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Consider 1-dim SDEs driven by fBm

Consider an SDE

Xt:X0+J
0

t t

b(Xs) ds + J o(Xs) d°Bs,
0

where

m X €R,

m b, o:R — R, smooth, bdd,

m B: 1-dim. fBm with the Hurst 1/3 < H < 1

which is defined on a prob. sp. (QQ, F, P),
m d°B: the symmetric integral
(roughly speaking, the Stratonovich integral).

Use symbols X% and X7 to emphasize x; and B.
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Consider three approximation schemes

Consider
m the Euler scheme XEU(™),
m the Milstein type scheme XMi(m)
m the Crank-Nicholson scheme XCN(™)
for the dyadic partition T = k27 (0 < k < 2™).

m All schemes define stochastic processes from
[0, 1] to R.

We omit the superscript m and denote the above
by XEU XMl XCN and 1.



Show a limit thm for an approximation error

For XArP(m) — xEullm) »Milim) »CN(m) e will show
(2m)ratef xApP(m) _ x5 proc.
m—o0

for some
m positive rate
m non-trivial proc.

m topology



Preceding results

m Neuenkirch-Nourdin(’07)

m the Euler scheme,
ml1/2<H<I1,

m Gradinaru-Nourdin(’09)

m the Milstein type scheme,
m0<H<1,b=0.

m N(15+)
m the Crank-Nicholson scheme,
m1/3<H<1/2,b=0.



The Crank-Nicholson scheme

1 1
Assume that mislarge s.t. — < ———.
9 2m ~ 2sup |b/|

For m, define a subset Q°N = Q°N(™ - O by

1
QN=2 sup |B—Bo< v
{st<?/zmt " " 2sup|o’]

Then

lim P(QN™) =1

m—o0



The Crank-Nicholson scheme

On QCN, define X°N: [0, 1] — R by the solution to
XN xg’ﬂ + = {b (XEN) + bXEN )} (t— Ths)

Tk—1

—+ E {O‘(XtCN) + U(XCN )} (BZ‘ T BTk—1)

for T < t < Tk

\

Otherwise, set

XN =xp for0<t<1



Set

mw=ob —o'b,
m J=exp (J"O s)ds+ [40'(Xs) d°B )

info > 0.



CLT for the error of the CN scheme

Theorem (Aida and N.)

Let1/3 < H < 1/2. We have

lim 2m(3H—1/2){XCN(m) . X}

m—o0

= o(X)U + JJ Jo T Usw(Xs) ds
0

weakly wrt the uniform norm.



Theorem (Conti.)
Here, we define U by

t

Uy = os,HJ B(Xs) W,
0

where
m f; = (0°)"/24,
B O34 > 0,

m W is a standard Bm independent of B.



Remarks on the main theorem

Let V. X? be the directional derivative in h, i.e.

Xo,B+ah
ax;
da

By using the Jacobi proc. J, we have

ViXE =

a:0'

VX = o(X)h+ JJ J: " hew(XG) ds.
0

Hence we have a formal expression

(the limit proc.) = “V X



B Proof

m Expression of the error of the Crank-Nicholson scheme
m Convergence of the main term of the error
m Convergence of the remainder term of the error
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Idea of perturbation method

Find a stochastic process h: [0, 1] — R s.t.
m piecewise linear
m solution X*B+"t0 a perturbed SDE

- t .
X0 — o+ L b(X2Bth) ds

t % ~
+| obxreh o (B + B,
0

satisfies
CN __ vxo,B+h
XTk = XTE

forevery k =0,1,...,2™M.



SetA\; =tfor0 <t <.
Proposition

Ifinfo > 0, then a — X;*5T#™ js pijective for Vxq.

Proof. Note
dxXo,B+32m)\
t
da

e [ frw m
— o(x B A)J exp (J = OgeBr=™ du) 2™ ds
0

. v2m)\Xx0,B+82m?\
- t

S

> C2Mt,

where C > 0 is a const.



Proposition
Ifinfo > 0, then 3h = h'™ = hM(B) s.t.
m piecewise linear,

CN __ yxo,B+h
[ ] XTK = XTg VK.

For 0 < t < 1, denote the shift operator by 0y, i.e.
(etB)u = Bu+t — By

forO<u<1—t



Proof. Definition of A.

m From the bijectivity, we see Jkq, ..., Kom S.1.
XN 0., B&e2™A
TV k1 __ ywCN
X, Jom =X

m Define h: [0,1] — R by

h(t) = h(ti—1) + Re2™(t — Th_1)

for Th_1 < < Tk

m K is a functional of (XSN | 6., | B).
m his a functional of {(XSN , 0, ,B)}2",.

11 Y Thk—1




Check XCN = X20B+h,

m Note
0, ,(B+h)y = (0., ,B)y+ Rk2™A,

forO <u<1/2™,
m From “the Markov property”, the equality
above and the definition of Kx, we see

Bth ;
x0.B+h _ XXTXij e, (B+h)

Tk - My/2m
XN .0 B+&x2™A

_ Th—1"" Th—1 CN
- X1 /2m _ XTk .
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Convergence of the main term of the error

From the perturbation method, we see

2m(3H—1/2){X1CN(m) X}

_ 2m(3H—1/2){X1xo,B+77("” _ X;(O,B}_

In order to show convergence of RHS, we consider

m expression of h™,

m convergence of 2m(3H-1/2)p(m),



Proposition
Set
m = (0%)"/24, f, = f{o/2,

u Ecx,k — foc(XCN )(BTK _ Bqu)O(f

Tk—1
| B&m)(l‘) = E&m)(’fk—ﬂ + Kok - 2™ (1 — T1)
forti_4 <t <10 and x = 3, 4.

