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Introduction

In this talk, we will show some results on the density
functions related to discrete time maximum of some
one-dimensional diffusion processes.

That is defined by M} = max{Xy,,---, X, } for a fixed
time interval [0, T] and a time partition

A, 0=t <t < - <th1<t,<tp1=T for

n > 2, where {X;,t € [0,00)} denotes a one-dimensional
diffusion process.

In particular, we will study on the density function of
(MZ, X7) and M% for some one-dimensional diffusions.
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Introduction

Tom

@ The first goal is to prove an integration by parts
(IBP) formula for (M7, Xt) in the case that X
satisfies an SDE;

E[0sp(M7, X7)G] = E[p(M7, X7)H3(H, G)]

for arbitrary p € C;°(R?%; R).

@ The second goal is to obtain asymptotic behaviors
of density function of M7 and (M4, X1) for some
Gaussian processes.

M?% and (M7, Xt) are important especially in finance.
Indeed, for “payoff functions” f,

e f(M?%): Lookback type option

° f(M?,XT) Barrier type optlon
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QOutline of the talk

@ Previous works
@ IBP formula for (M2, X7)

© Asymptotic behavior of density functions of M7 and
(M7, X7)
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Outline

@ Previous works
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Previous works

Study of density functions on maxima.

@ Nualart, D., Vives, J.: Continuité absolue de la loi du maximum d'un
processus continu. C. R. Acad. Sci. Paris Ser. 1 Math. 307(7), 349-354
(1988). — A sufficient condition so that the law of continuous time
maximum of a one-dimensional continuous process is absolutely
continuous.

@ Florit, C., Nualart, D.: A local criterion for smoothness of densities and
application to the supremum of the Brownian sheet. Stat. Probab. Lett.
22(1), 25-31 (1995). — The smoothness of the density function of the
continuous time maximum of the Brownian sheet.

@ Lanjri Zadi, N., Nualart, D.: Smoothness of the law of the supremum of
the fractional Brownian motion. Electron. Comm. Probab. 8, 102-111
(2003). — The smoothness of the density function of the continuous
time maximum of the fractional Brownian motion.
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Previous works

Study of density functions on maxima.

@ Fournier, N., Printems, J.: Absolute continuity for some one-dimensional
processes. Bernoulli 16(2), 343-360 (2010).—Absolute continuity of the
law of a solution to a one-dimensional SDE with coefficients depending
on the continuous time maximum of the solution.

@ Hayashi, M., Kohatsu-Higa, A.: Smoothness of the distribution of the
supremum of a multi-dimensional diffusion process. Potential Anal.
38(1), 57-77 (2013).— The smoothness of the density function of the
joint law of a multi-dimensional SDE at the time when a component
attains its continuous time maximum by means of the IBP formula.

@ N.: Absolute continuity of the laws of a multi-dimensional stochastic
differential equation with coefficients dependent on the maximum. Stat.
Probab. Lett. 83(11), 2499-2506 (2013).— Multi-dimensional case of
[Fournier, N., Printems, J.].

@ N.: Integration by parts formulas concerning maxima of some SDEs with
applications to study on density functions (preprint).—A little bit of
generalization of [Hayashi, M., Kohatsu-Higa, A.] in the case of
one-dimension.
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Outline

@ IBP formula for (M2, X7)
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IBP for (M2, X1)

We consider the one-dimensional SDE:

t t
Xy = x0 + / b(s, Xs)ds + / o(s, Xs)dWs,
0 0

where b, 0 : [0,00) x R — R are measurable functions
and {W,, t € [0,00)} is a one-dimensional standard
Brownian motion.

Fix T >0and atimepartition0< ty <---<t, =T
and define MJ .= max{ X, -, X }.
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IBP for (M2, X1)

Assumption (A)

(A1) For t € [0,00), b(t,-),o(t, ) € C°(R; R).
Furthermore, all constants which bound the
derivatives of b(t,-) and o(t,-) do not depend
on t. In particular, let c(o) be a constant
which bounds |o(t, x)|.

