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Skew diffusion



- A skew diffusion is the unique solution of the following one-dimensional
stochastic differential equation with symmetric local time:

t t
X, =x+ f b(X,)ds + f o(X)dW + (2a - DL)(X), (1)
0 0

where t € [0,T] and [2a — 1] € (0, 1).
« W = (W;)o<i<r is a one-dimensional standard Brownian motion.
LX) = (L?(X))OS,ST is a symmetric local time of X at the origin, that is

.1
LY(X) := lmag f e, (X)d(X)s.
£ 0

- If @ = 1/2, then a solution to the equation (1) is a diffusion process.
-If @ =1 ora = 0, then a solution to the equation (1) is reflected
stochastic differential equation.
- We want to prove that

(i) Existence of the density of a skew diffusion.

(i) The density of a skew diffusion satisfies a Gaussian upper bound.

- We want to calculate an expectation E[g(X7)] for some function g.
- Application: Physics, PDE and SDEs with dis-continuous coefficients.



Relation to SDEs with dis-continuous coefficients
Define

So(x):i=(1—-a)x1(x 2 0) + axl(x < 0).

By using the symmetric 1t6-Tanaka formula, we have

t t
X, =x+ f b(X,)ds + f T(X)dW; + 2a — DLYX)
0 0
sa L 157

t t
Z; = 54(Xy) = 5q(x) + f u(Zy)ds + f p(Z)dWy,
0 0

where

u(z) = (l—a)b( )1(z>0)+ab( )1(z<0)+£1(z-0),

0@ = (1 —a)a(lfa)l(z > 0)+a/0'( )l(z <0)+ L1(z = 0).

Weak solution: Krylov [6], Strong solution: Le Gall [7], Nakao [8].



Main result
Let Ry := R\ {0}. Our first main result on this talk is the following.
Theorem 1
Assume that

(i) o is a positive, bounded and uniformly elliptic function. In particular,
there exist positive constants a and a, such that for any x € R,

a<ax):= o(x) < a.

(i) b is bounded measurable and a is n-Hblder continuous with
n € (0,1], i.e., there exist positive constant K such that

la(x) — a(y)|
sup |b(x)| + sup —(v <K
xeR x,yER,x#y [x —y|"

Then for any (¢, x) € (0, T] x Ry, there exists the density function of
X;(x), p:(x,-), which satisfies the Gaussian upper bound, i.e., there exist
positive constants C and ¢ such that, for any (t,x,y) € (0,T] x Ry X R,

-2
Ce_ 2ct

Pt(x,J’) <
V2rct



Main result

Moreover, the density p;(x, ) is a differentiable with respect to an initial
value x € Ry = R\ {0} and satisfies the following conditions:

C e‘(y;nz
0,pi(x,y) £ — - s
112 V2rct
and
aaxpt(o'hy) =(1- a)axpt(o_ay)’ (2)

and if @ # 1/2, p,(x, ) is discontinuous at zero.

Remark 1
Note that the property (2) implies that if @ # 1/2, then the density
function of skew diffusion cannot differentiable at zero with respect to x.



Parametrix method for diffusion



In this section, we introduce a parametrix method for one-dimensional
diffusion process:

dX, = b(Xy)dt + o(X;)dW;, Xy = x.

A parametrix method is a “Taylor-like expansion" for the density of
diffusion process and is used to construct a fundamental solution for
parabolic type PDEs (Levi or Friedman [2])

For solution of SDE X, the infinitesimal generator L is given by

a(x) 7 ’ 2
Lf(x) = Tf x) +b(x)f'(x), feC



For simplicity, we assume that b, o € CZ" and o is uniformly elliptic.
Then there exists the density function p,(x, ) of X, satisfying

Opi-ix,3) = L'pcs(ro) lim [ f@pcc(ay)ds = )
0.pini5,3) = ~Lpimsei i [ FOIpe-x.dy = £
Consider a “frozen process" (approximation process)
X = x+ byt + c()W, (or X = x + o()W)).
Let pf(x, .) be a density function of Xf Then p(x,y) := p:(x, y), satisfies
05sxi9) = ~LFs(w) lim [ f07 e = 1),

where

L f(x) = aT(y)f”(x) +b(y)f'(x), (or aT(y)f”(x))-



Hence we have

t
dsas f dzps(x’ z);t—s(z’y)
R

t

ds

pi(x,y) = p,(x,y) =

dz (3,p(x, DPr-s(2,y) + P(¥, 20Dz, ¥))

t

ds | dz(L*py(x, 2P,-(2,3) = ps(x, DL'P,,(z,))

1l
S— 55— 5&—
S— 5—

t
f ds f dzpy(6,2) (L = L)prs(2, )
0 R N e——

=10 4(z,y)

t
f ds f dzps(x, Z)(I)t—s(z’y)
0 R

1 p®D(L,x,y).