Then
A = B + B + Bl
Here r'™ = ||hi7) || satisfies

lim 2mBH=1/2)(m) _ ¢
m—o0

Proof. From a long calculation, we see the identity.



Set
n K(X,k — fO((XB )(BTK - B’tk71)(x5

Tk—1
m A (1) = A" (T q) + Kok - 27 (E — T—1)
for 1y < t < 1 and x = 3, 4,
m hm = p" 4 p"

Proposition
We have

omBH=1/2)pim) _y 1y — GS,HJ f3(Xs) dWs
0

weakly wrt the uniform norm.

Proof. We use the fourth moment theorem.



Plan to show convergence of the error

In order to prove
_ R(m)
2m(3H 1/2){X1B+h _X1B} — proc,
R(m)
we decompose XZt"" — XB as

X1B+/3(mJ . X1B =V, X1B | X1B+77<m1 . X1B+h“”)}
F{XBT — XB V7, m XBY.



From the decomposition, we see the following:

m The first term is the main term. In fact,

2m(3H—1/2)Vh(m)X1B = Vzm(3H71/2lh(m)X1B

m The third term is negligible. In fact,

2MB3H=1/2)lthe third term| < C2MB3H1/2)|| plm))|2.
— 0.

m Show convergence of the second term.
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Convergence of the second term

Proposition

nli—rpoo 2m(3H—1/2){X1B+/~7(”’) _ X1B+h(m>} —0

We prove this proposition from the estimates

5™ = max |XSN™ — X, | and ||A"™ — A

1<k<2m

The Lipschitz conti. of the sol. map B — X2B, i.e.

X7 = X721 < Cllhl|oo.



Take small 0 < € < H.
Proposition D1

There exists a random variable Cg > 0 s.1.

5 < Cp2MB(H—e)-1),

Proof. The estimate follows from
m the definition of the CN scheme,

m the Holder continuity of fBm.



Proposition H1

1A — Rm| L < Cgdlmp-mBH-e)=1) | pm)

Recall the definition of AU :
u Roc,k — fCX(XCN )(BTK - BTk71)O(s

Tk—1
| fom)(f) = F’Exm)(’fk—ﬂ + Kok - 2™ (1 — T1)
forty_1 <t<tand x = 3 4.
and the definition of A™:

B Kgk = foc(XB )(BTK - Bqu)oc,

Tk—1

m A (1) = A" (Thit) + Kook - 27( — T_1)
for tx—1 <t < ¢ and o« = 3, 4,



Proof.
m Note

1A — B oo
2m
< Z |foc(XFSBEm)) - fO((XTk_1 )HBTk - BTk_1 |oc

k=1
2m

< Z Cé(m) . {CBZ—m(H—e)}(X
k=1

_ CBé(m)Q*m{fx(Hﬂ?)*ﬂ_

m From the definitions A'™ and h'™, we see the
estimate.
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Proposition D2

) < Gpplilg—msliE=el=l L cm) o CHh(m)Hoo-

Proof. The Holder inequality yields

(™ = max |XE™ — x5
1<kL2m
(m) (m)
< HXB+h _)(B—l—h”7 Hoo + HXB+h”7 _XBHoo-

The Lipschitz conti. of the sol. map and Prop. H1
yields

8™ < CJ|A™ — Ao + CIA™ o
C

Bé(m)z—m{3(H—e)—1} + Cr(m) + CHh(m)Hoo-

/N //\



Proposition D3
For every L € NU {0}, there existsar.v. Cg; > 0
s.t.

§(m) < CB’LZ*U"{3(H*€)*1}(L+1)
+ CB,LI’(m) + CB,LHh(m)Hoo

Proof. By using Prop. D2 recursively and Prop. D1
(rough estimate of 5(™), we see

BLé Jp—mi3(H—e)- 1}L-I-CBLI’ ‘|—CBLHh Hoo

§M < ¢
< Cg 2 M3H==LH) L Cp r™ 4 Cg i | ™| o



Proposition H2
For every L € N U {0}, we have

||/”7(m) _ Hoo < CB | 2~ m3(H—-e)=1}(L+2)

o CB,Lr + Cg 2 mM3H=e)=1y plm)y

v

Proof. Combining Prop. H1 and D3, we obtain

Hf,(m) _ h(m)Hoo < CBé(m)Z—m{S(H—e)—ﬂ + r(m)
< CB,L27m{3(H7€)71}(L+2) + CB,Lr(m)
+ Cg szm{S(er)q}Hh(m)Hoo_



Proposition
The second term with 2™3H=1/2) converges to 0,
ie.

nli_rpoo 2m(3H—1/2J{X1B+/~7(”’) _ X1B+h(”’)} —0

Proof.
m The Lipschitz conti. of the sol. map and
Prop. H2 yield

HXB+/"7(m) _XB+h(”’)HOO < CHH’”) o h(m)Hoo
< CB’LZ—m{S(H—e)—1}(L+2) + CB,Lr(m)
+ CB L2_m{3(H_€)_1}Hh(m)Hoo-
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m Take large L € NU {0} s.t.

lim 2m(3H—1/2)2—m{3(H—e)—1}(L+2) —0.
m—o00

m We see

lim 2m(3H—1/2)r(m) —0
m—o0

and

lim 2m(3H—1/2)2—m{3(H—e)—1}Hh(m) Hoo —0.

m—>00

m Combining them we obtain the conclusion.
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Thank you for your attention
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