(A2) There exists ¢ > 0 such that
lo(t,x)| > ¢

holds, for any x € R and t € [0, 00).
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IBP for (M2, X1)

Theorem 1

Assume (A). Let G € D*. Then, for any multi index
B € {1,2}%, k > 1, there exists Hs(G) € D™ such that

E"[05p(M7, X7)G] = E"[p(M7, XT)H5(G)] (1)

holds for arbitrary ¢ € C°(R? R).
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Define Y, := % for t € [0, T] and A := {X,, = M7},
A ={Xy # M5, - Xy, # MY, Xy, = M3} for 2 < k < n. Then, due to
the local property of the Mallivin derivative (Proposition 1.3.16 of [16]), we have

DM§ =" DX;1a,.
i=1

Let us consider two processes {u}, r € [0, T]} and {u?,r € [0, T]} defined by
1 Yr

U= o(r,X,)

1 /1 1 1
1 Loty 1y
1Yy, [0,61)(r) + g <Ytk Ytk1> r—— [te_r,t0) (1)

1 1
+ T_tny_l_l[tn,T](r)] )

Y 1 n 1 1 1
2 r —1 r)+ < — ) I | r
Yy, [0,)() Yo Yo.) t— ti t,10) (1)

e X)

for r € [0, T].
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Then, by the definition of u! and u?, we easily get

T n T
/ DMy - utdr = "1, :1,/ DM uPdr =1
0 0

i=1

T YT T
/ D,XT-u,ldr:1+—7/ D, Xt - u?dr =1,
0 Yt 0

n

thus, the determinant of the matrix given by

{71,1 71,2] _ [<DM!I’WU1>L2([O,T]) <DM£I"aU2>L2([O,T])]_{ 1 1}
Vo1 2] (DXt u)qemy  (DX7,u?) 2o, 1

is equal to —Y7/VY%,.
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From (A), one has that —Y; /Y7 € LP(Q) for any p > 1, u' € D>(L?([0, T]))
for i =1,2 and ;; € D> for i,j = 1,2. Therefore, we may conclude that
(M2, X7) is a locally nondegenerate random vector in R?, in the sense of
Definition 2.1.2 of [16]. Moreover, one has

Jj=1

[ 2
EF[GOpe(MF, X1)] = EP <D(90(M?7XT)), G Z(Vl)j,ﬂuj>
L2([o,T])

2
= EP {o(M7, X1)5 [ G (v Njst | |,

for g € {1,2}.
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More generally, by defining H;(G) = 6(G Ele(v_l)j,;uf'), i € {1,2}, we obtain

8k_1(p
8Xﬁ1 U 8Xﬁk—1

ok
8Xﬁ1 cee anFlank

e |6 ( %xr)} =E*’[ (M. Xr)Hs,(G)

:EP [SD(MI;"XT)H&(' e Hﬂk—l(Hﬁk(G)) T )]

for B1, -+, Bk € {1,2}. Therefore, (1) holds with
Hﬁ(G) = Hﬁl(' o H,Bk—l(HBk(G)) o ) for g € {17 2}k O
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IBP for (M2, X1)

Corollary 2

The density function of (M, X7) on R? belongs to C°(R?%; R) and is
represented as b
pmy xr(x,y) = E |:1{M’712x}1{XTZy}H(1,2)(1)] :
Furthermore, one has

s x (x,y) = (-1)PIEP [I{M’;Zx}l{XTZy}Hﬁ(H(l,2)(1))} ;

for 3 € {1,2}*, k € N.
Moreover, since EP[Hz(G)] = 0 for G € D>, we easily obtain
pun x; (x,y) = —EF |:1{M’T’<X}U{X7—<x} H(1,2)(1)]

and
9ppmn X, (x,y) = (—1)PITEP |:1{M‘}<X}U{Xr<x}Hﬁ(H(l,Z)(l))] :

for 3 € {1,2}*, k € N.
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IBP for (M2, X1)

Theorem 3

Assume (A). Then, for p1,p, > 1 and 3 € {1,2}, k € NU {0}, there exists
C(p17p2a An7 Tvﬁ) >0 such that ( »
xVy—xg

1
C p17p2aA 7T75 e_m AT
Fspmy xr(x, ) < ( ol

——,XVYy>X
((x\/y—xo)—|— \/(x\/y—xo)2 —|—2c(0)2T) e

and 2
__ 1 (x=x)
e 2P1P2 c(0)?f
aﬂpM?,XT(Xay) < C(plap27Ana T?ﬁ) 1
((XO —x)+ /(x0 — x)2 + 2c(0)2t1) e

1 r=x)?
e 2p1p2 c(0)2T

+

1 , X, Y < Xo,

( X0 —y)+/(x0—y)?+2c(0)? 7—) PiP2

hold, where we have defined aﬁpM% Xr = PM2 X7 for k = 0.
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© Asymptotic behavior of density functions of M7 and
(M7, X7)
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Asymptotic behavior

