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Motivation

convergence of spaces & convergence of Brownian motions
» X, = (Xn, dn, mn) ‘good" metric measure space
> Ch(f) = 5 [ |Vfl5,dm, Cheeger energy on X,

» B, = ({B!'}>0, {PX}xex,) Brownian motion on X, (ass. w. Ch,)

(A) mGH

X Xso
| oon]
Bn (B) “inlaw” Boo

(Q) Does (A) imply (B) (or, vice versa) ?
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Assumption
Assumption
letl < N<oo, KER, 0< D < 0.

Let X, = (Xn7 d,, mn) be metric measure spaces s.t.

RCD*(K,N) (“Ricci > K, dm< N”)
Diam(X,) < D
mn(Xn) =1,

for Vn € N:=NU{oco} (such X, is compact).

Example of RCD*
» mGH limit of N-dim. compl. Riem. mfd with Ricci > K = RCD*(K, N).

» N-dim. Alexandrov sp. with Curv > K = RCD*((N — 1)K, N) (Petrunin
"11& Zhang--Zhu “10).
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Main result

Theorem

Under Assumption, the following (A) and (B) are equivalent:

mGH

A X, — X

(B) There exist
a compact metric space (X, d)

isometric embeddings ¢, : X, — X (n € N)
X, € X, (n€N)

such that
tn(B) 4P — 10 (BX) 4 P32 weakly

in P(C([0, 00); X))
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RCD*(K, N) spaces

L?-Wasserstein space
» (X,d) complete separable metric space

> 1€ Py(X,d) &, { : Borel prob. meas. on X s.t.

/ d?(x,X)du(x) < oo forsome X € X.
X

» (Coupling) q € I1(p,v) &, q : Borel prob. meas. on X x X s.t.
q(A x X) = pu(A), q(X xA)=wv(A), (coupl ofyand ).

» (L*-Wasserstein distance) For 11, v € Py(X, d)
1/2

WZ(/L,V):< inf /XXXdZ(x, y)dq(x, y))

q€ll(p,v)
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RCD*(K, N) spaces

L?-Wasserstein space

d
» g optimal coupl. of 1, v <éf> q atftains the following  (such g exists)

1/2
wolur) = (mf [ deyaey)
q€ll(p,v) Jxxx

» (Py(X,d), Wy) complete separable metric space (L2-Wasserstein space)

» m loc. finite Borel meas. on (X, d).

» 1€ Po(X,d,m) & pE Po(X,d) & p << m & bdd support.
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RCD*(K, N) spaces
volume distortion

» Set, for § € [0, 00),

sin(y/k0)

T if k> O./
©.(0)=<0 if k=0,
sinh(y/—k#)

—F— if K <O.

N

» Set, for t € [0, 1],

O,.(t0

((z) ((9)) if k0>#0 and rKO* < 72,
o(0) = t h if k62 =0,

+00 it kO > 72
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RCD*(K, N) spaces
CD*(K, N)
Definition (Bacher—-Sturm ‘10) Let K € Rand 1 < N < co.
(X, d, m) satisfies CD*(K, N) & Vo, p11 € Poo(X, d, m),

3 opt. coupl. q of 1o and iy
dgeod. iy = pim € P (X, d, m) connect. (o and fi;

s.t.

/ pc ¥ dp > / ke (Ao, )5 (x0)
XXX

+ US}N/<d<XO,X1)),01_l/N/<X1) dq(xo, x1),

forVt € [0, 1] and VN’ > N.
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RCD*(K, N) spaces

Sturm’06, Bacher--Sturm’10, Erbar--Kuwada--Sturm’15

When (X,d, m) = (M, dy, mg) N-dim. compl. Riem. mfd.

Ricci > K <= CD*(K,N)

Ric, > Kgx <= /pt”’dut 2/ {a;({l/},f)(d(mel))pSl/N (x0)
JXXX
+ o (@A, x))pr N (x1) | dalxo, x0).

Functional inequadlities, volume growth...

