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Rough differential equations
containing path-dependent bounded variation terms

Shigeki Aida
Tohoku University

Let E be a finite dimensional normed linear space. For a continuous path (w;) (0 <t <T)
on E, we define for [s,t] C [0, 77,

HwHoofvar,[s,t] = SSI}}Sa?)}(St ‘wu,v‘7 (1)

N 1/p
”pr—var,[s,t] = {Supz wtkl,tk|p} ) (2)
P k=1

where P = {s =ty < --- < tiy =t} is a partition of the interval [s, t] and w,, , = w, —w,. When
[s,t] = [0,T], we may omit denoting [0, T].

Let w(s,t) (0 < s <t < T) be a control function. That is, (s,t) — w(s,t) € RT is a
continuous function and w(s,u) + w(u,t) < w(s,t) (0 < s <wu <t < T) holds. We introduce
mixed norms by using w and p-variation norm. For 0 < 8§ <1, >1,0< s <t < 7T and a
continuous path w, we define

el sy = nf {C > 0 | Juwyol < Cow(u,v)? s <u<v<t, (3)
<w

< t} . (4)

When w(s,t) = [t — s, [|wl[g,s,) < 00 is equivalent to that wy (s < u <t) is a Holder continuous
path with the exponent # in usual sense. Hence we may say w is an w-Hoélder continuous path
with the exponent 6 ((w,#)-Holder continuous path in short). For two parameter function Fj;
(0<s<t<T), wedefine [|F|lg sy and [|[F|lq—vare,[s,¢ similarly.

Let Vg 97(F) denote the set of E-valued continuous paths of finite g-variation defined on
[0, T satistying [|[w|lg—varg := [[W|lg—varg,0,7] < 00. Note that Vg 7(F) is a Banach space with
the norm |wo| + ||w||g—vare- Obviously, any path w € V, g7 satisfy |ws | < ||w]|qew(s,t).

We denote by Vp the set of w-Hélder continuous paths w satisfying [lwl|g = [|w][g,j0,r) < o0
Vy is a Banach space with the norm |wg| + ||w]|g-

Let 1/3 < 8 <1/2. Let Xt = (X5, Xs4) (0<s<t<T)beal/B-rough path on R" with
the control function w. That is, X satisfies Chen’s relation and the path regularity conditions,

Hqufvar,G,[s,t} = inf {C >0 ‘ Hqufvar,[u,v} < Cw(“?”)e s<u

[Xotl < 1XNpw(s,)’, [Koal < IX2pw(s, ), 0<s<t<T. ()

We denote by €°(R") the set of 1/3-rough paths. When w(s,t) = |t — s|, X, is a S-Hélder
1/

rough path. If X, ; is a rough path with finite 1/5-variation, setting w(s,t) = ”X”1/B—var o] +
2/8
HXH??,@—Uur,[s,t]’ we have HXHﬁ = ||X”25 =1.



Let us choose p and «y such that 2 < 1/8 < p <y < 3. We use the following quantity,
3

X5 =D X 11Xl = 11Xl + 1/1X|26- (6)
=1

We introduce a set of controlled paths 22¢(R?) of X, where 1/3 < § < 8. A pair of
w-Hélder continuous paths (Z, Z') € Vy([0,T],R%) x Vy([0, T], L(R",R?)) with the exponent @ is
called a controlled path of X, if the remainder term RZ, = Z;— Z,— Z X, satisfies | RZ |39 < oc.
The set of controlled paths @)2(9 (RY) is a Banach space with the norm

1(Z, Z')ll20 = 1Z0| + | Zo| + 12"l + IR |l26 (2, 2Z") € 2 (R?) (7)

Z! € L(R™,RY) is called a Gubinelli derivative of Z with respect to X.
The rough differential equation which we will study contains path dependent bounded vari-
ation term L(w);. We consider the following condition on L.

Assumption 1. Let £, € R Let L be a mapping from Vs([0,T] — R? | wg = €) to C([0,T] —
RY | wo =) and satisfy the following conditions.

(1) (adaptedness) (L(w)s)o<,<; depends only on (ws)o<s<t for all 0 <t <T.
(2) L: (Vs | -llg) = (C0,T)), || - loo—var) is continuous for some ' < B.
(3) There exists a non-decreasing positive continuous function F on [0,00) such that
I L(w) 11 —var,is,) < Fwll1/8)=var,[s, 1) 10l so—var,[s,4- (8)

We now state our main theorem. Note that we need to give the precise meaning of the
integral below. We will do so in the talk.

Theorem 2. Let o € Lip" }(R? x RY, L(R™,RY)) and &, € RL. Assume that the mapping
L:Vs([0,T] = R | wo = &) — C([0,T] — R? | wy = n) satisfies the condition in Assumption 1.
Then there exists a controlled path (Z,Z') € .@)z(ﬁ(Rd) such that

zi=c+ [ oz L@ ax., )
Zy = o(Zy, L(Z)1) (10)
Further there exist positive constants k, Cy,Co, C3 which depend only on o, 3,p,y such that
1Z1lg + 1R l2g + 1IL(Z)l11-var,s
<1+ (1+ FGIXI) " (1+1XI1,) w1} (1+ FCslX) ) 1K, (1)

Remark 3 (Reflected rough differential equations). This theorem implies the existence of so-
lutions of reflected rough differential equations under the famous conditions (A) and (B) of the
boundary. This is an extension of the speaker’s result in SPA 125 (2015). Note that a stronger
condition (H1) was imposed on the boundary in the previous paper. We do not need such a
condition in this new approach.

J. Ren and J. Wu (Ann. Probab. 44 (2016)) proved a support theorem for reflected diffusions
under the conditions (A), (B) and (C) by using the Wong-Zakai type theorem (A-Sasaki, SPA
123, 2013). We can give another proof of the support theorem by using the above theorem and
the Wong-Zakai type theorem under the conditions (A) and (B).
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The 3D dynamic ®*-model driven by space-time white noise

Let us study the following real-valued stochastic PDE on (0, 00) x T?, where
¢ is the space-time white noise on R x T? associated with L*(R x T3, dtdx)
(T := R/Z);

o = Ngu —u® + ¢ with u(0, -) = . (1)

This is also called the stochastic quantization equation and physically very
important, but was formerly ill-defined. We consider (generalized) mild so-
lutions of this SPDE.

If the nonlinear term wu” is absent, then the solution is the Ornstein-
Uhlenbeck process, whose regularity at a fixed time is (=1/2)7, i.e., —1/2 —
d (V6 > 0). One can naturally guess that the regularity of u,, if it exists, is
probably the same at best. It means that u; is not a function, but merely
a distribution and multiplication like u® cannot be defined. Therefore, this
equation was not solved. More precisely, it was not even well-defined.

First, Hairer solved it a few years ago in his Fields medal awarded paper
and soon after that two other methods appeared.

3

e Hairer’s theory of regularity structures [6],

e Gubinelli-Imkeller-Perkowski’s paracontrolled calculus, also known as
theory of paracontrolled disributions [5],

e Kupiainen’s theory based on renormalization group theory [7]. *

In this series of two survey talks we discuss recent developments of this
stochastic PDE. In the first talk by Y. Inahama, we solve this SPDE via
Gubinelli-Imkeller-Perkowski’s method. In the second talk by M. Hoshino,
we solve this SPDE via Hairer’s method. We remark that both theories are
descendants of Gubinelli’s version of rough path theory.

Nobody in Japan seems to take notice of it. I hope young (or old) folks who are
familiar with renormalization groups would take a look at it.



Gubinelli’s version of rough path theory
Rough path theory was invented by T'. Lyons, but there are now some versions
of it.

e Lyons’ original rough path theory [8, 10, 9, 3],
e Gubinelli’s controlled path theory [4, 2],
e Lyons-Yang’s new theory [11], 2 which has no name yet.

The singular SPDE theories we discuss here emerged from the second one, so
one must understand or recall it first. In rough path theory, functions (i.e.,
paths) are defined on a one-dimensional set like [0, 7] and the regularity is
measured by the Holder exponents.

Let x be an R%valued a-Holder continuous path. When a < 1/2, an
R"-valued controlled ODE like

t
Yt = Yo +/ O—(ys)dxs
0

does not make sense. Here, o is a nice function that takes values in the set
of n x d-matrices. The reason is heuristically as follows. y is given by a
(indefinite) line integral along x, so its regularity is probably the same as
that of z, namely . So is the regularity of o(y). However, [ o(y)dz cannot
be defined since the sum of the regulairty of the two path x and o(y) does
not satisfy o + o > 1, which is the condition for Young integral to hold.

To make sense of such a controlled ODE when 1/3 < o < 1/2, a rough
path is introduced. It is of the form (X}, X2, )ocs<i<r With X[, = xz; — x,
with an algebraic constraint called K. T. Chen’s identity. The first level path
X1 is essentially the same as z, so some new information, that is X?, is added
to x so that the line integral could be defined. *

For each given rough path X = (X', X?), Gubinelli introduced a Banach
space of controlled paths. Simply put, a path is controlled by X if its local
behavior is similar to (or better than) that of z = [t = Xg,]. Therefore, the
spaces of controlled paths may be different for different rough paths. * The
key point of Gubinelli’s theory loosely states that if y is controlled by X, then

2The authors seem confident, but nobody seems to take notice. I hope young (or old)
folks who are familiar with rough paths would take a look at it.