Let us deal with the multiple integral,
/(9) - / f(X17 T 7Xn)e_92¢(X1,m ,Xn)+k(9)1/1(X1,"' ’Xn)dxl Tt an;
R

where R = []7_;(—o0, dj] and f, ¢, are measurable
functions defined on R" and consider the asymptotic
behavior of /(6) as 6 — oc.
We use the notation,

def f(e)

f(0) ~g(l) — m — 1,(0 — o0).
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Asymptotic behavior

We assume the following,
Assumption (B)
(B1) ¢ € C%(R";R) and ¢ attains its global minimum at a unique

*

point x* = (x{,--- ,x¥) € R, in particular, we assume that

Xj::dju 7Xj;:dj," for1§j1<"'<jm§nyOSmSn
and x;* < d; for other 1 < i < n.

(B2) There exist a; > 0 and b; € R, 1 < < n such that
(b(Xl, s 7X,,) 2 27:1 é),'Xl-2 + 27:1 b,'X,' holds.

(B3) 3 € CY{R";R) and there exist ¢; > 0, 1 < i < n such that
P(xa, -, x0) < 1, ci|x| holds.

(B4) f e CHR™R) and there exist K; >0and o; >0,1<i<n
such that [f(xy,- -, x,)| < KieZ1 2% holds. Moreover, we
assume that f(x*) # 0.

(B5) k() >0 and k(6) = o((log(6))?) hold.
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Asymptotic behavior

Since Hess¢(x*) is a positive definite matrix, we may use
the orthogonal matrix @ and the diagonal matrix A
satisfying Hesso(x*) = QAQT and we denote

g1t Qi A
RQ=1: . +|,A= . (2)
dn1 - dQnn )\n

by their components, where \; > 0, 1 </ < n denote
the eigenvalues of Hesso(x*).
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Asymptotic behavior

Assume (B). Define w = [, e~2 X% dx, where C is given by

n . 9ji,k :
Cz{(x1,~--,x,,)€R Z—kaO(lglgm)},
= VA

for1 < m<nandC=R" form=0. Then, we have

Fxt) et H RO+ L L (S 0w )
| Hessg(x*)|2 on

,0 — 0.
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Some comments

The proof is done by using Taylor's theorem in order to
pick up the main part and vanish the ignorable part of
the multiple integral with some delicate estimates. Since
the proof is long and seems to be uninteresting, we skip
the proof, here.

Remark 1
@ Laplace’s method for multiple integrals are studied
by [Hsul](Duke Math. J. 1948), [Hsu2](Amer. J.
Math. 1951) and [Hsu3](Quart. J. Oxford 1951) in
various cases, however, the assumption in this talk
have not been considered(as far as | know).
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Asymptotic behavior

Corollary 5

Assume (B1)-(B4) and k(6) = 6. Moreover, we assume that ¢ and 1 are
quadratic and linear functions, respectively. Then one has

Flxm) e PO IO HE T £ (S 0 )

)~ ess o) Z

,0 — o0

where w is defined as w = fc e~ 3 XX dx with C given by

c={(x, -, xn)eR"qu“ xk+Zaj¢(x*)% <0(1<i<m)y,
j=1

ifl<m<nandC=R" ifm=0.
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[NE}

Asymptotic behavior
For n > 2, let (Xi,---,X,) be a random vector with the distribution N(u, V1)
defined on (Q, F, P). We assume that (Xi,---,X,) is not degenerate, thus,
1 1 T
-, Xy € dxy) = e 2= Vel gy, - dx,,
(27T) /|Vn—1|
y Xp)dxy - - dx, 3)

P(Xl c Xm,
—: Pl
holds, where we have defined V, = [v//]1<ij<n = [Cov(X,-,)g-)]l*SI,’jgn and

p= g1, pn), i = EP[X;] for 1 <i < n. Define M, = max{ Xy, -, X,},
0 0
7Xn§9):/ / p(Xla' ,X,-,)dX]_"'an,

25 /

then since it holds that
P(M,<6)=P(Xy <6,
the density function of M, is given by (dXx := dxy - - - dxx_1dxk11 - - - dxp)

n 0 0
pMn(o): § / / p(X17" 7Xk—1a0axk+17"' 7Xn)d)/\<k
k=1~ -0
2015/10/22

= zn: Jk(g)
k=1
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Asymptotic behavior