This implies that
pi(x,y) = ;t(xsy) +p® @, x,y).

p,(x,y) is called the “parametrix" and this procedure is called the
“parametrix method".



By iterating the above procedure, we have the following “formal
expansion"

Pt(x,y) = ;t(xay) + P @ ‘I)(t,x,)’)
=p(x,y) + p® ®(¢,x,y) + p ® P%(¢,x,y)

“=7 3 PO O x, ). (3)

n=0
Under the following Assumption, the above expansion holds.

Assumption 1

We assume that the drift coefficient b and diffusion coefficient o satisfy
the following conditions:

(B) b and o are bounded and measurable.

(UE) o is a positive, bounded and uniformly eﬁiptic function. In
particular, there exist positive constants a and a, such that
forany x € R, a< a(x) := 02(x) < a.

(p-H) a is n-Hélder continuous with n € (0,1]. That is, there

exists K > 0 such that sup,, '”(Ifc)__y‘;?)' <K

Bally and Kohatsu-Higa [1] introduce parametrix expansion for semigroup



Moreover, under Assumption 1, the following Gaussian upper bound
holds:

i i cn e_(yz__cxr)2 Ce_(yz__cxr)2
pi(x,y) < I; ® (I)®n(t’ x,y)| < = .
n=0 n=0 I+ nn/2) V2nct V2nct

Note that it is well-known that if b is also Hélder continuous, we can prove
that p;(x, y) satisfies the following PDE

aspt—s(x9y) = _Lpt—s(xsy)’ lg?jl;f()’)lit—s(x,)’)dy = f(x)-



Why Hélder continuous ?

A Hélder continuity of @ = o gives us integrability with respect to times

variables, that is

_ =y 7 _1 =yl _1 =y
la(x) — a(y)l e T Cc |x-yI" ik etz C e 272
< 1-5/2 y ¢ < 1-5/2 ’
! V2mt 7V tq/—sc 2nt U7 \2me

Hence, we have

le—yl?

T - Y]
f dt f dyla(x) aiy)le <o
0 R t 2rt

This is the reason, why the parametrix expansion convergences and

Gaussian upper bound holds.



Parametrix method for skew diffusion



Recall that for the parametrix method for diffusion process, a “frozen
process" X? is defined by
Xf =x+ byt + o)W, (or Xf =x + a(y)Wy).

For a skew diffusion process:
t t
X/(x)=x+ f b(X;(x))ds + f o(X(x)dW, + Qa - l)L‘:(X),
0 0
a “frozen process" X” which is the unique strong solution to the equation

X =x+ o)W, + Qe - DLIX),

;=

which is a slightly generalized version of “skew Brownian motion".



The solution of the equation
Y, = x+ W, + Qo - DL)Y),

is called the “skew Brownian motion" (Harrison and Shepp [4]).

The density function of Y;, py,(x, ), can be given explicitly by using the
Gaussian density (Walsh, [10]):

ifx>0

Py, =@ Q-x)+QRa-1g,(y+x)1(y > 0)
+2(0-a)g(y—x)1(y <0),

andifx <0

py,(x,y) =gy -x)+1A-20)g (y+x)1(y <0)
+2ag,(y—x)1(y 2 0).

Note that py, (x, y) satisfies the following condition:
@0y py,(0+,y) = (1 — @)0.py,(0—-,y)
and if @ # 1/2, py,(x,-) is discontinuous at 0 because

Py, (x,04) = 2ag:(x) and py,(x,0-) = 2(1 — @)g:(x).



In the same way, the density pf(x, 2)of Xf =x+o0()W, + Qa - 1)L‘t’(Xy)

is given explicitly. We denote p,(x, y) := p,(x,y).
Then using the “semigroup approach”, we can prove that

pi(x,y) = ZE(’B ‘I’®"(t,x,y)

n=0

is the density function of a skew diffusion X;(x) and a Gaussian upper
bound holds. Moreover, p,(x, y) has the same property of py,(x, y):

@0xpi(0+,y) = (1 = @)xp,(0-, y).

and if @ # 1/2, p;(x,-) is discontinuous at 0.



Probabilistic representation to use Monte Carlo
simulation



Euler-Maruyama scheme
We first note that the Euler-Maruyama scheme for skew diffusion process
with out drift term.
Euler-Maruyama scheme:

t

X" = x + f a(X™ )dW, + Qa - DL(X™),
t 0 u(s) t

where n,,(s) := kT /nif s € [kT/n,(k + 1)T/n).

- Assume that o is bounded, uniformly elliptic and 1/2-Hélder continuous.

Then Using Yamada and Watanabe technique and Le Gall technique, we

can prove that there exists a positive constant C such that

C
E[Xr — X"l £ —.
T logn

Remark 2

Note that this convergence rate is the same one for the Euler-Maruyama
scheme for diffusion process. (Gyéngy and Rasonyi [3] or Ngo and
Taguchi [9]).

