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We prove local well-posedness of CGL

We prove local well-posedness of CGL

dwu=(i+wWAu+v(l —|uPlu+&
on (0, 00) x T3,

where
m T3 = (R/Z)3: 3-dim. torus,
m & C-val. space-time white noise,
mi=-1,
B U is a positive constant,
m v is a complex constant.
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We prove local well-posedness of CGL

We prove local well-posedness of CGL

dqu=(i+wAu+v(l—|uPu+§

on (0, 00) x T3,

where
m T3 = (R/Z)3: 3-dim. torus,
m &: C-val. space-time white noise,

The white noise is too rough to define |ul?u.
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m D: the space of all smooth functions on T,
m D’: the dual of D,
m {ex}kezs: CONS of [2(T3), i.e. ex(x) = 2™k,
m {pn)So__,: dyadic partition of unity,

(1) pm: R — [0, 1], radial, smooth,

(2) supp(p—1) C B(0,3),

supp(po) C B(0,5) \ B(0, 3),
() pm(-) =po(27™),
(4) ano:—1 Pom(-) =1,



m Ff(k) :? k) = [1se_k(x)f(x) dx for k € Z°,
mFTh(x) = 4z D(K)ex(x) for x € T
= (D )f = F 1T = Zkezacb(k)?(k)ek,
m Ay =pn(D),
m C*: the Besov-HOlder space with the Holder
exponent « € R, i.e. the completion of
C> (T3, C) under the norm

Ifllex = sup 2| Amf] 1
m>—1



« + 3 > 0 is necessary to define fg !

For every f € @%, g € CP, a formal calc. implies

fg = <Z AV f) (Z Ang>
_< > o+ Y o+ > )A,mfAng
mzme+2 |m—mp|<1 m+2<my

=fog+fOg+rfog
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« + 3 > 0 is necessary to define fg !

Theorem (Bony ’81)

(1) Vo, VB, [If © gllexrors < [Ifllexllglles-
(2) ffoc+B >0, then [[f © gllexre S [|flle=llglles-

If and only if x + 3 > 0, we can define

fg=fog+foOg+feg e QP R
9 g g g

eBAO+o¢ eochB eoc/\OJrB



Commutator estimate

Let0O < x<1,B,y € Rsatisfy p +v < 0 and
x+pB+v>0.Forf,g he C®(T3C), we set

R(f,g.h)=(feg) ©h—1f(go h).
Then R is extended to a conti. trilinear map from
C* x CP x €Y to C*BHY uniquely.

From this proposition, we obtain
fgh=Ff(go h) + (fog)h+ R(f,g, h)
+(feg)e+0c)h+ (feg)h.



Simplified Schauder estimate

m Ll =0 —{(i+ A -1}

m P} = WA and I(u), = [ P}_susds,
m CrC* = C([0, T], %) which is equipped with
the supremum norm || - || c,ee.
Proposition

Forevery u € L¥C* andy € [«, x + 2), we have

cx+y

1H(W)]lcrer ST 2 ||ul|ex.




The white noise is too rough to define |ul?u

m Note L'u=—vuu+ (v+1)u+&.

m Consider the linearized eq. £'Z = &.
From & € L?G—g— and the Schauder est., the
sol. Z = (&) satisfies

ZcCree,

m Since the irregularity of u comes from &,
it is natural to guess

ue CC e,

m The product |u|u; = U?Ty is not defined.



m Let {p€lp--1 be a mollifier on T3,

mSetéf =p¢xEforevery0<e< i,

m Take some const. ¢, which ¢* — ccas € | 0,
mO<k<k <1

Theorem (Hoshino-lnahama-N.)

Let uy € @5, Consider the renormalized eq.

0 = (i+ AU +v(1 — |u]P)u
+ veus + &E°,
u(0,-) = up(-).



Theorem (Hoshino-Inahama-N.)
There exist a unique proc. u¢ and a random time
TS s.t

m u€ solves the eq. on [0, TS) x T3,

m /S converges to some a.s. positive random
time T, in probability,

m U° converges to some proc. u defined on
[0, T.) x T2 in the sense that u¢ — u in
probability in C,C~:' for every 0 < t < T..
Furthermore, u is indep. of the choice of £°.