3To make something impossible possible, new information must be added.

4This is important.



so are o(y) and the line integral [ o(y)dz. Not only the line integral can be

defined, but it also satisfies reasonable estimates. As a result, a solution of

the controlled ODE above is understood as a fixed point of this integration

map in the Banach space of controlled paths with respect to X. The solution

map (also know as the Lyons-Itdé map) is continuous in X and yy. So far,

everything was deterministic and no probability measure was involved.
When we think of applications of rough paths to SDEs like

t
Ys = Yo + / o(ys) o dws (Stratonovich),
0

probability theory comes in, but only in the lifting (enhancing) procedure.
Here, (w;) is the standard d-dimensional Brownian motion. To use rough
path theory, we need W?2. A measurable map w — (W' W?) with the
projection onto the first component being the identity is called a lift or an
enhancement of w. This part cannot be made deterministic. It is not unique,
but a canonical choice is W27 = [*(w! —wi) o dwi. This is called Brownian
rough path. If we put it in the Lyons-I1to map, then we get a unique solution
of the SDE above (as an image of a continuous map).

To sum up, the rough story of rough path theory is as follows: At the
beginning we have the Wiener measure (or Brownian motion) and the usual
path space which the Wiener measure lives on (or sample paths of Brownian
motion live in). Then;

e Paths in the usual sense are given additional information in a deter-
ministic way (i.e., lift or enhancement). [the deterministic part 1]

e For each lifted object (i.e., rough path), Banach spaces of controlled
paths are defiend so that the integral equation under consideration
makes sense. A solutions is a fixed point in such a Banach spaces. [the
deterministic part 2].

e Brownian motion admits a lift a.s. [the probabilistic part].

In the deterministic parts, the new integration theory of course extends ex-
isting ones.

Dynamic ®3-model via paracontrolled calculus

Paracontrolled calculus was invented in [5]. It was applied to the dynamic
®3-model by Catellier-Chouk [1]. Unlike the theory of regularity structure,

3



paracontrolled calculus has been gradually improved by many people. Con-
sequently, there is no canonical version.

First we rewrite the dyamanic ®3-model in the mild form. Let A be the
Laplacian on T? and P, = €' be the corresponding semigroup. For a func-
tion (or distribution) u(¢, z) defined on (0, 00) x T, set I(u); = fot et=5)8y,.ds
(the space-time convolution with the heat kernel). Then, the equation (1) is
understood in the mild sense as follows:

uy = Poug — I(u?), + X, (2)

Here, X = I(£) is the Ornstein-Uhlenbeck process and solves the linearized
equation: 0,X; = A, X + & This Gaussian process X plays the role of
Brownian motion in rough path theory.

For each fixed ¢ > 0, the (space) regularity of X; is (—1/2)~ in the Besov-
Holder sense. One can naturally guess that the regularity of u; would not be
better that that of X;. Hence, u; is not a function, but a distribution. This
causes a serious trouble since the nonlinear term u} cannot be defined in the
usual sense. (On the other hand, I works for any distribution-valued path
fortunately, even if its regularity is very bad).

So, the key question to ask is which kind of information should be added
to the "sample path” of X in a deterministic way so that the right hand side
of the equation (in particular, u®) makes sense.

A slightly lengthy, but not very difficult heuristic observation tells us that
a possible answer is

(X, X2, I(X?), I(X?), I(X*)o X, I(X?) o X? I(X*)0X?) (3)

with a constraint (9; — A)I(X?) = X?2. This is called a driver of Eq. (1).
Here, o is the resonant term in the paraproduct theory, which is similar to
the usual multiplication, but its regularity slightly better if it exists. (The
resonant term f o g exists if and only if the usual multiplication fg exists).
As you can easily guess, a driver plays the role of a rough path.

Important remark The symbol X is used in two senses in this abstract:
X, X2 I(X?) etc. in (3) are just coordinates of a generic element of

C([0,T] = CTV2 7 x CTIF x C1 R x V2R x CTF x €% x C7Y/27F)

(0 < k < 1). Here, C* = B, , stands for the Besov-Holder space of regular-
ity a € R. Therefore, X? may not mean X x X in (3) for example. The space

4



of drivers is the closed subset of the above path space with the constraint
(0y — A)I(X?) = X2, which should be understood in the mild senses.

For a given (X, X2 ..., 1(X?) o X?) as in (3), we can actually define Ba-
nach spaces of paracontrolled distributions. This plays the role of Banach
spaces of controlled paths in rough path theory. Besov spaces and paraprod-
ucts are used here in an essential way. The right hand side of Eq. (2) makes
sense for a paracontrolled distribution u controlled by the driver (X, X2, ...).
Loosely speaking, v = v(t, ) is controlled by the driver (X, X?,...) if there
exist F' € C([0,T] — CY?7%) and G € C([0,T] — C*?7*) such that

v =1(X?), + F,<aI(X?), + G, (4)

Here, < stands for the paraproduct of Fy and I(X?);.

A rough and heauristic meaning of (4) is as follows: v, is of regualrity
(1/2)~. The first (i.e., coarsest) approximation of v, is given by I(X?); whose
regualrity is (1/2)7, too. The difference v; — I(X?); is of better regualrity
1. This difference should behave like I(X?); in small scales. (Note that
small scale behavior of Fy<I(X?), is similar to that of I(X?),.) If F,<I(X?),
is subtracted from v; — I(X3);, then regualrity is (3/2)~. In other words,
vy — [(X?); is allowed to have a bad term (a term of regularity less than
(3/2)7) only if it behaves like I(X?);. If a term of v; — I(X?); does not look
like 7(X?);, then it must have better regularity (3/2)~.

A solution of Eq. (2) is defined to be a fixed point in an appropriate space
of paracontrolled distribution. Under mild assumptions, well-posedness of
time-local solution can be proven. This is the determistic part of this theory.

Of course, this extends the existing theory. Suppose that X is very nice,
for example, X is a deterministic element in C([0,7] — C%) for some a >
0. In this case, we can choose (X, X% ... I(X?) o X?) in the literal sense
(namely, X2 := X x X, etc.). Then, a unique solution of the new extended
equation coincides with the one in the usual sense.

Next we discuss the probabilistic part of the theory, that is, enhancement
of the Ornstein-Uhlenbeck process. This part becomes much more compli-
cated than the corresponding part in rough path theory since we need to do
some kind of renormalization.

Let X = I(§) be an Ornstein-Uhlenbeck process again. Since we cannot
enhance X directly, we consider a mollified noise X*¢ at first. (High frequen-
cies are killed. As e \( 0, X° — X in an appropriate sense). Since sample

5



paths of X¢ are very nice, we can do the "literal enhancement” of X¢ as
above. Unfortunately, however, (X¢, (X¢)?,...,I((X?)* o (X¢)?)) does not
converge! Hence, we cannot get a decent object in this way.

Observe that each component of the above enhanced noise belongs to an
inhomogeneous Wiener chaos (at least for fixed €, ¢ and x). Fortunately, the
top order terms of the Wiener chaos expansion are all convergent, though
some lower order terms diverge. So, we can throw away these diverging
terms in a systematic way by using Wiener chaos theory to get a meaningful
limiting object on the space of drivers.

In this way we get a kind of SPDE driven by this limiting object. This
procedure is called renomalization. However, we have to pay a price for the
renomalization. The original form of SPDE is lost. We prefer convergence of
the enhanced noise to keeping the original form of the SPDE.

More precisely, there exists diverging real constants ¢ and ¢ (indepen-
dent of ¢t and x) such that

(X‘E’ (X°)* =, T((X7)? = ), I((X7)" = ¢1X7), T((X7)? — i X7) 0 X7,

I((X9)* = ) o ((X9) = ) — &5, T((X%)® = ¢1X7) o ((X7)* — ) — C§X5>
converges in the space of drivers. The limit is denoted by
(XOO, (X®)2,.. I(X*)*) o (X°°)2>.

Therefore, we get a generalized (S)PDE driven by the above random drivers.

However, since the noise is deformed, it is not clear what this new (S)PDE
looks like. In this case, fortunately, it is not so hard see that a unique solution
of the new generalized (S)PDE driven by the deformed noise (X¢, (X¢)? —
5, ...) solves the following (S)PDE in the usual sense:

Ot = NAgut — (u)? 4 (3¢5 + 9¢5)u® + &, with u#(0, - ) = .

Observe that the first order term (3¢ + 9¢5)u® appeared due to the renor-
malization.

In summary, we have the following result. If the initial value ug is not
so bad, then there exists a random time T, > 0 such that u® converges to a
certain limit u on the time interval [0,T) in an appropriate Banach space
of paracontrolled distributions.



Some remarks are in order. (i) The limit > may not solve any (S)PDE in
the usual sense. But, it certainly is a solution of the new generalized (S)PDE
driven by a random driver (X, (X>)2,...). So, it is not very strange to call
it a solution of an SPDE.