Poincaré ineq. Sobolev ineq. Bishop--Gromov ineq. Bonnet--Myers.
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RCD*(K, N) spaces

Cheeger energy
d
» For f € Lip(X), local Lip. const. |Vf| &,

) )
V) = 4 TSP ()

0 otherwise.

if x is not isolated,

» Ch: Wh%(X,d, m) — R : Cheeger energy &,
1
Ch(f) = inf{liminf/ |Vfu|>dm : f,, € Lip(X),
2 n—o0o

/XLfrl — f|Pdm — 0}
fewh*(X,d,m) = {f € L*(X,m) : Ch(f) < oo}.

» Ch is NOT necessarily quadratic.
Convergence of Brownian motions on RCD spaces



RCD*(K, N) spaces

RCD*(K, N)

Definition (Erbar-Kuwada--Sturm (to appear in Invent. math.))

(X, d, m) satisfies RCD*(K, N) <.

CD*(K, N)

Cheeger energy Ch is quadratic:

2Ch(f) + 2Ch(g) = Ch(f + g) + Ch(f — g),
Yf,g € W'3(X,d, m).
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Assumption (again)

Assumption
letl < N<oo, KER, 0< D < 0.

Let X, = (Xm d,, mn) be metric measure spaces s.t.
RCD*(K, N)
Diam(X,) < D
m,(X,) = 1,

for Vn € N:=NU {co}.
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Brownian motions on RCD*(K, N) spaces

Brownian motion

Under Assumption,

» strongly local regular conservative Dirichlet form

1
En(u,v) = 1 (Chp(u+ v) — Chp(u — v)),
D&, := W' (X, dn, my).
» {T['}>0 strong Feller semigroup. i.e.
T'f € Coo(Xn) (Vf € Bu(X,) N L*(X,,, my), Vt > 0),

m |T7f = fllee =0 (¥ € Coo(Xn)).
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Brownian motions on RCD*(K, N) spaces

Brownian motion

» (Brownian motion) 3 conti. Markov process ({ B]'} >0, {PX }xex, ) s.t.
T'f(x) = EX(f(B})) := / f(BY) dPx (Yt >0, Vx € Xp,),
Q"

for Vf € Bp(Xn) N L*(Xpn, my).
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mGH

measured Gromov--Hausdorff conv.

» (X,,d,, m,) compact metric measure spaces.

» measured Gromov-Hausdorff conv. (Fukaya ’87)

(X, dn, my) maft (X0, ooy Moo) PN den, 1 0, and f;, 1 X,, — X Borel,
s.t.

() (almost isometry) sup, . |dn(x, y) — doo(fu(x), Sn(U))| < €n:

(i) (almost surjective) X, C B, (fn(Xy,));

(i) (convergence of measures) for any ¢ € Cb(Xoo),
lim/ ¢ o fn, dm, — ¢ dme.

n—,oo Xoo
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Main result (again)

Theorem

Under Assumption, the following (A) and (B) are equivalent:

mGH

A X, — X

(B) There exist
a compact metric space (X, d)

isometric embeddings ¢, : X, — X (n € N)
X, € X, (n€N)

such that
tn(B) 4P — 10 (BX) 4 P32 weakly

in P(C([0, 00); X))
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Related result
Theorem (Ogura ‘01)

Assume the following two assumptions hold,

» M, compact connect. weighted Riem. mfd (M, gn, Wwy) s.t.
da, v, f >0 indep. n s.t.

Pa(t,x,y) < t>0, x,y €M,

«
(tA1)v/2
fg (Mn) < B,

Kasue—Kumura

» (X, do, My ), 3 cont. heat ker. py s.t. M, — X, with
En-som. fr 1 M — Xoo. and fr(Xn) — Xoo € Xoo.

Then after time-discretization ¢ = ¢,

wealk

fn(Bg(.))#P,f” — BZC(.)#PC):SO

in P(D([0,0); X))
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Sketch: (A) = (B)

embedding

Fact

Under Assumption, the following (A) and (A’) are equivalent:
mGH

A X, — X

(A" There exist
a compact metric space (X, d)

isometric embeddings ¢, : X;, = X (n € N)
such that
ngTMn — loopMse  Weakly in P(X).

) Hauic;orjf

> (A) implies (X, loo(Xs) In (X, 4d).
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Sketch: (A) = (B)

plan

» Identify 1 (X) ~ X,
» Let x, € X, st
tn(Xn) = Loo(Xoo)-

» B, := 1y (B") 4P forshort.

