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Introduction
e DcRRY,OODOODO (A),BOODODO.

e J00ODOO0ODO,00D0O0DOOOOODOOOO
0000000000 0oOooooooooao
(O O, Lions-Sznitmann, 0 O).

e 00O (A),B),HNHDOO,00D000drive0 OO
reflected rough differential equations 0 U O O O [J
oooodo. (Euler-Maruyama OO 00 dQd
O0ono)

e JOO,(A),(B0DODODODODODOOO
0Qg.
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Introduction
e Euler-Maruyama U U

e Controlled pathO O 0O 0O O Schauder O OO OO
(Oooooon)

goouobodoooobuoooooooog.
SchauderUOOODOOOO0ODOOOOODODO
path-dependentd RDEO O OO O UOUOUOOOOQOQOd
goooobbon.

Remark 1

X;:proughpathOOO 2<p<3).y>p00O000O
O000.o €Lip” 000, RDE dY; = o(Y,)dX, 0 O
D000000.00000 Davied GubineliO OO
DO0O0OecelipP 0000000,
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Plan of talk

Q@ UOo0O0O0DOoood
@ Path-dependent rough differential equations
@ Main Results

© Support theorem for reflected diffusions
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00O (A), (B), Skorohod [1 [J [

D c R? : open connected set, x € dD,
Ner=meR|In| =1,B(x-r,r)N D = 6},
Ny = Upso Ny s
B(a,r)={y e R ||y —a| < r}.
Condition (A) (Uniform exterior sphere condition)
Arg > 0, Ny = Ny, #0 VYx € 0D.

Condition (B) There exist6 > 0, 6" < 1 and a unit
vector I, for any x € D such that

inf {(Z,;,n) | n € UyepanapNy} > 8.
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w € C([0,T] » RY),wy € D
00000 Skorohod O O
yi=wi+d, y €D t20,

t
¢ = f 16D(ys)n(s)d||¢”1—var,[0,s]9 t>0,
0
n(s) € N,, if y, € aD

e (Saisho) OO (A), (B)O OO SkorohoddO OO OOO
Oo0o0ooobooodrswe yUd sup-norm 0 0O 0O 0
O0.00 L:weH OO ODOOOO:

(H1), ”L(w)lll—var,[s,t] < F(”wlll/ﬂ—var,[s,t])l|w”oo—var,[s,t]
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00 (A),(B)00,ec0000000000,000
SDE

t
Y, =yo + f o(Y,)dB; + D,
0

L(yo + f O'(Ys)st) = @,
0 t

DDDDDDDDDDD.Zt=y0+f0t0'(Ys)stDE|
00 Z,O Path-dependent SDE

t
Z =yo+ f o(Z, + L(Z),)dB,
0

googooag.
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OooobbbO Looodgoobobbnb, RDE

t
Zi=¢+ [ o, L@)x,
0

O0oooooo.LZ),,=o,0000,000000
t
Zt=§+f O-(Zsaq)s)dXsa
0

®, = L(g + f | o(Zs,(I)s)dXs)
0

t

O00.X0O Controlled paths DD OO @0 000
73" X Vg, 00 Schauder 000000000, 00

googobooo.
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1/B-rough path

e 1/3<p<1/2
@ X=X, X;) (0<s<t<T):1/B-rough path
on IR" with the control function w.

X4l < NIXllg(s, 05 1Kl < IXlIpe(s, )%,
@ GB(R") : the set of 1/B-rough paths
@ w(s,t) = |t —s| = X, is a B-Holder rough path.
If Xs,, is @ rough path with finite 1/8-variation, setting

— 1/B 1/2p)
(s, f) = max (”Xlll/ﬁ—var,[s,t]’ IIXIII/(Zﬁ)—var,[s,t])’ we have

max(||X]lg, [IX]l25) < 1.
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p-variation norm, w-Holder norm

”w”oo—var,[s,t] = Imax Iwu,v|9
sSu<v<t

N 1/p
”w”p—var,[s,t] = {Sllp Z thk-l,tklp} ’

P k=1
Let w(s, ¢) be a control function. For0 < 6 <1,q > 1,
0 < s <t < T and a continuous path w, we define

Wllogs.1 = inf{C > 0 | wyyl < Co,v)’s <u <v < t),

0
”w”q—var,[u,v] < Cw(u,v)

IIwIIq—var,O,[s,t] = inf{C >0
sSu<sv< t}.
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g-variation norm [0 w-Hoélder 00 00 00 0O O
For two parameter function Fs, (0 < s <t <T), we
define ||Flo,s,.; and || Fllg-varp,s,.1 SiMilarly.