Hence if the diffusion coefficient is Hélder continuous, the E-M scheme
may has slow convergence rate.



The density function of X;(x) has a probabilistic representation which can
be used for Monte Carlo simulation.

Theorem 2
Under the same condition as in Theorem 1 for the coefficients, we have
the following probabilistic representation: for any (x,y) € Ry X R,

pr(x,y) = E[H(T1,++ TRy X, )],
Proey, (5 Y27 0)) Ri=l B o (V27 (3), Y2 ()

H(Tl et 3 TR X .)’) = ’
’ . 1-F (T -1x,) i, {(Tiv1 = 7))

- for a partition my = (s; A T)yen, Y™ (y) is @ Markov chain starting at y
and its transition probability is

PY;™(y) € dyinlY " (0) = yi) = @ (VkeD)dYiats
-0i(x,y) 1= (L = L)p, (-, y)(x) /] (x),
- a counting process R; := 2:;1 1(t, < t), interval of jumps T, — Ty-1
has the density function { which is a positive on (0, T1,
- the random partition ® = (t, A T)pen, and Fy(x) := f_ xm {(2)dz.



Therefore, for any function g with E[|g(X7(x))|] < e and random variable
Z with density function f independent from W and R, we have

Elg(X7)] = f g)pr(x,y)dy

g(y)
= 2- ,y)d
f(y)f(v)pr(x y)dy

g( )
— , Z
f(Z)pT(x )]

=E|——=H(ry,""- s TRrs X Z)] .

Remark 3
Note that since the density of Xt satisfies a Gaussian upper bound,
Elg(X7)] < oo holds for any |g(x)| < Ce“W.



Idea of proof
Recall that p;(x,y) = 2;’;05 ® ®®"(t, x,y). By the definition of
convolution @, we have

to tn-1
P@(I)C’Bn(t,x,y):f dtl...f dt"f dyy---dy,
0 0 R?

n—1
X l_[ mt,‘—t“.l (.Yi+1’ yi)it”()}n+l’yn)'
i=0

Using the following lemma, we can prove the probabilistic representation
for the density of skew diffusion p;(x,y).

Lemma 1
Let R = (R;)>¢ be a counting process with ((T,)nen, ). Then for any
t > 0, n € N and measurable function H : R" - R,

E[L(R, = WH(r1, -+ ,7,)]
t S S n—1

= [Cdsu [ dsiaee [ dsiBGsn 50 = Bl =5 [ s = 50,
0 0 0 i=0

where Fy(x) := [ _{(y)dy and sy = 0.



Second moment problem

Let R be the Poisson process with intensity 4, i.e., {(x) = de~* Then we

have

Ry—1

H(ryyeo oy % 3) 1= €T 6, Y07 0)) [ ] Orir

i=0

Note that

~ C y—-x
e < =g (<)
Hence we have “formally"

E[H(t1,++ s T1,,X)]

0o

;"

Ti+1

), Y.

n= 1

= 00,

¢ S 52 n-1 2 y—-x
< e”/l'"fds f ds,_ f ds 2( )
Z—(:) o e T 0o I‘=—ol (Siv1 = 8> A

(13 ”



Finite moment scheme
To reduce the variance of our probabilistic representation, we define the
function £(¢) := ,%l(o,zn(t) where A := (1 - 8)/QT)'# and B € (0, 1).
Then for any p > 2,

IE"[HP(TI, s, TT, Y5 X)]

y—x

o to Sn S CngP ( )
< Z f dSn f dsn—l cee f dSl Pty c
n=0 V0 0 0 H::J(Sm = §;)PP12EP(si41 = i)

o e . caet ()
< Zf ds,,f ds,.—1 f dsy .
=0 Jo 0 0 1‘[;:01(5”1 — §;)P=P1/2=(p=1pB

By taking 8 € (p(1 — n/2) — 1)/(p — 1), 1), the above series is finite.
Note that if 8 is small,

20-p)
2-8

=This implies that by choosing small 8, we can control simulation time.

]E[Tn - Tn—l] =



Application to Mathematical Finance

Note that our Finite moment numerical simulation scheme can be useful
to compute a “Greeks" in math finance. Indeed, for any x € Ry, we have

0:E[g(X7(x))] = fR 8(y)0xpr(x,y)dy

8(Z)
=E maxH(Tls"' s TR Xy Z)] ’

where Z ~ f and
OxPr_ry, (6, Y77 () Rl B o (Y27 (1), Y27 (3))
1-F/T-7gr) {(Tis — i)

0. H(ty,-+- ,TRT’x9y) =



Future works

Numerical scheme based on the “parametrix method" for SDE with two
reflections:

t t
X, =x+ f b(X,)ds + f T(X)dW, + B LY (X) + L (X)
0 0

and more generally, for some measure v on R,

t t
X,=x+ f b(X,)ds + f o(X)dW, + f Lf(X)v(dy).
0 0 R
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