(ii) In their recent work, Mourrat and Weber [12] proved this equation
in fact has a time-global solution for any driver in a deterministic sense. (In
my view, this could be a breakthrough.) Moreover, their method is new.
Without defining the spaces of paracontrolled distributions, they directly
decompose Eq. (1) into a system of two PDEs, the first one of which is a
linear equation involving the paraproduct with respect to I(X?).
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Long time behavior of the volume of the
Wiener sausage on Dirichlet spaces

Kazuki Okamura

In this talk, we consider the long time behavior of the volume of the
Wiener sausage on Dirichlet spaces. Here the Wiener sausage W;. is the
e-neighborhood of the trajectory of a process until time . We focus on the
volume of W, ., denoted by V, ., for diffusion process on metric measure space
other than the Euclid space. We review known results. Chavel-Feldman
[CER6-1, CERG-2, CFRG-3] considered V; . for Brownian motion on Rieman-
nian manifolds. [CFR6-1] shows radial asymptotic results (i.e. ¢ — 0) on
hyperbolic 3-spaces, and a time asymptotic result on Riemannian symmetric
spaces of non-positive curvature. [CFR6-2] shows radial asymptotic results
on complete Riemannian manifolds for the dimension d > 3. [CFR6-3] shows
a radial asymptotic result for the Wiener sausage of reflected Brownian mo-
tion on a domain in R% d > 2. Sznitman [Sz89] obtained a time asymptotic
result of negative exponentials of Brownian bridge on hyperbolic space, sim-
ilar to Donsker-Varadhan [DV75]. Chavel-Feldman-Rosen [CEFRYT] obtained
second order radial asymptotic result for 2-dimensional Riemannian mani-
fold, extending Le Gall’s expansion [LeSR, Theorem 2.1] in R% Recently,
Gibson-Pivarski [GPTH] obtained a time asymptotic result similar to [DV75]
for diffusions on local Dirichlet spaces.

Our results are time asymptotics for the volume of the Wiener sausage
on non-symmetric spaces. We adopt the framework by Barlow-Grigor’yan-
Kumagai [BGKT?]. First, we will give growth rate of the means on some
spaces containing some fractal spaces such as infinite Sierpinski gaskets and
carpets. Second, we will show that the exact growth rate of the means on
“finitely modified” Euclidian spaces is identical with the one of the original
Euclidian space. Third, we will give an example of a space on which the se-
quence of the means largely fluctuates. Some analogous results for a discrete
framework, specifically, range of random walk on graphs, were obtained by
[OT4]. Difficulties are that we cannot use symmetries and scalings of spaces
and processes. On the FEuclid spaces, by Brownian scaling, time asymptotic
results can be derived from radial asymptotic results. The time asymptotic



results in [Sp64] and [CESG-T] uses such symmetries and scalings of spaces
and processes.
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Central limit theorems for non-symmetric random walks on

nilpotent covering graphs

OO0 00 (0DO000) e-mail: sc4221130s. okayama-u.ac. jp
(00 00 (00O0D0)00000 000 (0000)00000n)

1 0000

0000000000000 (RW)000000000000000000,00000000
000000000000.0000000000000,000000000RWOO00000O
00000000000.000X0000000000,00000000000000T0X
000000,00000000000 X,:=I\X00000000000000.00-000
00000000000000000000RWOOOO,000000000 &:X —TI®R
0(00)00000000000000 (8). 00-00-000 (2000000000000
RWOOOO,0000000000,200000000000000000

00,00000000T00000000000000000O0O0O00O0000 (0000
0000)XO0O0O0O0RWOODODOOOO,I00000000000Led GOOO0O0O0O0O
$,: X — GOOO0D000,00000000000000000000000 (1))000,
0000000000000000000000000.

00000,0000000000000RWO00,00GO000000000000000
000.000000,0000000(1))00000000000000000000. 000
000000000000000000,0000000000000000000000000.

2 Joobbobbuoooobbbuoooobb

o0, 00000000 X =(V,E)(V: O0O0OO0, E: OOODODODOOO) OO0 RWO
0000. ec EQDDODOD, ofe),tle),)e000000 e000, 00, 000000000,
E,:={ec E|ole)=z}(xeV)ODOO.00,p: E— (0,1]0-000000000,00
00000 RWO {w,}2,0000,p0 -0000000,0000 Xy = (Vo,Ey) D0 RW
{m(wy)}2,00000. 000, 7:X — X,00000000. 00 m:Vy— (0,110 V%
00 (000)0oo0oo0, 00 Xoogr-oooooooom: vV — (0,1)000. OO
H,(Xo,R),H!(Xo,R)000X,0 10000000,100000000000. 00, Xo00
RW 0000, homological direction O ~y, := Y . p(e)m(o(e))e € Hi(Xo,R) OO DO. OO
XoOORWO (m-)0000O0000 ple)m(o(e)) =p(e)(t(e)) (e€ E) DODDODODOODODO
oo,000yw=0000000.

OO0, Maléev OO OODODOOODOOOODODO Lie GO, TOD00OO0OODOOODOO
gooooO. OO0 Xoooooobhooooooobooooooo qooooo. oo, -



000 GOO00002000000 Lie0O0OO0O00O00. 000, GO LieO g000O
D0g=gVeg? =gbeg®¢¢)ooo. 00,0000-00000000000
pr  Hi(X0,R) — ¢ 000. 00, Hodge-0 OO DODOOOO0O HY(X,,R)OODO Xo00 (O
0)001-0000000,p00000000000000. 000 pr0000¢gY0O0OOOOO,
000000000000 Albanese 000000 go000. 00 XO0O0O0O000O &:X — G
0D(@Oo)oooo
>~ p(e)1og (@o(ofe)) " Do(t(e)))
ecE,
0o0000. (1)000000 asymptotic direction000. OO0 RWOOD, 000 7, =00
000 pr(y,)=0,0000,00000000000000000.

o =m0y @EV). (1)

3 OO0

0000000000 XO0000000®:X —G0,00a, V000 &(z,)=1¢0
000000.00,g00 RWO E, :=log (Pg(w,)) (n=0,1,2,...)000,G-0000000
0 {Y™p2 0 Y™ =7 1 (expE™)) (1€ [0,1) 00000. 000 (0<e<1)0 GO
O dilation O, £ := Zpy + (nt — [0t]) (Epng 1 — Epng) 000. 000 {Vi,...,Va} O (6, g0)
0000000000.0000,G0000000000({[V;,Vj]:1<i<j<d}0g?®00
000000000000.00,¢0eck 0 X000000000

B(Dg) := Z p(e)m(o(e)) log (<I>0 (0(5))_1 . Q)O(t(é’)))‘ @ = Z ﬁ(q)o)ij[vi,vj]
e€Ep g 1<i<j<d
000. 7, =0 = B(®)=0,00000.00, (Y)»00 1000 G-00000000 SDE
dYy = Y Vi(Yy) o dBj + B(®)(Y:) dt
1<i<d
O0000.000, (B)so= (B}, ...,Bl)> 0 R-000 Brown 0O OO0, 00,00 SDE
00000000000 A:=(1/2) Y1« VE+A(®) 000.00000000000.

—~
N

00 1 pr(1p)=0,000. 0000 ¢t>0000 feCx(G)0000,00000000

X
lim HL[nt]Pnfl/zf - Pnfl/ze‘“‘fH =0
[o.¢]

n—o0

000O00. 000 L0 XO0OO0O0000000,P.(0<e<1)00000000000. 0O
0000000000: (™) — (Yi)izo in C14([0,1:¢) 00000,
n—oo

gboobob,bgbobgobobobobobooobobDo RWOhoooboooboo.

googd

[1] S. Ishiwata: J. Math. Soc. Japan 55 (2003), pp. 837-853.
[2] S. Ishiwata, H. Kawabi and M. Kotani: arXiv:1510.05102.
[3] M. Kotani and T. Sunada: Math. Z. 254 (2006), pp. 837-870.



Kolmogorov HAHGRIED AR k)b
I —H S#ERF

1 EA

A=al +bd THERSNZEBOBREZS. FHIC o 22AT, b2 1RADHA
Kolmogorov #LHGEFE & &5, (Pearson-Kolmogorov fEHGEFE L FERZ & £ 85 5.) Pearson
DEHTZT 5 DIE, ILHGERED Z OFEMEHIEZ DY Pearson DMEIZR5Z &IZ k5. 7z,
HEBVPLHAIRD2H0DE2EADLE, o, b DIRER, BRELDTHAS. TITI,
Kolmogorov fEHUHEFED AT MLIZDW T L 5.

2 Pearson ik
FITEE p RO LS 2E%E L TWB4% Pearson DAREE WD,

p(z) = exp{ / %} de. 1)

T g(x) F1IRAT, f(z) F2RATHS. Fi5DOXMHT f >0 2KELTWS. K

WERBEE D & &% Pearson DMAEE E5H, ZIZTIHRIICERLENTHRITH &
U, EROMEZFHFOLGES HBIHEALI LT 5. (1) OO %E Pearson B &
5.

B X[
1 e P2 R
2 e P (0, 00)
3 (1 —x)° (0,1)
4 | (14 2?)*exp{Barctanz} R
5 e P/ (0, 00)
6 (1 + z)? (0, 00)

L%, IN5FEWL OO0 (FHIZKHEIT) BEERAMEZEATWS, THIIADUES #
RMPOIRD XD RN EHEHETDH 5.

o2 R4 A5ea 5

a-R4 BRI | AR

B-R5 | Hr<nAi | WMED AR

V-RH] | NR—=R =435 | F-7246 & Pareto 7347




3 HERIERAFRORIEE & Wtk
1 R DAREGERE D A Rl fE I 38 1%

ﬂ:ad—+b— (2)

ERING., Z0LE, a WZIXAT, b B 1LIRAD & &, Feller DL TOREHEHIE A Pearson
DI B Z & % Kolmogorov WERE L TWA. £Z T, ZDFKOILEEFEZ Kolmogorov
diffusion & %\ & Pearson-Kolmogorov diffusion & FERZ & 129 5.