Vo = {w € C(10,T] > E) |

Iwllg := IWllogor) < oo,

Voor(E) = {w € C(10,T] - E) |

”w”q—var,0 = ”w”q—var,a,[O,T] < oo}-

@ V,is a Banach space with the norm |wy| + ||wlle-

@ V,or(E)is a Banach space with the norm
IWOI + ”w”q—varﬂ-
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e w : 1/B-rough path X, O control function

@ w(s,t) =|t—s| 00 B-Hoblder rough path,

@ X, U 1/B-variation 0 O 00O OO 1/B-variation
normd « OO 00000 1/B-variation norm O [
Oo.

e 1/B<p<3000p0OOOO X, O p-rough
path.

eV, ,(RY):O00RDEOOODDOODDOOD
00

q>1000000000, Schauderddooogn
goooob,doooobbbgoooobbod
gooo.
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Controlled path 0 O O 9§9(Rd)

@ X, : 1/B-rough path on R” with the control w.
@ 1/3<60<B.

gie(md)
= {(Z,2") € Vo(10,T1,R?) x Vy([0, T], LIR", k%))
IR |l29 < oo, }

where R” = Z;—Z; - Z'X,. @;O(IR") is a Banach
space W|th the norm

W(Z, Z')l20 = 1Zo| + 1Z| + I1Z’lg + IR |-

Z; e L(R",RY) is called a Gubinelli derivative of Z with
respect to X.
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Loggoogog
Let &, 17 € RY. Let L be a mapping from
Vs([0,T] - R? | wy = &) to C([0,T] = R? | wy = 1)
and satisfy the following conditions.
(1) (adaptedness) (L(w)s)y<s<: depends only on
(wg)o<s<: forall0 <t < T.
@) L : (Voo Il * lleomvar) = (CAO, T, 1l - lloomvar) i
continuous.

(3) There exists a non-decreasing positive continuous
function F on [0, co) such that

”L(w)lll—var,[s,t] < F(”wlI(l/,B)—var,[s,t])IIw”oo—var,[s,t]
0<s<t<T.
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]
()OO (A, (B 000000 DcR
Skorohod DO OOOOO L:wi ¢

() Let f = (f1, ..., fa) € Lip'(R?, R?) and define
L(w)t = (52?; fl(ws), ey 52?535 fd(ws)) . (1 )
oooo

1Xsol < (s, P, X4l < (s, t)#

Ooooobobo.oooogoono, X, U 1/-variation O
go,oobbodggooon:

_ 1/8 1/2pB)
ols, 1) = max (I e,
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Lip” 00 O

y=n+0(n:0000,0<0<1HDO0O0,
o € Lip” (R4, R")
L —

ol C'U0dd D"o O 6-Holder O O
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HREEN

@ o € Lip” '(R? x R, L(R",RY)) 2 <1/ <y < 3)
o L:Vs(0,T] » RY|wyg = &) - C(I0,T] -
R\we=mpODOO00OO000

000.0000,000000 (Z,Z')e.@jf(md)mm
oo,
t
Zo=¢+ f o(Zs, L(Z),)dX,,
0
Z; = O-(Zt’ L(Z)t)’
1Z 4| + WAZ)1=varis,n < C(A + (0, £))w(s, 1P,
IR? | < C(1 + w(0, ))w(s, )%,
CO F,B,y000000000.
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BN
e JUOUORDEDDOODODOOOO

(H1) ”L(w)lll—var,[s,t] < C”w”oo—var,[s,t] (CD 0O )

oooo,0bo0boobooooo.H)yoooooooo
O0o0o0d (Wuoo)y:p0b0b0oooboboogIog
gooooboog:

inf{(/, n(x)) | n(x) € Ny,x € D} > 0.

