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Introduction

@ There are recently developed theories by
e Hairer,
o Gubinelli-Imkeller-Perkowski,
o Kupiainen,
which give meanings to singular stochastic PDEs
KPZ,
o3, @F,
PAM,
SNS,...

@ General theory ignores specific properties of nonlinear terms, so
(except PAM) we can obtain only local-in-time existence in general.

@ In this talk, we show how to obtain global-in-time existence for the
two examples (we consider both of them in the torus):
o Coupled KPZ equations,
e Complex stochastic Ginzburg-Landau equation.
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© Coupled KPZ equations on T
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Coupled KPZ equations

e Ferrari, Sasamoto and Spohn (2013) discussed the equation of
h=(h*)ay:

Och®™ = 305h™ + 373, 0ch°0ch" +0§¢°, t>0, xeT, (KPZ)

where (£%)9_; are independent space-time white noises, (05)2,5:1
and (rgv)gﬁvzl are given constants. o is invertible and I'* is
symmetric:
o rOé
By — 1B
@ The equation (KPZ) is expected to appear as a space-time scaling
limit of a microscopic system which has d conserved quantities.

@ A similar equation appears in Hairer's work as a motion of loops on a
d-dim manifold, although then I and o are functions of u.
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lll-posedness of the KPZ euqation

e C® := the completion of C°°(T) under the B35, . -norm.
o The solution h = (h*)?_, of coupled KPZ equations is expected to
belong to the space C(Ry, (C’_”) ) a.s. for every k > 0.

o The nonlinear term 9xh?d,h is a product of elements of C~27, so
that ill-posed.

@ For a scalar valued case
Och = 302h + 1 (9xh)? + ¢,

the Cole-Hopf transform Z = e” formally solves the multiplicative
SHE

0Z=1927 + z¢.
h = log Z is the so-called Cole-Hopf solution.

@ For a multi-component case, such transform does not work in general.
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Local well-posedness

Theorem (Funaki-H)

Let £9%(t, x) = (£%(t) * n°)(x) be a smeared noise by an even and smooth
mollifier n°(x) = e n(e~1x). There exists a constant matrix
(Bevﬁ'y)gﬁ:1 = O(log e™1) and the solution h® = (h“*)d_; of

Dphe® = %8)2(h6’a + %r%’y(axhaﬂaxhe,v — AP — Be,ﬁv) + Uggeﬁ?
h<(0,-) = ho,

where c¢ = €71 [ 1?(x)dx and A®Y =3 0'5 o], converges locally in time
to a universal limit h as € | Q.

@ When d = 1, the limit h coincides with the Cole-Hopf solution.
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Global existence

Global in time existence of the limit h is derived by studying an
invariant measure.

The tilt process u = Oxh has an invariant measure in scalar valued
case.

Funaki (2015) showed the infinitesimal invariance under the conditions

o=1, T3, =T,

The equation (KPZ) is equivalent to

Och™ = 102h + 315 o hPo b + ¢,
where h* = (0~1)3h% and Fg. = (0712 TY) 0f o .
If the trilinear condition

fg, =% =175 (TL)

holds, the equation (KPZ) is expected to have a Gaussian invariant
measure.
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Main result

@ Coupled stochastic Burgers equation of u = (uo‘)g:1 = Oy h:
Oeu®™ = J5u™ + 3% O (u’u7) + 0§0x&”, t>0, x€T, (SBE)

1
on the space (Cy 2 )9 = {u € ( —3- 4 [pu(x)dx = 0}.
@ Let s be the distribution of a centered Gaussian noise

n = (N*(x))i<a<d,xeT With covariance

E[n® ()0’ (y)] = AY5(x — y).

Theorem (Funaki-H)

If the trilinear condition (TL) holds, then for ua-a.e. initial value
g € (Cy 2 "), there exists a unique solution u of (SBE) on [0, 0) a.s.

1
. . —5—K . .
Moreover, the solution u is a Markov process on (C, > )¢ which admits
WA as an invariant measure.
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Main result

Corollary (Funaki-H)

1.
If the trilinear condition (TL) holds, then for ya-a.e. ug € (Cy > )9, there
exists a unique solution h of (KPZ) on [0,00) a.s. when Oxhg = ug.