FEAEAZE A ORBUTIE, W OPDORENRHS. ZHEIROXIIZHHET 5.

i CNIR (IS RO G ES
d> d
Kolmogorov a@ + b%
d d d d” d
Fell _—— —=—— —: L*(d L*(d
et dm ds dm ds ds (dm) = L7 (ds)
) d d d _odrt 4, 9
Stein (a% + b)% a- +b= = | 3 L*(p) — L*(ap)

Feller’s pai dd — dd
CHeE S batt dm ds dm ds
. d d d, 6 d
Stein’s pair (a% + b)@ e %(a% +b)

— DD & U T Kolmogorov JLHGEFEIX, ED Feller’s pair, Stein’s pair TEHUTW5 Z
EDGEHITE DT, HRIR I IATH DI LD h 5.
¥ 7z Feller’s pair, Stein’s pair IZEEXNFEIZE & DR DTIRD Z L D33 H 5.

o [OEABKLS [, Lf bEABEBIZRS.
o 0 BEHBERS aff + b0, L0 bEAEMEBIZRS.
25 DEEBEEHITY 572> T B EBEDOF TV OWFNT 5.

References

[1] A. Kolmogoroff, Uber die analytischen Methoden in der Wahrscheinlichkeitsrechnung, (Ger-
man) Math. Ann., 104 (1931), no. 1, 415-458.



000000000000 (0oooooo)

ggbogoobooboooboaod
goood

1 ooooooo

AJaffe 000 200000 00000000000000000O00O0O0O0OOOOOOOOO 9],
gboooobooooboooooon

1. 000000000000 400000000000
2.000000000O0O00DOO0000D00O

00000 [6, 0000000000000 0O00. 00000000, 0000000000DO
0000000000000 0000000UD)00000000000000D0OUOOOOO
OO00.00ooooooOoCoOo,KpzOOOOOOO SPDEODO,00O0O0ODOOOCCOCO
00000 whitenoise 10000000000 OO0OOOOOOOO [5,10].

gooooo,boogoooo,0booooooooobooooboobobooooooobooo,ooon
00o00o0o0oooO, (00000)000000U000D000, 0000000000 O
gboooooobooooon,

1. AJaffe-T.Balaban 000 Y M, 00O [1] (Harvard group)

2. YaSinai0OOOODOOOOOOOOOOO (Princeton group)
gooooobbobooooouobb. bbb obobboboooooo

1.300 ¢* 00000000 [2

2.400 ¢*00000000000000O000DOOOOOOOO0)0000000O0 [4]

. booooooooon

gbboobooobooboooboobooooob,0boobooboooobooboooobn
gboooooobooooobooooboobooobooboooboon.

2 KPZ oooooo

KPZ O white noise =0 00 SPDE O

Oth O2h+ F(0,h) +Z, F(u) = ag+agu® +---
E(E(t,2)=E(t,2") = 6@t —t)é(z—2'), st>0

0000000. Hairer 000000000000 “0000700000, Hopf-Cole 10000
0000000 (5 (00000000000000)000 HSpohnO A0 300 h = (hy, ha, hs)
0000 (20 300), Kupiainen [10] O Wilson 000 000000000000 AO00000
00000000000 Hairer O Kupiainen 0,¢>00000000000 00000000



00o00)000,0000000000,000000000000000O0O00. 00000
O Wilson O0D00OO000D00O000A—w, F—=VDOOO

u = Gx(V(0pu)+E)+eugy
1
G(z,t) = €= exp[—xz2/2t
(@1 el
00000,G000<t<e2000000. y(t)D0[0,1]0(000000000)000000
u = Gox (V(0pu)+E) + ePug
Ge(z,t) = e(2,0)(1 - x(c7%)

000 « 000000

2.1 Block Spin 00 0 PKZ
Block Spin 0000000000 O0OOOCOOOOO
1. 000000 s, 0t—etr—ex 00 G — G000, ¢ =s.u
2. G1=Gra+(G1—Gr2) 00 |2/ >L0 1< |¢|<L OO0

3.(G1—G) 0000000000 G 000. s=s;,- 0000000000, G O
G, 0000000

Udb00,e—100000 step200

Y = p1+p2
©1 = Gp2x (v (o1 +2) +§)
w2 = (G1—Gpr2)* (v (p1+ @2) +§)

step3 00,
o1 =¢' 2 = 5¢
DDDDDDDLQ—>1)

Y = p1+e2
¢ = Gix(Sv° (¢ +¢)+§)
¢ = Tx(Sv(¢ +¢)+¢)
(S0 s=s,-4,s ' 0000000000)000
I =" (x(t) — x(L*t))

010 L~'00000000000,¢00000 ¢+¢=¢ +{(¢)000,0000.00T
0000000000000000000000D0.¢0 6 (0000000 ¢ 00000

(¢+0,M(¢+0))

000000000 E(@(L2)d(s,y)) 0000000000 (0000000)00000.



3 [0ooooooooooo

400000000000000200000000,0(N)000000,000000000
0000000000¢(z) = (é1(z),---,én(z)) e RNO NOODODDOOODO

1

N N [—§<¢,<—A+m3>¢> (60~ o | [T a6t0)

Z
A zEA

2N

0000,¢0 NOOOOO /Boriy 100000000000,000000000 SO(N)00O
0.N>200000000000000000000000ACZ?200000,¢>0000
00, (=A)zy =40py — 01—y 000000000, OO0 N =10 Ising 00O (Peiers-Onsagaer),
N=20 XyYOUOOOO,201600000000000 Kosterlitz-Thoules D N =20000
000000000, Froehlich-Spencer 3]0 0000. OO me>000000000

1
NGo(0) = Borig:  Gol(z,y) = m(%y) (2)

0000 ¢2(x) — Borig 0 Wick 0 : ¢2(2) : 0000.0 SON) 00000000 00O00OOO0
1. 00000000king000000000)
2. 0e Z.(¢2-8 000000000

O0000 Wilson OOOOO0OOOOOOOOQOOOA,0Q0D00 LxL, 000000000
oo

€)= 73 3 fLetQ) 3)
(€Ap
o) = (Con)(@) (1)

0oo0oooDOdooO0oO coopoooooooboooooon.
A, =L "ANZ? (5)
00000000 ¢u(x) O Green 000

1
Gn(2,y) = (CGnaCT)(@,y) = 71 > Gua(Laz+(Ly+§), xehn,ych, (6)
[QSIARISVAY

Wick O
¢n(x)¢n(y) Gn:¢n(x)¢n(y)_NGn(x7y) (7>
DDDDDDDD|:||:||:||:|DDDDDDDDDDDDDDDDDDDDDDDDD[7]|:|

exp[~Wo(6n)] = / exp[—wn_lwn_lnﬂwn( (Con1)@) [[donr(@),  (8)

WO(¢0) = <¢0aG ¢0> < d)O Goa'¢0 G0> (9)

2N



3.1 BST
N(0,Go) 00000000 ¢ 0 N(0,G) 000 ¢y 0, N(0,T) 000 00000

p(x) = (Aid1)(z) + (Q&)(x),&(x), 2 € A — LAy
(CAl)(xvy) = 5w7ya (CQ)(xay) =0

gooo
<¢7 Gal¢> = <¢17 G;1¢1> + <£07F61£0> (10)
Gr'=A{Gy'A, T =Q'Gy'Q (11)
Ooood
An = Gn—chrG;Ll (12)
1 ifz=y¢ LA,
Qz,y) = —1 ifzxeLA,andy e A, (13)

0 if otherwise

0000D00000ood
n = Ant10n+1 + Q6n
(b0 G dn) = (Dnt1, GrprOnp) + (s T ')
Gup1 = ArG M AL T'=0Q7G'Q
1. A, : RM — RA-1 0 CA, =1, Ay (x,y) ~ exp|—c|z/L — y|], c = O(1).
2. Q:RM\MA-nn L RAOO0000D000,0000000000

goboo ooboooboobooboooobbooboboooboooo.o0oo mebboobo b, €
02000 I',(z,y) 0OO0DDOOOODOOOOOO

3.2 0OO0OO0O0DOOOOO

BSTOOOOOOUOOOODO H={¢}000000000000O0O0OO0O0O0O=00000
gboooooooo.obdobo o>000000000000

(1) |:¢h(@)iq, | < TN'? (14)
2) | on(@)on(y) 6, | < 70N exp[(c/10)]z — yl], ¢ > 0 (15)
(3) V()| = |$n(z + €,) — dn(a)] < N/ (16)

D=Xc00O00000O0oO0oo0oooobooooooboobooog.
(1) D, (¢r) = paved set such that VO C D,,,30' C D,, and it holds that
[+ 6u(@)6u () i, | 2 N2 explisla —yll, 3r € 0,3y € O (a7)
(2) Dy(¢,,) = minimal paved set such that
| 2(a) . | < ToNY explS e — yll, Vo € Do), ¥y € Do()* (18)
o000 pooOooooOoOoOoDbOOOoOoooOoOOO,00000DOO000O0oDOO0O0OoOoODO.
gbobooooobooboooboobooooobooon