Then, the change of variables Oy; = x;, 1 # k yields

Jk =6"" l/ / 9X1, N ,9x,,)d>“<k
. 3 2ot je1 Vi (0% — i) (0x— “f)dxk
2 /|V / /

0"~

- - Z[Vk k(0= 11k =2(0—p1k) e VI bi+ 7 s v ,J/M‘J]
(2m)24/| Vi |
% / . / 6_92[27# vixit3 Soh ik Y IJX’XJ]+9[I“Lk ST VieXit 20T o /,HJXr]ka

We define two functlons on R"™ L by (Xk = (X1, s Xk—1s Xkt 15" " 5 Xn))

ok(X) = 5 Z Vi iXixj + Z Vi kXis (4)

iJj#k i#k
n n
) 3ot + Y v = 3 (3 )
i#k ij#k i#k \ j=1
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Asymptotic behavior

For n x n-matrix V,, define V,S_k) by

(n —1) x (n — 1)-matrix given by removing the k-th row
and k-th column from V,,.

Now, we note that V,S_k) = Hess¢y(Xx) and V,S_k) may
be represented as vk — QA Q,, where

Q) = [qi/-]lg,-#kg,, is an orthogonal matrix and Ay is a
diagonal matrix with its diagonal components \¥ for
1<i#k<n.
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Asymptotic behavior

o —k)

Corollary 6

Let ¢x(Xk) be defined by (4). Assume that for 1 < k < n, V,S is a positive
definite matrix and Xy — &x(Xx) has a unique global minimum at

X € (—00,1] X -+ X (—00,1]. Then, there exist constants wy >0, 1 < k <n
such that

NI

| Vil
27)

o

k), 1
k:1|Vf$ |2

ng_(Q)N e =3 X7y Vi His

NI

(% :|9 +[Z? 1 Vi kit k(X ]9+ Z:#k %(27:1 V{II“I)Z(Z};& q}(,i)z

as 6 — oo holds. |
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Asymptotic behavior

For n > 2, let {a;}1<i<n and {bi}1<i<n be two sequences in R. Define
g(i,j) = aibj — ajb;i for 1 <i < j < n. Assume that b; # 0 for 1 < i < n and
g(i,j) #0 forl < i< j<n. Then the determinant of the matrix,

aiby ab; -+ a,b;
aby axby -+ aph

laivjbinfli<ij<n = ; : . ) (5)
anb1 apby -+ apb,

is given by anby [1_, g(i — 1, 1).
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Asymptotic behavior

Moreover, if a, # 0 then the inverse matrix of (5) is given by the following
tridiagonal matrix,
-1
[aivjbiAjhgi,jgn
b2 —1 7
big(1,2) g§1,2§
—1 g(1,3 —1
g(1,2) g(1,2)g(2,3) g(2,3)
= g(2,3)
=il g(n—2,n) —il
g2n-10) gn-2nTDa(n-1Tn) &L
= n—1
L g(n—1,n) ang(n—1,n) |
(6)
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Asymptotic behavior

Lemma 7

For n x n-matrix defined by (5), suppose that b; # 0 for1 < i < n, g(i,j) #0
fori <j and a, # 0. Let Vi, = [v/}]1<i,j<n be defined by (6).(i.e. We define

il
[vili<ij<n = [aivibinili<i j<n-)
Define ¢x on R"~1 by (4), that is

D (X) Z vj X,X,Jrz Vi kXi

,J#k i#k

for 1 < k < n. Then, ¢y attains its global minimum at

or _ (b1 br-1 ak+1 an
k bk7 9 bk 9 ak 9 ’ak

and we have

~Zag(ia) (k=1),
Ak by a
k(%) = _% (bkg(lijl,k) + akg(ijrli+1)> , 2<k<n-1)
_ bn—l k S
2b,g(n—1,n)’ ( - n)'
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Asymptotic behavior

We may regard (6) as V,, = [Cov(X,-,)(j)]l_SliJSn in (3).