Bl Deterministic part
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m We discuss our problem as deterministic one.

m We take deterministic & € CrC 2~ and fix it.
Note Z = /(&) € C1C 2™,

m We construct

m the product t?T by focusing on the most
rough term in nonlinear terms,
m a solution map from X% to D%~
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Rule and Notation

m We use the rule that
fee*gel—= fge VB a+h)

forany «, 3 € R.
m We use the tree-like symbols:

lwwZz=1¢), ~Z Vw22 VwzZ
In this symbols,

dot ~~ the white noise,
line ~~ the operation /.
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Reduction of our problem (Step 1)

Recall

1, 2—
L'u= vw+(v+1)¢+\§_/

1
3 _

njo

Wesetu=u; + Zforu; € CTG%— (—§+2:
Then

).

=

Loy =V +22G+2)+ (v+1)(u + 2).
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Reduction of our problem (Step 2)

Note that the term (uy + 2)2(t7 + 2Z) is eqaul to

2 2~ — = — 2 2>
usun+usZ+euii Z+2u ZZ +ug Z Z
1 1+\1/+ 101 + 1\1,-/—’_ 1\1/—*— v
0oe NI

- -7

m We replace ZZ, Z% and Z°Z by
XV xVe e and xV e cret-,
respectively, because they are ill-posed.

m We introduce W € Crei- st o'W = XV
and set u; = U, — vW for u, € C+C'~.
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Then
(*) [/1U2 = —V{(Ug —\/W)Z(U_Q—VW) + (Ug —VW)27
+2(up — vW) (G —YW)Z

2t — W)X 4+ (G — WX
b (v 1) (tp— YW+ 2)

= —v{2(u—V W)XX + (U_Q—VW)XV}—I— G_1(uo).
In (RHS), the following terms are ill-defined:
wLWZ, W2Z, wWzZ, Wz, WWz,

UQX\'::, WX\;, u_gXV, V_VXV.
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Definitions of WZ, W?Z, WZ, WZ and WWZ

m We introduce X\Lf ,X\U € CrC% and

define WZ, WZ, W2Z, WWZ € CrC =z~

m From u, € CrC'~, the products i, WZ, us, WZ
and u, WZ are well-defined.

m In fact

WZ=We+0e)Z+ XM,

o

Wz = W(@+®)Z+X\Lf
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Definitions of WZ, W?Z, WZ, WZ and WWZ

m From the commutator estimate, we can define

W?Z = WZW

zzwxh Y R(W.Z. W)
+(WeZ) e+ )W+ WWs 2),
WWZ = Wzw

— V_VX\R;[ + WX\Lf +R(W,Z, W)

+(WeZ) e+ )W+W(Wes 2).
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Definitions Wx" and Wx"

m We introduce XM X e CrC '~ and

define

WﬂiﬂW@+®Mv+;k},

wx' = wx

—We+e)X! +X



We cannot define UQXX'": and u_2XV

m Since u, € C7C'~ and X'\XV € CrC 1, we
cannot define UQX\"': and U_QXV.

m The replacement u, = uz + (proc.) does not
work well. Because u; € CrC'~.

m We need new idea.



Reduction of our problem (Step 3)

We consider the following system:
Llv=F(v,w), L'w=Go(v,w)+ G_1(v+w),
where
Flv,w)=—v{2(v+w—-—vW)© X\
+ (V+wW—YW) @XV},
Go(v,w) =—v{2(v+w—vW)(©+ @)X\'fo
+(V+w—VW)(e + @)XV}

Then u, = v+ w € C7C'™ solves (x).



Regularity of v and ill-posedness of v © xV

m F(v,w) € CrC ' follows from
s v+we Cre'™, We Créi,
n X\"::,XV e CrC 1.

m Hence, v € CyCT'~.

m The resonants v ©® X\ X0 XV are ill-posed.



Definition of v © X" and v © XV

m In order to define them, we introduce

n x\ € CrCH1— st Ux\'j — X\"?