3.3 BSTooOo,00000

0000000000000000000. 000 Dyson000. 0000000 exp[—(1/2)(¢n, (—A)dn)]
0000000000.000000000000000000000000000:

exp[_(1/2)<¢)na (_A)hcl¢n>
= exp[—(l/?) <¢n+1v (_A)hcl¢n+1> - (1/2) Z §n<x)2]7 n=0,1,---

goooooooo
(22 + 5) = Pny1(z) + (=1)%¢u(z), s=0,1

00000000, go(¢) =68(¢> -~ NB)OOOO,000000 ¢.000000 vV2x+20
0000, ¢ =¢+££000. 000 ¢ = ¢py1, £ =& 0000 282 = ¢ + ¢2 — 2¢°0
¢=(p,0) € R, x RN-1. 000 €= (s,u) € Rx RN f(z) = gu(x)e /4, 2 =p> 0000

aeale) = e [0+ (0 - s M

= P [ fl(o+ 9+ ) (o - 9 + u)dsd

z/2
= 75 | I @uep, ) N3 2dpdg (19a)
N2

D C [0,N3*2 0 u(z,p,q) >0000. ¢g,p0 00D0D0D0DD ¢ =9+€6€ RY O ¢ € RY,
$#*=20000000000000.V,=-logg, (00000000DO0)00O0

1. V)(z) O a priori bounds 00 00O
2. gp(x) — §(x) (no <)n — oo.

0ooo (1), (2) 000 [8).)
000 NOO V,=Nuv,,z=¢?/N 00000 steepest-descent [
. 1
Up+1(2) = min, (2(u —logu) + 2v,(x + u)) (20)

0000 0wy (z) =2v,(x+u*)=(1/u*—1)/200000, (v* O minimizer). 000000
00w, =00000 va(z) ~(z—B+n)2/800000000.

goooooo w,—-Ww,,, 000000000

e—Wn+1(¢'n+1) = /eXP[_Wn(AnHQ%H + an)] H dfn (21>

oooooooo0oo,00oo/oood0o b=DbyUD, O0OO/O00O0DOO0OOOOOO
oooooooooooooOOOO0O0,A=KuUD,K=DbcO00O0OO

9 (¢n) exp[=W, (¢0)] (22)



0000000.000 DO0OOODOOOOO0OODODODOO,000 WXD

1 _ 1
§<¢naGn1¢n>An + ﬁ< ¢121 :GnaXKDnXK : (ZSEL :Gn>An

+Fn,irr + 6Fn,irr (23>

W, (¢n)

ooo
oo = Y f@)g(x)

TEA,

KO ¢p(x) O ¢p(x),z e KOODOOODOO, F, i O main irrelevant term (00000000
0000)0 6F, ., 00000 irrelevant terms 0000

D,>00 0000000000000000000000 (Da(2,9) ~ gndey) O Do = goday-
Frirr O 6Fn e 0 EL, N(C) = {f;(Cf)(z)=0}000000000000000

000000000000000000 (2, )% k>300000 (irrelevant). 00000
ogooooo
[00] D, 000000 D0 OM)00000

D = Do) UDy(¢,) 000000 ¢2 00000, exp[—72|D(¢,)|] DODOD.

Gt~ —A+m?2, m2~L""mi<1 (24)

000000 VX DODOD ¢2=NgB, 00000 n000000
[00] 00000 my, 58,0 D, O

m2 ~ L*"m3, B,=B-0(n), 0<d_<D,<dy

Oo0oooooOooooo,00D de 00O

3.4 BST with Domain Walls.

.= Qri (250)
Ont1 = App10np (25b)
bn = Pny1t2 (25¢)

aooo
<¢n7 G;1¢n> = <¢)n+17 G;i1¢n+1> + <€a §> (25d)

oo
Dy(¢n) = Dw(‘ﬂn-&-l) UR(E, dnt1) (26)

00000.000 R¢Eeny) 00 EO0DO0ODO0OUOODO. ¢p1 0 4, 000000000
O Du(pn+1) = LDw(Pnt1)-

2 d -



gboo.obooogoo

() = 22(2)pni1()+: 2%(x) ip, (28)

0,:¢2 g, =: ‘P%H Goay Ten(x) 00D0DDDOOO0O [7. 00O 2 € D(¢y)".

Plon) = [ exp | (000 )| dua(© [T ars (200)

- /eXp[\/Z—.N@\, (p+ NT,))] det ~N/2(1 + iaTyA)

X exp [—;()\, (Pns1Pni1) © (QWQ“‘) A)] H A\ (29b)

000 du O N(1,0)D00000
a:2/\/ﬁ, Tn:QFnQ+

000 TrTY2QTAQrY? = Tr T\, and @pi1 = Any1¢psr. 000

[((pp) o Ay = w(2)p(y)A(x,y)
Ao, A(Ap)) = (A ((pp) 0 A)A)
(Ao B)(z,y) = A(z,y)B(z,y) (000000). 0000 20000000. 000
Ont1(T)Pnt1(y) = NGur1(®,9)+ : eni1(®)onr1(Y) ¢, (30)
Gny1 = An+1Gn+1Ar_‘L—+1 (31)
000 A00D0D00D0O00O0:
exp[—(\, MN)], M =2G, 10T, +T? (32)

T,=Qlr,QT" 0 ¢, 00000000000 (GnoTp)(z,y) = Gn(z,y)Tn(z,y) ~ BnTh(z,y).
MOOOOOOOOOOOO :ppr1pnr : o, 00 00D00ODOOODOODOOOODOODOO
goooooad
001 N>300 D= Dy(éps1)UDul(éni1) UR®), R(p) O |p| > N'== 0000000
ogooooo

P(p, n+1) Z > T35 (0 énsr)

n {X}:

1 1
X exp {_4]\7@’ XK MXKM + (non-local polymers) (33a)

{perdns1(z);z€ X;} 00000000000000

szp( )CA, 0000000000000000000. ¢ppy 00000 Dyldn) N
LD(¢pi1) = @DDDDDDDDDDDDDD P(Dy) = P(¢n|ény) 00000000000

P(D,,) < exp [—const. 75| D] (34)



e Wt 00000 p=Apy1pn +Qp 0000 ppyy =Cp, CAppy =10 CQ=0000
0.0000 P(p,¢nyy) 00DODODODO:

1 1 1 1
€xXp _m<pn+17 mpwrﬁ - E<QP7 MQ@

CApy1=1,CQ=00 7,0000000
OTnCJr =0, Gny10Ty ~ Bnt1Th, (CT7320+)(177?J) ~ eXp[—|x - y” (35)

000 p000000000000 poyy 00000000, 00 Bpyr>100 T, =QT.Q" >
O(1) on N(C)={f:Cf=0},000 p00000000QpOO00000000D0.
000

1
[0 |56 s 490 Dale s s 40| P TT0 60

00 (Qr.Q) ' =Er-G'ES, 000 EH=(QY)'Qt 0 M(C)DDODOODDDOO00OO0O
0Doo
0oooOooooo b, 00000.00000

1 1 1

Fp) = 5@ 372 + 537 (C Phrr iGurs +9): Da(: 1t iGs +P))
1 1 1 1
= m<p’ 5p> + N< <Pi+1 :G¢L+1’an> + ﬁ< @i«kl :Gn+17D7l : SOELJrl :Gn+1>
1 1
D = 77 T2%Dn (37a)
000 p= Bpny1 +Qp
B=DCT[CDCT]™', CQ=0 (38)
0o0000oo0ooo
1 1 1 1
F = A \Un PR ¢ () - ~, - D
(p) N ot GpEE et A + 3 (QP 5 OP)

1

N 1
+N< @314—1 :Gn+17Dn(Bpn+1 + Qp)> + ﬁ< 90721#-1 :Gn+17Dn : @31—}-1 :Gn+1> (39)

00 minimizer O p=p* = Bp}i,, + Qt* = —2DD,, : ¢2 ;:
p:H-l = —-2CDD,: ‘P31+1 e (40a)
Qb = -20B'DT'ENT'D, ¢l 6, (40b)
000 p=Bpy1(py+5)+Q(p*+t)00

1

1 1 1
F(pn1,0) = Foin(dng1) + m<57 W@Anﬂ + W<Qt’ 5Qt> (41a)
1 .
Fmin(¢n+1) ﬁ< (An+1¢n+l)2 :’Dn+1 : (An+1¢n+1)2 :> (41b)
oo
D,.1. = D,-2D,DCT(CDC*)"'CDD, —2D,E*(E+*D'EY)"'E+D,

1 1 1
2DnDMDDn + MDDnDM



gogogoooooo

Ont1 = Ant10n1 = L*CV i1 + (Ans1 — L°CT)dpa

000,000000000 L?CY¢,41 000000000000 A,y—L2Ct = (1-B)G,C*G, 4
0000000000000000 G, 0000 Ayye =Gp1CTG 1, O Thy1 = Gy (1 —
C*G,1,CG,41)000000.00000000000000

00 3 (41b) 0000000000

1
Fmin ﬁ< 12~L+1 :7Dn+1 : ¢i+1 :> + FiT'r (42&)
D,,1 = L‘CD,Cct—-2L*CD,CT(CDCT)CD,C"] (42b)

000 Fur O 9,1 0000000 drrelevant O

000 GuyroTy ~ BpQl.Qt 0000, D,y 0 20D,CT 0 CM-'ct 000000

1
CM-1C+ +20D,C+

L4
D,y < L*(CD,C™) (CM~tCcT) < 7CM*C+ (43)

000 {D,}0 n>10000000000 D*~ (L*/2)CM~'ctTO0ODOODOOOO.
11 1
2CMC+ 2
004 00 M=M,0 00000000 D,000000000 D*~(1/2)(CMCH)~1
ooooo.