Example

@ [t6 process with deterministic integrands
t t
X = x0 + / b(s)ds + / o(s)dW,
0 0

@ Brownian bridge

t
2 {30 eod (T ke, 06T )

@ Ornstein-Uhlenbeck process

t
Us = Uo—a/ Usds + oW, t € [0, 00)
0
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Asymptotic behavior

@ Itd process with deterministic integrands
— Cov(Xy, X)) fo ds =: (0,i),i <j

@ Brownian bridge— Cov(Zt,.,th) =t(l—¢/T),i<j
@ Ornstein-Uhlenbeck

process— Cov(Uy, Uy) = %e*“tf(e‘”" —e ), i <j

Correspondence table

| |[ 1t6 with deterministic integrands | Brownian bridge [ O-U process
ai 1 1-t;/T ot
b; (0, 1) ti et — e~ ati
for1 <i<n.
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Asymptotic behavior

About X

@ It6 process with deterministic integrands

~x (0, f(0,k—
= &= (Fo8 S 1) € (200, 1] X - x (=00, 1]

(n—1)—times

@ Brownian bridge
- X = (tl Rl = Tﬁt") € (—00,1) x - -+ x (—00,1)

P Yot P T—ty P T —ty

(n—1)—times

@ Ornstein-Uhlenbeck process

- t —at,
R = el e ekl _e” ¥kl e—a(fkﬂ—fk) . e—a(tn—tk) c
k — ea‘k—e*“tk7 b e‘“k—e*o‘tk ) bl bl

(—00,1) X - -+ x (—00,1)

(n—1)—times
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Asymptotic behavior (It6 process with

deterministic integrands)
Let {X:,t € [0,00)} satisfy

t t
Xe =x0+ / b(s)ds + / o(s)dW, t € [0, c0),
0 0

where b, o : [0,00) — R are deterministic functions and consider
ME = max{Xy,, -, X, }.

We assume,

Assumption (C)

(C1) fOT |b(s)|ds < oo for arbitrary T > 0.

(C2) For arbitrary T > 0, fOT |o(s)|?ds < oo holds and there exists
¢ > 0 such that |o(t)| > ¢ for any t € [0, 0).

We take a; =1 and b; = (0, /) for 1 < i < n in Proposition 1 and Lemma 7
and obtain g(i,j) = f(i,j) for 1 < i < j < n. Moreover, we have
pi = Xo + [, b(s)ds for 1 < i < n and we define po = 0, for simplicity of
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Asymptotic behavior (It6 process with
deterministic integrands)

Assume (C). Then the density function of M} has the following asymptotic behavior,
oo L 1 — 3 [t (it St ) + e |
PM;’.( )~ [ . e
(2m)2 TI7, F(i —1,i)2
2 n—1 BiTHi—1 _ Pigl—Hi k)2 tn—pn—1)? K
n—1 _72f?0,k)+f(ﬁkk)9+ |:Zi;ék ﬁ( =1y — :;1r+1 ) (Zj#k qi,i) +;7( fn(n—ln,n) ) (Zf'#k qj,n) ]
SIE ’ :
—k), L
pas 7k
02 pn p1sn—1 1 (HimBic1  pi1—0i )% (g1 0 \2
Wn e_2f(0,n)+f(0,n) +3 200 By N (s ) R { ) (Z —1 qjl) @)
2wk ’
where wy, 1 < k < n—1 are defined by
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Asymptotic behavior (It6 process with

deterministic integrands)

1 n 2
we = [ e 2 XiAN g,

Cu
d q’-‘, 1 = BUm — Um—1 Bmt1l — Bm
E : J> }: k
X/+ ( ) q
17k A/ MK e\ mz f(m—1,m) f(m,m+1) !
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Asymptotic behavior (Brownian bridge)

Let us consider the process satisfying

t
Zo={ 20 ) HoEHT -0 e, 0<i<T. )

where a,b € R, T > 0 and define M2 = {Z,,--- , X;,}. We take a; =1 — t;/T
and b; = t; and we note y; = EP[Z,] = a+ (b—a)t;/T.
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Asymptotic behavior (Brownian bridge)

eo 9

The density function of I\Aﬂ’;_ Pin (0) satisfies
T

P/\‘,,g, (9)

=i Hi—Hi—1 1=K Hn—Hp_

1 —%[Zf’:l Hf( il r’.+1,r.’>+un< p_tn=l

~ T e 7= =il i+17 0
t) n &
(2m)? (1- ?") i1 (ti — ti-1)2

n—th—1

Hn
th—tp—1 i thi1—tn )]