e Lw)=0000O,000000RDE.OODOO,
oceLip”'00,00000000 Davie, Gubinelli O
O00D0000.000 ZRZ00ODO0OO0O0ODOO
OD=ROO0O0DOO0O0ODOO.

e L[w)UUUUOOUOOOOODODODOO.
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Joogoogoogoodn

Proposition 2
Let0 < B < 1. Assume

”L(w)lll—var,[s,t] < F(lleI(l/ﬂ)—var,[s,t])l|w”oo—var,[s,t]
0<s<t<T.

Then we have

~

WL 1—vargs.r < F (I9111/p-saris.ar) W lloomvars.c
0<s<t<T,

where F(x) = inf..o F(&) {(g)“ﬂ + 1}.

v
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0000
1/Bp<p<y0dod pooddn. a,a,q U

~

1
- <a<a<p, ap>1, 1< qg < min P ,é
3 p—-1a

00000000, LZ),=®, 0000
t
Zt=‘f+f O-(Zsaq)s)dxsa
0
(I)t=L(§+ f G(ZS,CI)s)dXs).
0 t

.@;"x"Vq,@DDDDDDDDDDDDDDDDD.
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@ o =o0(x,y) (x € Rl y € RY),

@ Do(x,y)lu,v] = Dio(x,y)u + Do(x,y)v,
u,v € R%.

(") Yt=(Zt,q)t)D|:|D

E = o (Y, )Xst + (Dlo')(Ys)Z Xs t

+ (D20)(Yy) f @, ® dX,.

t
I((Z, 7, (I))s,t = f 0(Zy, ©y)dX, := lim Etintie

|P|—=0
P={t;}
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gooooogood

Lemma 3
Let ¢, @ be positive numbers such that
1 1
g=1, —-+-21, 0<a<l.
P 4q

Let ® € V,4(R?) and X € V3(R"). Then

t
'f (I)s,r ® er

X4 < Co(s,t) - X0 p—e0ODO0O0 Bp>100)
->®0¢g0000000,YungDOOOOOODOODO
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Let

— p— —
(6'—')s,ut = ':s,t - =g s,u |='u,t'

1
-<a<a<p, ap>1, 1<q<L
3 p—-1

then

|(6E)s,u,t| < CK,f (”RZIIZQ',”Z/”a'9”Z,”oo,”q)”q—var,d/)
(1 + w(s, t)”z) w(s, )Pro-be,

where

K, = ||Dolly-2 + || Do,

f(x,y,z,w)=x+y+ (x”‘2 +7277% ¢ w”'z) (z +w).
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oot

Lemma 4

oooooo:
e (Z,Z) € @f{a(mzd) and @ € V,;(RY),
@1/3<a<a<pB, ap>1, 1<qg<p/(p-1)

oooo,

(Z, Z'), @)1 < Kg (IR Il20s 12 las 12" lloos 1@ lgvar)

(1 + w(0, t)1/2) w(s, 1.

000 KO [IDolle, I1Dlly—2, 8,y DO OO DOOO,

g(x,y,2,w) := f(x,y,2,Ww) + 2+ w.

v
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e SchauderO O OO OO
EFEOOOOOOO,KOOOOOOOoOOooOoDOo.
M: K- KOOODOOMMKEKOOODOOOOOOO
OMOOOOOOOoOoO.

E = @}2(0 X q/q’&,
W(Z, Z"), ®)I| = |Zol + IZ| + [1Z’llo,j0,r)

z
+ IR [2e0,r7 + | Pol + I®llg=varao0r. 0 < T <T.

Egy = {(2,2),®) € E| 2y = £,2; = o(&,m), @y = n).
By ={((Z,2"),®) € Eq, |
1Z Nlojo.11 + IR llorgo.11 + 1@l gmsargory < 1)
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B, = ((£ + o0&, Xs0r o€, 1))
000000 EO00 10000

Zt = f + I((Z, Z’)a q))ta
O, =L(E+1(Z,Z), D))
goooood,dd

M:((Z,Z'), D) (€ Ezp)
b (€ +1(Z,2)), ), 0(Y)), L& + I1(Z, Z'), D))).

gooo.
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Lemma 5

1
§<a<d’<ﬂ, ap > 1, 1<q<min( P ,l—;)

p—-1a
ood.
QO ME;)CcE,, 000, MO00.