L4
7CM—10+ ~ id (44)

3.5 oood

o1 O Qp O minimizer (40a) O (40b) 0OD0OO000 s 00 t0000000000 (40a)
O (40b)000, |:¢2,, | <const.noNY/2 000 |s| <7oNY2 00O |t| < oNY20000 ppt
0Qp00000sO 300000 g, |¢€)<7NY200000000000,s0¢t000
0000 drrelevent 00000

00000 ¢ =:¢2 ¢, —: Y241 6oy 0 n00000000000000 (central limit
theorem) 00 0000000000000 O0O0OO0O0UOODOOOD. DOODOOOUOODODOO
oooon

gn 1
/eXP [2]\[ (: (Ang1¢n41)*(2) ‘Gria +p2)? - ANIZ Z P Hdpx

zEA, z€EA,

In+1
=€eXp [ — 2;—]— (: ¢EL+1($> :Gn+1>2

T€EAp 41

000 (Ans16ns1)(@) = ¢pppa([z/L))0 [z/L] € 22 O (21/L,2,/L) 00000000, 000
gni1 0 2¢, 0 L72000000:

In

I TS

000 1/gns1 —1/g* = L72(1/gn —1/g*), ¢ = (1—1/L*)/2. 000 g, »¢* 0 nO0000O0
000000. 00000000 (:¢2:¢,)% k>300000000000. 00000000



00000 g, 00000 B« 100006, \ N, 00000000000 ¢g?0000
oo.

ooooo NY2/,>0(1)0000000000000 . 00000000 B, > NY20
000000000000000,4,\00000N>300000000 N71:éu(z)én(y) :
000000000000000 NB,>>|:én(z)én(y):|00000000000.

4 000

(6(z)2— NB)2000000000000000000000000000000000000
0000.000000000000000000000000000000000000000
0000000000000000000000

gogn

[1] T.Balaban, A low temperature expansion for classical N-vector model I, Com-
mun.Math. Phys., 167 103 (1995); Variational problems for classical N-vector model, Com-
mun.Math. Phys., 175, 607 (1996)

[2] J.Dimock, The Renormalization Group According Balaban, I, arXiw 1108/1335; I,
arXiv:1212.5562

[3] J.Fréhlich and T.Spencer, The Kosterlitz- Thouless transitions in Two-Dimensional Abelian
Spin Systems and the Coulomb Gas, Commun.Math.Phys., 81, 527 (1981)

[4] K.Gawedzki and A.Kupiainen, Massless lattice ¢ theory: Rigorous control of a renormal-
izable asymptotically free model, Commun.Math.Phys. 99, 197 (1985), and references cited

therein.
[5] M.Hairer et al., A class of growth models rescaling to KPZ, arXiv:1512.078/
/6 0000,00000000000,SGC00000 810 (2011),000000

[7] K.R.Ito, Renormalization Group Flow of 2D O(N) Spin Model with large N, Absence of

Phase Transitions, Paper in Preparation

[8] K.R.Ito, K.R.Ito, Origin of Asymptotic Freedom in Non-Abelian Field Theories,
Phys. Rev. Letters, 58 (1987) 439 ; Renormalization Group Flow of 2D Hierarchical Heisen-
berg Model of Dyson-Wilson Type, Commun. Math.Phys. 137(1991) 45

[9] A.Jaffe and E.Witten, Quantum Yang-Mills Theory, in Millennium Problems, Clay Math-

ematical Institute.

[10] A.Kupiainen, Renormalization fo Genelarized KPZ equation, arXiv:1604.0872

10



Smooth approximation of a Yang-Mills theory on R?: a rough
path approach

Hideyasu Yamashita (Aichi-Gakuin University)

Let C be the set of smooth curves ¢ : R — R2. Let G = SU(nmat) (Mmat > 2), and g =

su(nmat)), the Lie algebra of G equipped with the inner product (-,-) o> minus the Kﬁling form. Let

Q! = Q1(R?,g) denote the space of g-valued smooth 1-forms on R2. Let A = Ajda! + Ajda® € Q!
(A1, Ay € C*(R?g)). The parallel transport hc 4(t) € G (t € R) along ¢ € C is defined by the
differential equation

dhec a(t)
dt

= A ) hea(t) =D Ap(ct))er(Dhea(t),  hea(0) =1g (1)
k=1

Conjecture 1. There ezists a sequence of Q' -valued random variables AU (j € N) on a probability
space (P,Q), and a complete metric space (G,d) with G C C(R, G) such that

(1) P [hc = lim; o0 he a0 ewists in G for all c € C] =1.

(2) The set of G-valued random variables {h. : c € C, c is a loop} obeys the law of the Wilson loops
of Yang-Mills (YM) theory on R? (see e.g. [1, 5, 6, 4]).

Generally a YM theory is formulated on a Riemannian manifold (mainly with dimension < 4). YM
on R? is the simplest (and physically trivial) case of the YM theory; nevertheless, the rigorous proof
of the above conjecture does not seem easy. We will give a partial result on this conjecture.

Let A; (i > —1) be the Littlewood—Paley block, and M; := Zigj_l A, be the jth ‘mollification’
operator on .’ (R?), which satisfies lim;_,oc M ju = u.

Let W be a g-valued standard Gaussian white noise on R2. Define the jth smooth aepprozimation
W) € C=(R?,g) of W by W@ := M, W. Define the Q'-valued random variable AU) = Agj)dml +
A dzy € Q1 (AY), AP € 0=(R2,g)) by

AV (@) =0, AY(z):= / WO (& w0)de, o= (21,25) € R?,
0

The condition Agj)(aj) = 0 is called the azial gauge condition.

Let CPva([s,t], G2(RY)) (p € (2,3)) denote the space of p-variation weak geometric rough paths.
For x € CY([s,t],R?) (the space of continuous functions of bounded variation), let So(x) €
CPvar([s, ], G2(R?)) be the step-2 canonical lift of x (see [3, 2]).

Definition 2. Let V : R® — L(R% R¢). Let ((™),, be a sequence in C*([0, T],R%). y € C([0, T], R¢)
is called a F'V solution of the (formal) ODE

dy =V (y)dz"), y(0)=yo € R° (2)
if the limit
lim Sy (z™) =: x € CPV¥ ([0, T], G*(RY))

n—roo

exists, and y is a solution of the rough differential equation (RDE)

dy = V(y)dx, y(0)=yo € R
in the Friz—Victoir (FV) sense [3, Def. 10.17]. If the solution is unique we write y = Iy ((z(™), yo).



We see Eq. (1) is rewritten as
hen = Ve a)dX. Tea0) =16 € G, X(1) = Xeal)s= [ 4
cl[0,t]

where V(M) (M € Mat(nmat, C)) is the linear operator on Mat(nmat, C) = R2Mmar defined by
V(M)N := NM, N € Mat(numa, C).

Let Cuice C C be a set of ‘well-behaved’ curves in C (roug_hly speaking, the curve ¢ € Cnic_c doe_s not
rotate around a point in R? infinitely many times). Let X = X a0 and X9 = (1, x9 xY)) .=
So (X)),

Lemma 3 (rough path convergence in LP). Let a« = 1/p € (1/3,1/2) and q € [1,00). Suppose

¢ € Cpice. Then there exists X € C*HOY[0,T],G*(g)) such that X9 - X, in Co-H3L([0, T, G%(g))
and L1(P), i.e.

lim ’dCC,a—Hél;[O,T] (X, X9) ‘

Jj—o0

= ()7
La(P)

where dcc,a-msi;0,7) denotes the canonical metric on CoHOY([0,T],G?(g)) (a-Hélder Carnot—
Carathéodory metric).

Theorem 4. There exists a subsequence (A(j"))neN of (A(j))j such that for any finite subset S C Chpjce

(i) P|he := Ty (X8),, 1¢) exists for all ¢ € S} =1,

(ii) The set of G-valued random variables {hc:c € S, c is a loop} obeys the law of the Wilson loops
of YM theory on R2.
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Malliavin calculus for conditional intensities of
Hawkes processes

T 2]
(KRB i 32 KR F e A 5E k)

(Q,Q,P) %Eﬁ’ﬂyﬁ%ﬁaﬁt l_/, ]RO = R\{O} bl 2 < . {Tk; k> 1} & Tr < Tk41 Q.S. %{%f:j—
simple point process & U, XfJid % counting process %

{Nt = Z H(O,t](Tk) ;> O}
k>1

THRT. KIT, {Zk; k> 1HFMSE TR IR S Ro-ElERZELES| T, {N;t >0} L7
ThY, TOEEE f(z) :=P[Z €dg]/dz 13 S M T, limp o f(z) =0 275 HD
&3 %. marked point process { (T, Z); k > 1} (24§t 9" % marked counting process %

k>1

{L((O,t],A) = Z H(O’,}(Tk)ﬂA(Z]{) 1 >0,A€ %(Ro)}

TRY. ZorE, {L((0,1,A);t >0, A€ B(Ry)} D conditional intensity {A(z,A);t >
0, Ae B(Ro)} H

At,A) = m(A)+ Y At — ) Lo () Ta(Z) (1)
k>1

<:; 7(A) +/Ot/Ah(t—s)L(ds,dz)>

Zwi7zd e &, {L((0,1],A);1>0, A€ B(Ry)} I& (marked) Hawkes process & IFIZ#1 5.
72720, m(dz) IE Ry EOBRMPEE U, h:[0,+00) — [0,+e0) 3B F AT HIBE T,

Il (:: / +°°h<s>ds) <1 @

*E-mail address: takeuchi@sci.osaka—-cu.ac.jp
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27z D e T 5. I51T, B eC(Ro;[0,400)) XL T,

L= ¥ ) Ty (%) <:: /0 t /R Oﬂ(z)L(ds,dz)> , 3)

A = Roﬁ(z)/l(t,dz) (4)

TEEDHERBIE (L1 >0}, {4120} 2525, u= g llz)n(dz) &B<E, () &D
A= p +k§h(f = Tc) U(Zie) L0, () (5)

(: u+/0t/ROh(t—S)Z(Z)L(ds,dZ))
x1535.