We show
» {B,}nhen relatively compact in P(C([0, 00); X))

» Uniqueness of limit
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Sketch: (A) = (B)

relative compactness

» (moment estimate ) VT > 0,43 > 0,dC > 0,40 > 1st. Vn e N
E*[d’ (B!, Bl ,)] < Ch?, (0<t<T, 0<h<1). M

» (unif. doubling) + (unif. weak (1, 2)-Poincaré) + (Bishop--Gromov ineq.)
— uniform Gaussian heat kernel estimate:

dCy, Cy, v > 0indep. of n s.t.

d(x.y)?
<xy>} >

C
p<t7x7 y) < tT,eXP{—Cz :

forallx,y € Xand0 < t < 1 A D2
» 2 — (.
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Sketch: (A) = (B)

uniqueness

» (Sufficientcond.) Foralllkk € N, O = tn < t; <t <--- < ) < 00,
1.2, -, Gk € Cp(X).

E*[g1(Bg) - - - gi(BR)] = E™[g1(BY) - - - gi(B)]- ®
(Convergence of finite-dimensional distributions).

» Recadll
TS (%) = ER(f(BY)).

» We would like to show

“uniform”

T'f Tf on X

forany f € Cp(X).t > 0.
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Sketch: (A) = (B)

extention
» We would like to show

“uniform”

T'f

forany f € Cp(X). t > 0.

T°f on X

» T/'f is NOT CONTINUOUS (not defined) on the whole space X.

» (By unif. Parabolic Harnack ineq.) T}'f unif. Hélder on X,:
J0<a<1,0< H < oo indep. of n s.t.

[T f (x) — T{f (y)| < Hdn(x,y).

» Extend to the whole space X

Yf‘fj(x) = sup{T}'f(a) — Hd(a,x)*} xeX. %))
acXy
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Sketch: (A) = (B)

extention

Then we have
> ’1/“5‘: T'f on X,.

» T0'f is (v, H)-Holder on the whole space X.

Now we would like to show

'I/‘EJ/C unyf—ofn i?‘i on X.
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Sketch: (A) = (B)

uniqueness

Now we would like to show

umform

’1/“;”3” T*°f on X.

» (equi-continuity) + (Mosco conv. of Ch in (Gigli-Mondino--Savaré ‘13))

— If {’E”j/‘}n has two converging subseq. to F; and F,, then

Fi|x, = Blx, =T f.

» It suffices to show

F1|Xoo — Fl-

» Key: stability of extention ~ under Hausdorff conv. X,, — X,
Finish (A) = (B)
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Sketch: (B) =— (A)

Ergodic theorem

() How to get information of the underlying space from B.M. ?

(A) Ergodic theorem

» B.M. recurrent & irreducible & Jp(t, x, y)
» (Ergodic theorem) For any f € L' (X, m,).

x n t—00 1
E((B) U s L am,
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Sketch: (B) =— (A)

Ergodic theorem

» Foropen G C X,

lim inf m,(G) 1999 Jim inf lim P (B} € G) lim lim inf PX*(B}' € G)
n—o0 n—oo t—o00 t—o00 n—oo
(B) -
> lim P (B € G) Ergodic My (G).

t—00

» It suffices to show

liminf lim P*(Bf' € G) = lim liminf PY" (B} € G).

n—oo t—oo t—00 n—oo

» Key: Speed of convergence to equillibrium as t — oo need to be controlled
independently of n.
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Sketch: (B) =— (A)

Spectral gap

» Let )\,11 be the spectral gap of Ch,;:

AL = inf{ LfH;(]:n : f € Lip(Xn) \ {0}, /X”fdmn = 0}. ®)

» Speed to equiliorium are controlled by )\,11:

1T — ma(F) |l 2my < € = ma(F)]]2(mp) ©®

forany t > 0. Here m,(f) : fX fam,.
» Under assumption (unif. Poincaré ineq.), we have

inf )\1 > 0.
neN

Finish the proof & Thank you.
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Future works

» How is RCD(K, 00)? (in progress)
» How is RCD*(K, N) WITHOUT diameter bounds?

» How is discrete cases?
Discrete ver. of “Ricci”:

. Coarse Ricci curvature (Ollivier '09),
Rough CD (Bonciocat--Sturm ‘09, Bonciocat 14 )

Thank you.
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