'YECTGJr1 s.t. L1 Y XV

. xw \Q} x\éf € Creo.

m Define com(v, w) € CrC'* by

v+v{2(v+w—vW) @X\.

—I—(V—I—W—V_)©XY}.



m Note that

v~ com(v,w) —v2lv + w—vW) e X |
sy ex )
and
((v—l—W—vW)@X\:p)@X\’?
—R((v+w—vW), x\:p, XV

+(v+ W—vW)(X\f o X",



mVOo X\ is defined by

—v{2(v+ w — VW)X&);

+ (V+W— v_)x\éy

F2R(V+w— VW, X\ X4
+RV+wW—VW, XY, x\-"’p)}

+ com(v, W)@X\;.

mBVQO XV is defined in the similar way.
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We can construct a conti. sol. map

Forevery0 < k < k' < 1/18 and T > 0, we set
-Kr:CTG*%*"x 9X:(XT,...),
DX C Cre—st x Cre a3
We call X ¢ X% driving vector.
Theorem

(1) Forevery (vp, wy) € C—5tK x @~272% gnd
X € X%, there exists T, € (0, 1] such that the
system admits a unique sol. (v, w) € DKT;"/.

(2) The map (vo, wo, X) — (v, w) is conti.



El Probabilistic part
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Construction of a driving vector X

We construct a driving vector X = (XI, ...) st
PUTE)

where I(u) = P} [°_ P usds + [ P;_sus ds.
To this end, we set

mX© = pS,

m &=t x &y,

mxel = ze e,

W= E[Z(et,X)Z(";’X)]: const. indep. of (t, x).



We define distributions X¢* as follows:

Symbol Definition
el i
! ol
<V el
eV | xelxel_ s
el | xelp
x| xeVxel Zpeexcel
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Symbol Definition
¥ ixeVy
xe V| e
xe b —we| e ¥
¥ o]
A R I
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Renormalized equation

For X¢ = (XevT, ... ), we consider the system

L1ve = F(ve, we),

LIwe = Go(ve, w€) + G_1(vE + we).
Then, u¢ = Z2¢ — vWe€ 4 v¢ + we€ solves
0t = (i + AU +v(1 — U uc + veus + E°.

with the initial condition u5 = Z5 — vWy + v5 + wj.
Here ¢ = 2(c§ —Ve5, — 2ves,).
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Convergence of X¢

Lletk >0, 7T >0and 1 < p < oco.

Proposition

- T el
Ié?gE[HX XS /o] = 0.

Proposition

ForT—V\ Y\ \I M\L} \Q}

NS AN ', {X®To<e< is a Cauchy

sequence in LP(Q, CTC*¥~%). Here, «* is suitable
regularity.




From these propositions, we see the following:

Theorem

3X%-val process X s.t. XI = /(&) and

lim E[|| X — X¢|
€l0



Proof of Z¢ — x¢! — x1 = 7

Forany k € 23 and t € R, Z/(k) is a mean-zero
C-val. Gaussian r.v. with covariance given by
e—47t2i\k|2(s—t)—(4712u|k\2—|—1)Is—tl
Am2pl k|2 4 1
E[Zs(K)Z:(1)] = 0 = E[Zs(K)Z(/)].




Proof of Z¢ = XﬁvT — XT —

Since Z¢ = Xe(k)Z we have
[Am(Zi—ZN(x) = > pm(k}{1 — X (K)}Zi(K)ex(x).

Let 0 < h < k < 1. We obtain
EllAm(Z — ZF)(x)P]
=Y pm(K)*{1 =X (K)PElex(x)/

keZ3

S Y om(k)P(elk)? (kP + 1)

5 €2h(2m)1+2h.



Proof of Z¢ — x¢! — x1 = 7

Hence, for « = —1/2 — k, we have

E[HZt _ZteHéli] 5 Z 2(20cp+1)m{€2h(2m)1+2h}p

m=—1



Proof of convergence of X “*V, X evc\”,. ..

We calculate integrability of the kernels of the
lt6-Wiener integral X¢*. To this end, we use

m the product formula for the It6-Wiener integral,

m the Fourier transform wrt time parametors of
the kernels
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Thank you for your attention.

40/40