@ Hairer and Mattingly (2016) showed that the Markov process u is
strong Feller. (In precise, the state space is taken as

(G ™) = (G 7 ™) u{al

by defining u(t) = A when t > T,.) As a result, the solution h of
(KPZ) exists on [0, 00) for all initial values hy € (C%_“)d since ju4 has

a dense support on (Cy 2 " )“.
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Linearizable case

o If there exists an invertible matrix s = (sg‘)gﬁ:l such that

By = (s s

a/
then h® = ghﬁ satisfies

0:h™ = 2028 + 3(9xh™)? + s§oler.

he

@ In this case, the Cole-Hopf transform Z¢ = e works, so that global

existence of h for all initial values is trivial.
@ Since each component i = 0,h® has an Gaussian invariant measure

lhe, there exists an invariant measure y of i = (ﬁa)gzl, whose
marginals coincide with p,. However, the explicit form of y is unclear.
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Proof of the main result

e Py = ¢(ND) : Fourier multiplier operator defined by an even and
smooth cut-off function ¢ € C3°((—1,1), [0, 1]) such that ¢(0) = 1.

@ We consider the Galerkin approximation
Oeu = $07uM + 319 O Pu(Pyu™P Pyu™T) + 050,67, ()
1
uN(0,-) = up € (Cy 2 7).

o u" — u : unique solution of (SBE) until the time T, > 0.
@ L4 is invariant under the OU process 0;u = %8)2<u + 00x€.

® L4 is invariant under (GA), since

(A Naar (1%, 0k Pu(Prnu™ P Py ), u™oy 2y = 0.
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Proof of the main result

@ (GA) has a global solution and satisfies

sup / L E[sup [lBV()P L Ipa(duo) < oo,
N (c02 )¢ te[0,T] (002 )d

for every T >0 and p > 1.

® Ly :=supscpo, 7] |uMN(t) , is bounded in LP(P x pa), so that

[
€2 )
I{Ni} subsequence such that

Ly, — 3L  weak*.
o uMe — u: sol of (SBE) on [0, T.). Therefore

sup  Ju(t)|] _1.. <L<oo, Pxuasas.
te[0, TLAT) (L

@ u(t) does not explode a.s. for pa-a.e. up.
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© Complex stochastic Ginzburg-Landau equation on T3
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Complex stochastic Ginzburg-Landau equation

We study the complex-valued equation

o= (i 4+ p)Au—v|uPu+ A u+¢& t>0, xe TS (CGL)

£ is a complex-valued space-time white noise.
pw>0and v, A eC.

(CGL) describes the amplitude of the slow modulation in space and
time near the threshold for an instability.

i 0 = Nonlinear stochastic Schrodinger equation?
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Paracontrolled ansatz

@ Setu= Z —v W 4+ i, where
~— ~— =~
—1/2— 12— 1-

WZ =(i+p)AZ+¢,
HW = (i + p)AW + 2?2,
O¢li = (i—i—,u)A"—V(L"I—VW)z('—DV_V)
(i — vW)2Z 4 2(d — vW)(T — o)}
—v{2(a VW){;‘F(Z)*I; )
12— 1= 1/2—
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Paracontrolled ansatz

@ Setii=_v +_w , where
~  ~~
1- 3/2—
Opv = (i + p)Av —v{2(v+w —vW)© ZZ + (v + w — tW) © Z%}
=: (i 4+ p)Av + F(v,w),
Oew = (i + p)Aw —v{2(v+w —vW) 0 ZZ + (v + w — W) 0 Z°}
+ others =: (i + u)Aw + G(v, w).
@ v has the form
v=—v2(v+w—vW)e Y1 +(V+w—-oW)e Yo }+(C¥?*),
1- 1—
where
OV =(i+pAY1i+22Z, 0:Ya=(i+p)AYs+ 2>

'[herefore VQgZ and v ® Z2 are defined if I © ZZ, Yo 0 ZZ,
Y1 ®Z2% and Yo ® Z2 are given.
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Local well-posedness

e 0<k<k <1/18: small, c >0 : large.
@ Drivers
Z=( Z , W WoZz W@Z 722,272 . Y1, Ys,
~1/2-x'1/2-k -k —1-r —1-k 1-% 1-%
chazz Y2®ZZ Y1@z2 Y2®Z2 Woezz,Wo Z?).
—1/2—k  —1/2—-k
@ We consider the system

{ Orv = (i + p)Av + F(v,w) — cv,

Orw = (i + p)Aw + G(v, w) + cv. (C6L)

Proposition (H-Inahama-Naganuma)

2 1
For every sequence Z and initial condition (v, wo) € C~3T% x C~272",
the system (CGL'") has a unique solution locally in time.
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Local well-posedness

Theorem (H-Inahama-Naganuma)