AGHEETIE, HERBFE {4, ;¢ >0} 126 U T Malliavin ff#ifr 2@ H L, {N; > 1} D RTD
HAER NN ONWTERT S, Uy ¥ TRIERERE IS 5 Malliavin fi##7121%, Bismut
D}k (Girsanov Z2#UZ £ 57 70 —F) 0 Picard D ik (ENEHEZEZ AW HEE) 7%
E, BIZIR U280 D HIER LI SCH S NTWAD, KEHTIX, Yy 7OREI%

RIMEREBIN{Z k> 1V ZFEEH UM R YT TERD I LIZT 5.
FE1T>02U, £ Q) EUTD=Z2DFMDRHKONDLT 5 :
i) ¢(0) =0,

(i) T80 MEB K CRy BLUEKC) >0 MBFEL T, infex |0(z)] > C,

(i) B Cy >0 BFEL T, infco 7 h(t) > Co.
IDLEO<t<THBLTPeCL(R)ITHLT, IROERDED LD :

E[¢'(A)I(N, > 1)] = E[¢(4) ©, (N, > 1)], (6)

_ w9 h(t —7j) '(z5) £ (z5)
0 = ]_Z’l f(Zj) 8Zj (Zk;ﬁjh(t — rk)zﬁ’(zk)z +h(l - rj)zf’(zj)z) =2 )
O

XHIIZEH 1 2 WO DIGHBNZOWT, #EOFTHENTLITFETHS.
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On the Euler-Maruyama scheme for SDEs with discontinuous
diffusion coefficient

Dai Taguchi (Ritsumeikan University)
joint work with
Hoang-Long Ngo (Hanoi National University of Education)

Abstract

In this talk, we consider the strong rate of convergence for the Euler-Maruyama scheme of
a class of stochastic differential equations whose diffusion coefficient is discontinuous.

Euler-Maruyama scheme

Let X = (X;)o<t<7 be the solution of the one-dimensional stochastic differential equation (SDE)
¢

X =9 —|—/ o(Xs)dWs, o € R, t €[0,T], (1)
0

where W = (W})o<i<r is a standard Brownian motion defined on a probability space (€2, F,P)
with a filtration (F;)o<i<r satisfying the usual conditions.

The solution of is rarely analytically tractable, so one often approximates X by using the

Euler-Maruyama approximation X (™ = (Xt(n))ogth given by

t
Xt(n) =1 +/ J(Xf]:zs))dWS, t €[0,T],
0
where n,,(s) = kT /n if s € [kT/n,(k+ 1)T/n). It is well-known that if o is Lipschitz continuous,
the Euler-Maruyama approximation for converges at the strong rate of order 1/2, that is, there
exists C' > 0 such that
n C
E[|lXr — X3)) < —5.
The strong rate in the case of non-Lipschitz coefficient has been studied recently. Gydngy and

Résonyi [I] prove that if o is a-Hélder continuous with « € [1/2,1], then there exists C' > 0 such
that

c

——  ifae(1/2,1]
n a—1/2 » b
El|Xr - X\ <{ "G

if a =1/2.
logn ne /

These results still hold for the SDE with discontinuous drift coefficient ([3]).



SDE with discontinuous diffusion coefficient
In this talk, we assume that the diffusion coefficient o satisfies the following condition:
oi=pof,

where p is 1/2-Holder continuous and there exists 0 < p < p such that

p<pl) <p,

and f = f1 — fo, f1 and fy are bounded, strictly increasing with finite discontinuous points. Note
that under the above assumption, the SDE (1)) has a unique strong solution, (see [2]).

In this talk, under the above assumption for the diffusion coefficient o, we will show that the
Euler-Maruyama approximation X () converges to the unique solution to the corresponding SDE
in L'-sense with the rate logn, that is there exists C' > 0 such that for any n > 2,

n C
BT - X <

The idea of proof is to use the “tightness” and some estimations of the local time of the Euler-
Maruyama approximation.
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Stochastic complex Ginzburg-Landau equation with

space-time white noise *

Nobuaki Naganuma (Osaka University)

In this talk, we prove local well-posedness of the stochastic complex Ginzburg-Landau equation
with a complex-valued space-time white noise £ in the three-dimensional torus T? = (R/Z)3

Ou= (i+p)Au+rv(l—|u*)u+ on (0,00) x T3,
P =i+ p)du+ (1 —fufJu+e on (0.)
u(0,) = uo(:)-
Here, i = v/—1, u is a positive constant and v is a complex constant.

Before starting our discussion, we introduce notation. We denote by D the space of all smooth
functions on T3 and by D’ its dual. For every o € R, 1 < p, ¢ < 00, we denote by By, the Besov
space, which is defined by the completion of the space of smooth functions on T? under the Besov
norm ||-||gg . To define the Besov norm, we use the Littlewood-Paley block {A,, = F  omF}oo_ 4,
where F and F~! are the Fourier transformation and its inverse, respectively, and {p,, }5°__; is
the dyadic partition of unity. For notational simplicity, we set the Holder-Besov space C* = By,
and denote by CpC® the space of all C*-valued continuous functions on [0, T] for every 7' > 0. Next
we introduce the notion of paradifferential calculus. For every f € C* and g € C?, we define the
resonance f ® g and the praproduct f© g. They give the decomposition fg= f@g+ fOg+fSg.
The paraproduct f @ g can be defined for any «, 8 € R, but the resonance f ® g can be defined for
a+ B > 0. Hence, in order define products fg, it is necessary that a4+ 8 > 0 holds. Finally, we set
LY =0 —{(i+pA -1}, P} = Hi+mA=1 and I(u), = fioo P} jugds for u:[0,00) — D'

Now we return to well-posedness of the equation (CGLE). For some reason, we write (CGLH)
as Ll'u = v(1 — |ul?)u + u + ¢ and discuss the problem. To illustrate difficulty of this problem, we
consider a stationary solution to the linear equation £1Z = ¢ on (0,00) x T3. The solution is given
by Z; = I(£); formally and it is not a function but a distribution with respect to the space variable
in the dimension three. More precisely, Z; belongs C—27" for any k > 0. Hence the products Z72,
ZZy, Z¥Z; and so on are not defined a priori. Since the irregularity of the solution to (CGLH)
comes from the white-noise, it is natural to guess that the space regularity of u; is not better than
that of Z; and that the product |us|?u; = u?%; is not defined a priori.

To overcome this difficulty, we use the theory of paracontrolled distributions developed in
[GIPTS]. The method consists a deterministic part and a probabilistic part.

*This talk is based on a joint work with Masato Hoshino (The University of Tokyo) and Yuzuru Inahama (Kyushu
University)



In the deterministic part, we construct the solution map of (CGLH) from the space X7 of
driving vectors to the space Dﬁ}’f/ of solutions, where T} is a life time of a solution and s, s’ are
positive small parameters, and show that the solution map is continuous. To be precise, for every
0< k<K <1/18 and T > 0, we call a vector of space-time distributions

x = (xxVox¥ xY xY xY XU U N O N NG
€ CrC 4" 5 (CrC~17)2 x (CpCY=")2 x L3275 T73% 5 (CrC~")® x (CpC—3%)?2

which satisfies £1X7 = XV and £1XY = xV a driving vector of (CGLH). We denote by X%
the set of all driving vector. The definition of D;" is a little complicated. Because we transform

(CGLE) to a system of two equations with respect to (v, w) so that u = X! — vXY 4 v+ w solves
(CGLH). The space D;i’f/ is where (v, w) lives.

We explain the meanings of the graphical symbols I, V, ¥, Y,.... They are just coordinates
mathematically; however, the dot and the line are icons for the white noise and the operation I,
respectively. Hence, 1 represents I(£) = Z. Moreover, { and ¥ are icons for the complex conjugate of
Z and the product ZZ, respectively. So ¥ means I(Z2Z). Finally, < denotes the resonance term;
X J represents 1(Z°7) @ Z.