Q@ I'o00000NNNN. 0000, M(Bg,) C By
00 M(Bg,) D0DODOOODODO.

SchauderO O OO QOQOOO,0000000O0O.T"0O
E0opooooooooo,,ruooooooobon
gooo((@obobobobbobobdooogog).ooga
gooooboooooon.
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Reflected rough differential equations
Theorem 6

Assume D satisfies conditions (A) and (B). Let

o € Lip” \(R?, L(R",R?)) and £ € D. Then there
exists a controlled path (Z,Z’) € @;ﬁ (R%) and

® € V15RY) suchthat Y, = Z, + @,

t
Y, =&+ f o(Yy)dX; + @y,
0

D, = L(f + f a(Ys)dXs) R
0 t
1Z 6| + [|®1vars.) < CA + (0, t)(s, t)P,

2
IR% | < C(1+ w(0, D)w(s, 7.
20160 110 90  28/34




e hOJODOUOODODOOUODO, path-dependent ODE

t
Zi=¢+ [ oz, L@,
0

Oo0o00.L:Cc(0,T] » RY - C([0,T] » R OO

0O000000,00000000.000,000L
0000,00000000000000.

e O0,reflected RDED D OOODODODODOOOO RO
0000000000000 00000000000.
0 O 0 path-dependent RDEO OO (LOOOO00ODO)

O0000,R000000000000000000

0,0000000000.
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gooooogood

@ X, : geometric f-Holder rough path
1/3<p<1/2)

1Xs.ol < WXNp(2 = Y7, Kol < [IXllap(2 = ).

X,, JOOODOO0OO0O0O0O0O00 rough pathd OO
gobooooooogo.

) %f(IR”) : R" O O geometric B-HoOlder rough path
oo00ooo.

o [IXIls := 1IXllg + VIIXllzp
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@ RRDE
t
Y, =&+ f o(Yy)dX, + @ (*)
0

oo0oy(XyoooO.pOd (A,(BOoOoooon,
X=hhIOOOODOOOO AOOODO smooth
roughpathh) OO O OO0 Y(h)ODOOO.

@ lim, . [h, =Xl =0000, Y(hy):, ®(h,), 00
O0000000000000 RRDE(+x)OOO
O0,MaintheoremOOOOOO0.000000,
DXe%f(R”)DDDDDDDDDDDDDDD
O00o.
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Theorem 7

0<p <BOD0D0.X(€ LR b ¥(X) € Vy(RY) O
0000 h(kODODOOOOOD)O0DODOOO.

B,O0 R*ODOOOOODOO, Bs, U Brownian rough
pathO 0,000 SDEon D c R4

t
Yt=§+f U'(Ys)ost'l'(I)t
0

DDDD.U‘GCiDDD.
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Theorem 8

DOOO (A, (B DOOOODO.0O0O0B<1/200
00 B-Helder DO ODOODODOODOO,

Vg

Supp(P) ={Y(h) |RODOOOOOOO)}

O00000OO00O0O0O0000000oaan
Wong-ZakaiDl O OO0 OO, J.Renand J. Wu O O O[O
OO0 (Annof Probab2016). DO O OOO,0000
0000, A. Milletand M. Sanz-Sole 0 OO0 00O O.
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Theorem 9 (A-Sasaki, A)

DO (A),B)O0O0O0O0OOO.YBOOOO SDEOO
OO0o0oooood. B*O By O dyadic polygonal
approximation 0 O 0. 000 {n} 0O OO OO,

Q= {B]| lim [[Y(B"™) - Y(B)lls = 0}

00000 PQ) = 1.

000000 Supp(PY)c OO 0000,

Y(B) := lims Y(B"™),Be QO O000000 ¥(B)O
Theorem700000000000000000O0O
00.B,000000000hO00O0O0O0O00O0O,0O
ooooooooo.
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