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1 Introduction

In this talk, we will show some results on the density functions related to discrete time maximum of some
one-dimensional diffusion processes. That is defined by M% = max{X;,, - -, X } for a fixed time interval
[0,7] and a time partition A, : 0 =tg <1 < -+ < tp_1 < tn < tpy1 =T for n > 2, where {X;,t € [0,00)}
denotes a one-dimensional diffusion process.

Firstly, we shall deal with the following one-dimensional stochastic differential equation (SDE),

¢ t
X =29 +/ b(s, Xs)ds +/ o(s, Xs)dWs,t € [0,00) (1)
0 0

where zg € R, b,0 : [0,00) x R — R are measurable functions and {W;,t € [0,00)} is a one-dimensional
standard Brownian motion.

The first goal of this talk is to prove an integration by parts (IBP) formula for the random vector (M}, X).
That is the formula of the form E[0sp(M%, X1)] = Elp(MZ%, X1)Hg| for a smooth function ¢, where Hg is a
certain random variable and FE[-] denotes the expectation with respect to a certain probability measure. Then,
we will apply the IBP formula to study on the density function of (M7, Xr).

The second goal is to obtain asymptotic behaviors of the density functions of M} and (M7, X1) for Gaussian
processes. For this purpose, we shall consider the following multiple integral,

](9) ::/ f(561, . 7$n)e—02¢(x17...,xn)-i-k(@)?/)(th,xn)dml e dy, (2)
R

where R = [[;,(—00,d;], d; € R for 1 <i < n and f,¢,¢ : R® — R are measurable functions, then obtain
the asymptotic behavior of I(f) as § — oo by using the Laplace’s method. The result will be used to obtain
the asymptotic behaviors of the density functions. The process satisfying (1) where b, o do not depend on the
space parameter, Brownian Bridge and Ornstein-Uhlenbeck process will be considered as the examples.

2 Main results

For b,o of (1), we assume the following,
Assumption (A)

(A1) For t € [0,00), b(t,-),0(t,-) € C°(R;R). Furthermore, all constants which bound the derivatives of
b(t,-) and o(t,-) do not depend on ¢. In particular, let ¢(o) be a constant which bounds |o (¢, z)|.

(A2) There exists ¢ > 0 such that
lo(t,z)| > ¢
holds, for any « € R and ¢ € [0, 00).

Theorem 1. Assume (A). Let G € D*®. Then, for any multi index B € {1,2}*, k > 1, there exists Hg(G) €
D> such that

E"[0sp(MF, X1)G] = E”[p(Mf, X7)Hs(G)] (3)
holds for arbitrary ¢ € Cs°(R?%;R).



For f,¢,1,k(0) of (2), we assume the following,
Assumption (B)

(B1) ¢ € C*(R™;R) and ¢ attains its global minimum at a point 2* = (x%,---,2%) € R, in particular, we
assume that 27 = d;, - ,z; =d;, for1 <ji <+ <jm <n, 0<m < nand z] < d; for other
1<1<n.

(B2) There exist a; > 0 and b; € R, 1 <14 < n such that (1, ,x,) > > i a;x? + > 1, biz; holds.

(B3) ¢ € C*(R™;R) and there exist ¢; > 0, 1 < i < n such that ¢(z1, - ,2,) < > i, ¢;|z;] holds.

(B4) f € CYR"™;R) and there exist K1 > 0 and o; > 0, 1 <i < n such that [f(z1, - ,2,)] < KieXio e}
holds. Moreover, we assume that f(z*) # 0.

(B5) k(6) > 0 and k(0) = o((log(6))?) hold.

Since Hessp(x™) is a positive definite matrix, we may use the orthogonal matrix @ and the diagonal matrix
A satisfying Hesso(z*) = QAQT and we denote these components

q1,1 - qin AL
Q=11 . 1 |A= ; (4)
Qn,l et Qn,n )\n

where A; > 0, 1 <14 < n denote the eigenvalues of Hessg(z*).
The main theorem in this section is following.

Theorem 2. Assume (B). Define w = fc e 2 Z?zlw?d;v, where C is given by
n < 4j; .k .
C=<q(x1, - ,xy) €ER =, <0(1<i<m),, (5)
{ 2

for1<m <n and C =R"™ for m =0. Then, we have
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,0 — 0. (6)
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