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1. Preliminaries

Ro := R\{0}
o {7k ; k > 1}: the simple point process
(i.e. Tk: the (0, 4o00)-valued random variable, 7, < Tg+1 a.s.)
@ {N¢; t > 0}: the counting process defined by

Ne = To.(7%) (1)

k>1

@ {Zy; k > 1}: the sequence of independent and identically

distributed Rg-valued random variables

(i) the law of Z; has a C*°-density f(z) such that lim f(z) =0,
|z|——+oc0

(i) the sequences {7k ; k > 1} and {Zx; k > 1} are independent.
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o {(7k, Zr); k > 1}: the marked point process
e {L((0,t],A);t>0,A € B(Ro)}:the counting process defined by

N
L((0,t],A) = > Lo, (k) La(Zk) (ZZHA(Zk)> (2)
k=1

k>1

o {A\(t,A);t >0, A€ B(Ro)}: the conditional intensity given by

L((0,t + 6], A) — L((0,1], A) ‘E] G)

A, 4) = lim B

0

<]-'t = ﬂ o[L((0,s],A); s <t+e, Ae B(Ro)] VN)

e>0

° {A((O, t],A) ;t>0, A€ B(Ro)}: the compensator defined by

t
A((O,t],A) ::/0 A(s, A)ds (4)
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Remark 1
(1) Foreacht > 0,

L((0,t],Ro) = > T, () Iro(Zk) = Ny
E>1

(2) for each A € B(Rg), the process

{L((0,4], 4) := L((0,8], 4) — A((0,8], 4) ; £ > 0}
is {F; t > 0}-martingale.

L((0, ], A) :/t/ L(ds,dz)  A(t A) :/ A(t, dz)

A((0, 1], A) /t/ A(ds,dz) = // A(s, dz) ds
£((0, 4], A) // i(ds,dz)
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2. Hawkes processes

7(dz): the finite measure on Ry
h : [0,+00) — [0,400): bounded and Borel measurable

—+o0
IR (::/ h(s) ds> <1
0
Hawkes process

{L((O, t], A) ;t>0, A€ B(RO)} is called the marked Hawkes process
with the conditional intensity {A(¢, A); t > 0, A € B(Ro)}, if

A(t,A) =7(A) + /O/A h(t — s) L(ds,dz) (5)

Assumption 2

v

k>1

(<:> )\(t, A) = 7T(A) + Z h(t = Tk,) ]I(O,t] (Tk) ]IA(Zk))
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£ € C(Ro; [0, 400))

t Ny
o {Ly;t>0}, Ly = /O/ROE(Z) L(ds,dz) (z kglazk))

o (A5t >0}, A= /R £(z) A(t,dz)

o {Av;t>0) A = /Ot/]ROE(z)A(ds,dz) (: /Ot/Roe(z) A(s,dz)ds)

v

Write p = £(z) m(dz). Then, from (5), we see that
Ro
t
M=t [ [ hit—s) 6 Dds,dz) ©)
Ny
<= p+ Y h(t— ) E(Zk)>
k=1
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P (u) = 3>y h**(u)

Proposition 2

t t
)\tzu—l—/o\Il(t—s)uds+/()\ll(t—s)dis (7)

Proof of Proposition 2. Write v¢ = p + fg h(t — s)dL,. Since

/Oth(t—s) (/Osh(s—u))\udu> ds:/oth*z(t—s))\sds

from the Fubini theorem, we see that
t t
At (: w+ // h(t — s) £(2) L(ds,dz)) =p+ / h(t — s)dL,
0JRg 0
t
=7t+/ h(t — s) Asds
Ot t
=7t+/ h(t—s)'ysds—i-/ h*?(t — s) Asds =+ -+
0 0

t
=Vt +/ W (t — s) s ds = (the right hand side).
0
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BN =t i [ ()0 ©

7
lim E[A] = —F— 9
b0 [A] AR ()

Proof of Colollary 1. The first assertion can be justified by Proposition 2.
Assumption 2 enables us to get the second assertion, because

* h
o) = 3 ), = ! ““;”1

k>1

Proposition 3

For each t > 0, the random variable A is in (1),>; LP(€2).