In the probabilistic part, we construct a driving vector X¢ from a smeared noise £¢ with a
parameter 0 < € < 1 and show convergence of X€¢ as ¢ | 0. Of course, we assume that £¢ — £
as ¢ | 0. More precisely, we set xel = z¢ = I(€%)y, X = Z¢ and XV = (Z¢)2; however, since
¢ = E[ZfZ{] diverges as € | 0, we need to consider renormalization and set xeV = z7¢ — ¢f. In
order to define X7 for Y, Yu, \), b and ‘ku, it is necessary to consider renormalization. The
other renormalization constants are ¢5 ; = %E[X(et’)aj) ©) X(em)] and ¢5, = E[X(Etl) ©) X(em)] To
show convergence of X¢, we express A\, X" by the [t6-Wiener integrals and estimate their kernels.

From the discussion above, we obtain our main result:

Theorem 1. Set ¢ = 2(c§ —Ucy | —2vch,). Let ug € C—31 . Consider the renormalized equation

(CGLE’)

Then ¢ — 0o as € | 0 and there exists a unique process u¢ and a random time TS such that
e uf solves (CGLE]) on [0,T) x T3,

e TS converges to some a.s. positive random time Ty in probability,

{ Oput = (i + p) Au + v(1 — [uf?)u + veu® + £, on (0,00) x T3,

e u¢ converges to some process u defined on [0,T,) x T3 in the sense that u¢ — u in probability
in C,C 3+ for every 0 <t < T,. Furthermore, u is independent to the choice of £°.
References

[GIP15] Massimiliano Gubinelli, Peter Imkeller, and Nicolas Perkowski. Paracontrolled distribu-
tions and singular PDEs. Forum Math. Pi, 3:e6, 75, 2015.



GLOBAL WELL-POSEDNESS OF SINGULAR STOCHASTIC
PDES

MASATO HOSHINO (THE UNIVERSITY OF TOKYO)

We discuss global-in-time existence of the solution of semilinear stochastic
PDE of the type

Lu=F(u,Vu)+¢, t>0, zeT?

where L is a parabolic operator, F' is a nonlinear operator, and £ is a space-
time white noise on Ry x T?. The main difficulty of this equation is that
the nonlinear operator F' is not well defined in general because we expect

that u(t,-) € C - Recently, Gubinelli-Imkeller-Perkowski introduced the
paracontrolled calculus as a tool of giving a meaning to this equation un-
der some assumptions. They solved some singular stochastic PDEs locally
in time in the following sense. We replace £ by a smooth noise £¢ which
approximate £ in € | 0 and consider the solution u¢ of

Luf = MF(uf, Vu®) + &°,

where M€ is a suitable renormalization of F. Then u¢ converges to a univer-
sal limit u in a short time. However, global-in-time existence is not known
in general. We discuss this problem for the following two examples.

First example is the coupled KPZ equation

O = LO2h" + ST, 0,10, hY +€°, >0, z €T

d

for an R%-valued process h = (h®)d_,.

Here (ng)lgaﬁgﬁgd are given con-

stants and & = (£%) is an R%valued space-time white noise. This is a joint
work with Tadahisa Funaki (The University of Tokyo).

Theorem 1. Let £(t,x) = (&(t) * p©)(x) be a smeared noise with an even
mollifier p(x) = ¢ 'p(e™'x). Then there exist constants C*P7 = O(e™!)
such that the solution h¢ of

Opho™ = 202hS* + 3T (9phPO,hY — CP1) 4 €9

converges to a universal limit h in a short time.
Furthermore, if we assume that

_ _ 18
%’y - F% - Fow

for all o, B,~, then there exists a p-full set H such that the limit h starting
at hg with O hg € H exists globally in time. Here u is the distribution of an
R?-valued spatial white noise on T.

1



GLOBAL WELL-POSEDNESS OF SINGULAR STOCHASTIC PDES 2

Second example is the complex Ginzburg-Landau equation
o= (i+p)Au+v(l —|uP)u+é€ t>0, zeT

for a complex-valued process u. Here p > 0, v € C, and £ is a complex
space-time white noise. This is a joint work with Yuzuru Inahama (Kyushu
University) and Nobuaki Naganuma (Osaka University).

Theorem 2. Let {(t, z) = (£(t) % p)(x) be a smeared noise with a mollifier
p¢(z) = € 3p(e~tx). Then there exists a constant C¢ = O(e~1) such that the
solution u® of

Ot = (i + 1) A+ (1~ 2+ CYut + €°
converges to a universal limit u in a short time
Furthermore, if p > ﬁ and Rv > 0, then the limit u exists globally in

time for all initial values ug € C~2/37.



Integrated version of Varadhan’s asymptotics for lower order perturbations
of strong local Dirichlet forms™!

(PSR (RAERSE) & DIEFATZE)
HE 1B R

o-GIRMEEZER] (B, B, n) FIsE £ 2 R0 Dirichlet 22t (€9, D) 2w LT, M9 % Markov
PRE LT} ORI Varadhan §HEiAFICHL D 2D [3, 2, 1)

TE1 A BeEB, u(A),u(B) € (0,00) DEF, PUAB) = [, TOlpdpy £ 5 &,

A, B)?
lim tlog PY(A, B) = —M.
t—0

2 ZTd(A, B) & A, B EIONENIERT, (£0,D) 25 EEEE2ETH S, AT, MR
i Dirichlet JEUERE OEBEIEZ N2 72 £ &, FAROFHED D L0770+ 552 5.2 5.

DIF, & LiERz2 B3, H %%y Hilbert 22, D % L*(E,p) % L*(E — H,pu) ~
O, EHEE D LT 2HEAET, HEHEALTOOLT S, T4DE, fi,fo..,fmeDE
F e CY(R™) T 1 BRERESTXTHERDD F(0) =0 £ %52 bDICHNLT, F(fl,...,fm) €D
THY D(F(f1,-5 fm)) = 20y (0 F)(f1, - fm) DEj. T, f,geDITRLT

1
£(f,9) = 2/(Df,Dg)H dp
E
LED D E, Ztud LA(E,p) Lot Dirichlet B E% 5. A e BIZHLTUTO L) ICE
035,
Da={feD|f=0pac on E\A}, Dap=D4sNL>u).

EE 2 (cf. [1]) WRATHEAI {EL )2, DBL T DM %2 A7 9 & & measurable nest &9,

(i) KB keNIZxL, Ey FThy>1 p-a.e. t%b h,eD DHET 5,

(i) UpeiDg, 3D &, ZZTDIRIBHBEEN(f,9) + (f,9) 12w PO EE 2z AN S,
S 512, measurable nest {EFr}2, & p € [l,00] ICHLTUTDLIITED S,

LY, (uAB}) = {f € L(n) | TXNTD k e NISHL T flp, € L7(n)},

Diocs({Ex}) = {f € L=(p) | {fi}il1 CDPEFEL T, ke NIINLT f= f; pae on By},
Do({Ek}) = {f € Diocp({Ex}) | IDf|g <1 prae.}.

DL E, BBEEM Dy ({EL}) & {Ex} OHD 712k 67w ([1, Proposition 3.9]) 7-®, Itz
12Dy TET. HEIEDHES A, B e BT L THNENEREZ L TOX ) ICED 3.

d(A, B) = sup < essinf f(z) —esssup f(x) ¢ € [0, 00].
feby zeA z€B

ST, byez E Lo HAEWHIBES, V 2 E LoFEME RIS L L, UM 2RET 5.

(A.1) measurable nest {Ey}$ | DMEEL T by, |c|g € LE (u, {Ex}), V € LL (1, {Ex}).

loc

1 KWFZi1d JSPS RBHiFg: JP15H03625 DBk % Z T 7 b DT,



(A2) ne0,1),0>0,w>0,1>0MFELT, FEED f,geUpe; Dg,p LT
— [{0+e.DR)uf + VI dn <0 (1) + 01115,
[ 40D g + (e Doyus +V I} du| < w7, 026N 0.0)'
SZTENSf) = EOS )+ UFI2a, BHBER € &

E(f,g):go(f,g)+/E{(b,Df)Hg+(c,Dg)Hf—l—Vfg}d,u, f’QEUI;“;IDEk,b

LEDDE, 21U (E,D) LRI RICHR RS N, L? G bie (1) 2B d 2, {1}
FIEERAAEZ RO A3, —MRIC Markov 2RO LIZRS v, Ae B2 0 < u(Ad) <o 45
AD&fE%z By &L, A, Be Byt LTP(AB)= [, Tilpdu LEDZ, DTFHPEERTH 2,

FE3 (A1), (A2) KA, T F2EET 3,

(B.1) 2% k>0ICxLT

/E(b_can)Hfd:U*' < Kg?(faf)a f € Uzozl DEk,b‘

(B2) % ~v>0& {At}eso C [0,00) DFEL T, limeyped. = 0 2D N2 AT (EED
e>0¢& HfH2 =17%% f S U?; DEk,b C:;@LT,

/;wdHf2WLSsEWf)+A5+v(/;f2bg*f2du)vé

IOk E, ;
- d(A, B
gybyyAByg—(Q), A, B € By, (1)
EFE 4 (A1), (A2)icmz, (1) PEDIL2ET2, ZDLE,
2
limtlog (4, B) > 2By pep, (2)

=0 2
(B.2) D43 ) w435tk L RGNEEEETIC S 2 5. &8 3 DFEMHIF Davies-Gaffney D
DIEIE, EH 4 DFEWIZ (1] DigimOBIRICED <, (B.2) DXL THEIHZFFLTw5E 25
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