2
tny16° G Patne1® 1 =11 (HKiTHiol Higl =R @: qk)+1 Mn—Hn—1, pn @:,_1 q_kj
n—1 T2 (a1t (tpy1— ) | 2 (iFk NK \ =t 1=t )7k ) TNkt —tp—1 | g1 —tn) iFk s
1

k)2
k=1 \V,g )|2

2
1 ___thy10 Hntny16

- - tiy1—t i1 9L
—n), L
\Zalk

2
1sn—1 1 (BiTHi—1 M=K ( n—1 )2
e 2tp(ty11—tn) fn(tn+1—fn)+2z =1 A,"( == Dy
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Asymptotic behavior (O-U process)

Let U satisfy

t
Ut:Uo—a/ Usds + oW, t € [0, 00) (8)
0

. 'y 2
where o, 0 > 0 and define M7 = max{Uy,---, U, }. We take a; = §-e~*% and

bj = e“ti — e~*% and we note p; = EP[U,] = Upe %,

Tomonori Nakatsu (Ritsumeikan university) On density function concerning discrete time 2015/10/22 40 / 48



Asymptotic behavior (O-U process)

The density function of MQ’_, p,\~/l,+(9) satisfies

1 (2a)Ze2tr

aU3
P (0)~ > |- 1]

Nl

1
(2m)z ;n I, (ea(fi—ti—l) _ e—a(fi—fi—l))

i=

1 a > 2a U
g {|vn““|é =P [_02(1 —e2an) T o2(ean — e—afl)e}

2
n n
1 af? 2aUpf 202 U2 p
7 ; SGIE P [_ o2(1 — e—at) & o2(evtk — e—at) & Neo#(eati — e—atr)? ,#Zk 91

vy
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Asymptotic behavior (Joint density

function)

Consider the random vector (max{Xl7 , Xn}s Xnt1),
where (Xi, -+, Xpe1) ~ N(p, n+1) We deflne V by
n X n-matrix given by removing the (n + 1)-th row and
the (n + 1)-th column from

Vi1 = [Cov(X;,)(j)]l_<1iJ<n+1. We note that V(%) can

be represented as V(=k) — CNQk/N\k(NQkT, where

~

Qx = [E]lkd-]lg,‘d'?gk<n is an orthogonal matrix and
Ak:dlag{S\IL )‘k 17)‘/( 1" 75\ﬁ}
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Asymptotic behavior (It6 process with

deterministic integrands)

Theorem 11

Assume (C) and let ) € R be fixed. Then, the joint density function of (M7, X1) satisfies
(n—n ) n Hz 2 Hoj .
0.7) ~ 1 — S T n+1)’*2,:1<2f(1 T )+2r’11+1 )*Z B ey
Pmn, X Ui E——
TNT 27—|—Hn+1f-(1_1 I)%
N Hn—HKn—1 Hptl—Hn “k 2
Lo 1 (i “:—1_“#1*#/2( ot fr (S i) n (St~ ) (S )
n—1 [ 2 iz SE\TE10 ~ ) 37k 9551 ) T of (myn+1)2 XK f(n,n+1)XK
> P —
= |V(=h)|2
2 HFntyl —H
% e*%(Wl,k)*f(k,}vﬂ))*e[f(k,iﬂ)*f(%f’l) - FTI:,anrl)k:I)
2
n—1 Hi—Hi—1  Hipl—Hi n—1.n \2_ 62 Bn Hpyl—H
e% X1 %,n( 1) f(+i,1i+1) > (Ej 1 an,) _07(r'(Ol,n)+f(n,}7+l))+9[f(n,7r,1+l)+f(O,n}_ f"EJ;,InJrl)n]
+ ~ 1
|V(=n)|2
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Asymptotic behavior (O-U process)

Let n € R be fixed. Then the joint density function of(l\?l?7 Ur), p,\;,? Ur satisfies

[ 24P
(2a)%lew . an nziza Ugay
&
P uy 0,7m) ~ ce ap418(n,n+1) by
7

2wontl H?Ill (e‘”‘(fi*fifl)fefa(tfftifl)) 2

bnt1 2 no n? =1 )2
_ 9 __n ( n gl )
1 o 258D +g(1,n+1)+2)\,11g(n,n+1)2 22,

|V (=1
2 4
n—1 _ by g2 n 2alp 202 noak Ve mt (s gk )]
+Z Lo S (k,n D) +<g<k,n+1>+T by +;kgu,2 (Zracifs) t 2K g(m 1) (Zhadtn)
|V (=R
k=
bny 2, n 20Uy 20202 o1 2
S v (g<n,n+1)+ e )‘” potb2 (Z5at )
V=) ’

2 .
where a; = g—ae_o‘tf and b; = e®ti — et for1 << n+41.
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