Proof of Proposition 3. The assertion can be proved by the boundedness
of the functions h and £. O
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3. Integration by parts formula

N
At =p+ Y h(t— ) €(Z)
k=1

the integration by parts formula for A¢

[the Malliavin calculus for jump processes]
@ the Bismut approach based upon the Girsanov transform
@ the Picard approach by using the difference operator

@ the calculus focused on the jump-size components
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Assumption 4
® f(0+) = £(0-). f'/f € Cg°(Ro),
@ ¢ (04) =2 (0-),
@ there exist a constant C7 > 0 such that ziél]lgo |/ (2)| > C1,

@ there exists C2 > 0 such that inf h(t) > Ca.
t€[0,T]

N
)\gN,J) =p+ Z h(t — 1) £(Zi) + h(t — 75) £(z;),
k=1

N
I‘EN,J') — Z h(t _ Tk)2 el(Zk)2 + h(t — Tj)2 E'(Zj)za

Jj#k=1
N N.,j N N.,j

=774 =77.°
zj=2; zj=2;
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Theorem 1 (Integration by parts formula)

Let ¢ € CE(R) and 0 < t < T'. Then, it holds that

E[¢'(At) I(v,>1)] = E[@(Ar) O L(n,>1)]- (10)
£ 1 h(t — 75) £ (2;) f(2;)
O ==Lz ( o |

Remark 4
Under {Nt > 1}, it holds that

o~
Q.
A,

p(Ved) Z h(t — )2 €' (Zk)? + h(t — 1) €'(2;)?
J#k=1
> C?C2. (by Assumption 4)

v
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Proof of Theorem 1. lLet ¢ € C’g (R) and 0 < t < T. Then, we have

E[¢"(Ae) Iiv,>n)] = Z ]E[ ¢' (M) L, = N)}-

The integration by parts tells us to see that

E[QS/(A(N (N, = N)] ZE[ )\(N) h(t — 13)* ' (Z;) H(NFN)]

r™
- (N.5) h(t — 73) €' (Z;)
= Z E 3,( b (At )) @ Lve=n)
j=1 zj=2Zj Ft
- Ny h(E— T5) £ (25)
= Z ( )\ )) Wf(zj)dzj I(Ne=m)
j=1 t
N

2R

/ )\(Nvﬂ)) 9; (W f(zg)> dz; H(Nt=N):|

N h(t — 1;) €' (2
[ o Zf(zg) ( o )f(zj)>

zj:Zj
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4. Applications of Theorem 1

Let m € N and ¢ € CJ*(R) and 0 < t < T. Then, it holds that

E[¢™ () Iinvzn] = E[6(A) O™ Iv>y], (1)
where

®t (m = 1),
e ={ & O™~ h(t — ) € (2) £(25)

_ a t .’l. J J >

Proof of Theorem 2. lterative application of Theorem 1:

(the left hand side) = E[¢™ ™" (As) O I(n,>1)]
=E[¢o™ ™ (A) O I(n,>1)]

= (the right hand side). U
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Under Assumptions 1 and 4, for each 0 < t < T, the conditional law of
At admits a C°°-Lebesgue density under {Nt > 1}.

Proof of Theorem 3. Direct consequence of Theorems 1 and 2. Remark

that the inverse of @i’") can be checked by the assumptions. O

Theorem 4

E [H[y,+oo) (At) O, H(Ntzl)]
IP’[Nt > 1]

P[A: € dy|Ny > 1] = dy. (12)

Proof of Theorem 4. Let g € C3°(R) be non-negative, and write
G(x) = ffoog(y) dy. From Theorem 1, we have

Elg(Ae) Iiny>1) ] = E[G'(A) v, >1)] = E[G(Ae) O (v, >1)]

- / 9(9) E[ly 400y (Ae) O I, 51)] dy-
R
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5. Error estimate

T >0, &> 0: fixed

Ny Ny
Li=> £(Zy), A= / £(z) w(dz) + Y h(t — 71) £(Zk).
k=1 Ro k=1

Assumption 5

| N\

w(dz) = f(z)dz, ||| so,T (:: sup |h(t)|) <1
0<t<T

{ft; te [O,T]}: the compound Poisson process such that
Ele=¢Lt] = exp (t fie), (13)

where £¢(z) = e ¢4(3) — 1 and fie = / Le(z) w(dz).
Ro
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Proposition 5

EnT? [hliroe s
= 2(1— [kl

[E[e=¢5] — E[e=¢%] (14)

Proof of Proposition 5. Remark that

_ t _
Ele™¢%] =1+ ,15/ E[e™¢F<] ds.
0

t
Since e—¢Lt =1 + / / e=8Le— g, (z) L(ds, dz), we have
0 JRo

Ele *] =1+ E {/Ot/R e L= (s) A(s,d2) ds}

=1+ﬁ5/ E[e_ELs]ds
0

+E U;/R eLom () </0 h(s — ) L(du, dz)) ds} .

O
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