Let £°(t,x) = (&(t) *n)(x) be a smeared noise by a smooth mollifier
n¢(x) = e In(e~1x). There exists a constant C¢ = O(e~1) and the
solution u® of

Oet® = (i + p)Auf — v|u)?ut + Cue + £,
u“(0,-) = wo

converges locally in time to a universal limit u as € | 0.
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Global well-posedness of &3

@ Mourrat and Weber showed global well-posedness of the real-valued

equation
u=Au—ud+mu+¢€ t>0, xeT3,

where m € R.
@ Our proof is entirely based on theirs, but partly improves it.
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Main result

Theorem (H)

Let p > ﬁi and Rv > 0. Let 0 < k < k' be small depending on . For

every T > 0 and Z, there exists large ¢ > 0 such that the following result
2 / 1

holds. For every (vo, wg) € C™3T% x C~272%, there exists C > 0 such that

any solution (v, w) of the system (CGL") on [0, T] satisfies

sup (|lv(t)|l —24 +llw(t)] _15.) < C.
te[O’T](II (Ol o=z 4w + 1w (-3 20)

@ Although the system (CGL') depends on ¢ > 0, the required process
u=2Z—vW + v+ w does not.
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Space B

o Instead of C%, we use By (p € [1,00)) in the proof.
e u=>);Aju (Littlewood-Paley decomposition)

lullsg = sup 2| Ajul| o
1

1_1,1
Let =5 ¢ T
O lluevigs S llulleellvllge-

Q a<0= [uevlges S llullsglIvigg-

Q a+8>0= [luevlgms S llullsgllvie-

In particular, a4 > 0 = [[uv||gans S H“HB,?H‘/Hsg'
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Let p > 1 and g = 252,

@ Control Hv(t)”zpltz, by Hw(t)||i§pt§ (Gronwall type inequality).
2 K
2p+2

2p+2 . .
@ Controll [[w()[52 by [w(t)]?,.,., (L2° inequality).
q

@ Controll HW(t)HZI‘FZK/ by
q

2p+2 2p+2
(small) x (HV(t)HB”;K, + w55 + WOl fyr20)-
2p+2

o(t)
@ A priori L1[0, T] estimate of ®(t).
@ Step 4 = L>[0, T] estimate of ||v(t)|

’ Liwr
2p+2
O Step 4, p > 3 = L*°[0, T] estimate of ||w(t)]| 3w
Bq
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Orv = (i + WAy —v{2(v + w —vW)© ZZ + (v + W~ #W) © Z°} — cv.

For every p>1andt e [0, T],

t 14w/
[Vellizor2 S €l voll 2042 +/ 79— 5) T (1 + || we | 2o ) s,

8]
Ivell 310 < [Ivoll 1+rx+/ (t =) 737" (1 + || wsl 20+2) d.

2p+2 2p+2
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Step2

o 0w = (i + p)Aw —vw?w + - -
e Doering-Gibbon-Levermore (1994) showed L?P-inequality for the
solution of deterministic CGL when

1<p<l+p(p+1+p?).

Choose sufficiently large ¢ > 0. For every
pe(L5A{l+u(p+/1+p?)}) andtel0,T],

2 2
lwell22, + / Iwel 222 s

2p+2
S 1+ vl 552, + lwoll5, + / Iws I g2, 05

2p+2
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Proposition
There exists T, > 0 (indep. of (vo, wp)) such that for every s < t € [0, T]
with t —s < 2T,,

1 -H;
2p+2

2p+2 2p+2
[ UGyt S 1 P52, 3553+ ey = 1+ ().

. 2 2 1
Key estimate: HWZII"IH, S w5 + Wiy (= Bony's

decomposition and mterpolatlon )

Under the assumptions above,

.
/ O(t)dt < C = C(vo, wo, T) < o0.
0
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Recall the estimate in Stepl:

t
3
Ivell 31 < lIvol 1+,4+/ (t =) " (1+ || ws| 20+2) .
BZ 2 0

2p+2 2p+2

Proposition

sup_[lvel 3.0 S 1
tE[O,T] 2p+2
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o wy = et(i—l—u)AWO + Zj fof e(t—s)(i—i—u)A G:,(S)ds

@ Young's inequality

l
jwll, 32N51+Z(/ (Tt qfdt) 160,25

(1+ % = i + i) implies the improvement of temporal integrability.

), then we can perform O(||°g”

o If p> (@u > 2\[ |)-times

improvements and obtain

Proposition

sup_[lwell 5 . S 1.

te[0,T] Bg
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