valued standard Gaussian white noise on R?.

WU) .= S;W. Define the Q'-valued random variable

AW = ADdxy + ADdx, € Q1 (AD, AY) € C(R2, g)) by
Xl

A(lj)(X) = 07 Agj)(X) = / WU)(53X2)dfa X = (X17X2) € Rza
0

and define %, 5y : R — G = SU(v) by (1).

ooooOoobDOoOorce,ooon

P[Ve €T, % = limsub %, a0 (in L) € C([0,1], 6)] = L.
Jj—0o0 2

00 GOOOOO %0 R>00 YMOOO Wilson loops 0 O O
000000 (ODo)o
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