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1. Introduction

In this talk we consider the stochastic differential equa-

tion
 dXt = σ(t,X)dBt + b(t,X)dt

X0 = ξ

where σ : [0, T ] × Cb([0, T ];Rd) → Rd ⊗ Rr

b : [0, T ]×Cb([0, T ];Rd) → Rd, B : r-dim. B.m.

We assume the Borel measurability of σ and b.

Assume that for t ∈ [0, T ], w, w′ ∈ C([0, T ];Rd)

|σ(t, w) − σ(t, w′)|Rd⊗Rr + |b(t, w) − b(t, w′)|Rd

≤ KT∥w − w′∥C([0,t];Rd).

(This implies σ(t, w) depends only on {ws : s ∈ [0, t]}.)

Then, the equation has the pathwise-unique solution.
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Path-dependent stochastic differential equations ap-

pear not only in mathematical finance,

but also in a transformation of Markov-type stochastic

differential equations with reflection.

Let

D: a connected domain in Rd.

Var[0,t](w): the total variation of w on [0, t]

B(x, r) := {y ∈ Rd; |x− y| < r}
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Definition

For given w ∈ C([0, T ];Rd) with w0 ∈ D,

(ξ, ϕ) ∈ C([0, T ];D) × C([0, T ];Rd) is called

a solution of the Skorohod equation on D,

if ϕ0 = 0, ϕ has the bounded variation on [0, T ],

ξt = wt + ϕt, Var[0,t](ϕ) =
∫ t

0
I∂D(ξs)dVar[0,s](ϕ),

and there exists n ∈ C([0, T ];Rd) s.t.

nt ∈
∪
r>0

{ñ ∈ Rd; |ñ| = 1, B(ξt − rñ, r) ∩D = ∅},

t ∈ {s ∈ [0, T ]; ξs ∈ ∂D}
ϕt =

∫ t

0
nsdVar[0,s](ϕ).
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We remark that

nt is an inward unit normal vector of ∂D at ξt.

The reflected process of w is defined by ξ.

When the Skorohod equation has

the existence and the uniqueness of the solution,

we call Γ : w 7→ ξ the Skorohod map.

If D = {x = (x1, x2, . . . , xd) ∈ Rd;x1 ≥ 0},

the Skorohod map is given by

(Γw)t =

w1
t − inf

s∈[0,t]
(w1

s ∧ 0), w2
t , . . . , w

d
t

 .

Hence, Γ : C([0, T ];Rd) → C([0, T ];D) is

Lipschitz continuous.
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Skorohod equations on general domains was studied

by Tanaka (1979), Lions and Sznitman (1984) and

Saisho (1987).

Generally, the Skorohod map is

not Lipschitz continuous.

However, even in the cases of such a general domain

the Skorohod map is (1/2)-Hölder continuous.
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Consider a stochastic differential equation with the

reflecting boundary condition, dXt = σ(t,Xt)dBt + b(t,Xt)dt + dΦt
X0 = x ∈ D

where Φ plays the role of the reflection of X on ∂D,

i.e. Γ(X − Φ) = X.

On the other hand, consider a path-dependent stochas-

tic differential equation dYt = σ(t, (ΓY )t)dBt + b(t, (ΓY )t)dt
Y0 = x ∈ D.
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There is a one-to-one correspondence

between X and Y .

Indeed, if Y is a solution to the path-dependent SDE,

X := ΓY satisfies the SDE with reflection.

While, if X is a solution to the SDE with reflection,

then Y defined by

Yt = x +
∫ t

0
σ(s,Xs)dBs +

∫ t

0
b(s,Xs)ds

satisfies the path-dependent SDE.

The one-to-one correspondence is

originally introduced in the case of half spaces

by Anderson and Orey (1976).
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In view of the one-to-one correspondence, we consider

the path-dependent stochastic differential equations dXt = σ(t,X)dBt + b(t,X)dt
X0 = ξ

and study the Euler-Maruyama and the Wong-Zakai

approximations.

We remark that S lomiński have studied the rate in the

case of SDEs with reflection on general domains.
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2. Euler-Maruyama approximation

Let △ := {0 = t0 < t1 < · · · < tN = T}.

Define the approximations σ△, b△ of σ, b by

σ△(t, w) := σ(tk, w), b△(t, w) := b(tk, w), t ∈ [tk, tk+1).

Consider the following stochastic differential equation. dXEM
t = σ△(t,XEM)dBt + b△(t,XEM)dt

XEM
0 = ξ.

Then, XEM
t =ξ +

k∑
l=0

σ(tl, X
EM)(Bt∧tl+1 −Btl)

+
k∑

l=0
b(tl, X

EM)(t ∧ tl+1 − tl).

Hence, XEM is the Euler-Maruyama approx. w.r.t. △.
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For a Hilbert space H and a positive number K,

FK(H) := {h : [0, T ] × Cb([0, T ];Rd) → H s.t.

(F1) |h(t, w)|H ≤ K for t ∈ [0, T ], w ∈ C([0, T ];Rd).

(F2) |h(t, w) − h(s, w)|H
≤ K(

√
t− s + ∥w(· + s) − w(s)∥C([0,t−s];Rd))

for 0 ≤ s < t ≤ T and w ∈ C([0, T ];Rd).

(F3) |h(t, w) − h(t, w′)|H ≤ K∥w − w′∥C([0,t];Rd)

for t ∈ [0, T ], w, w′ ∈ C([0, T ];Rd).}
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Then, we have the following theorem.

Theorem

Let σ ∈ FK(Rd ⊗ Rr) and b ∈ FK(Rd).

Then, for p ∈ [1,∞) there exists a constant C indepen-

dent of △ and N , such that

E

[∥∥∥∥X −XEM
∥∥∥∥p
C([0,T ];Rd)

]1/p
≤ C|△|1/2.

Our result coincides with S lomiński’s result

in the case of SDEs with reflection

whose Skorohod map is Lipschitz continuous.
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Remark:

The condition (F2) on the coefficients

(or something like that)

is necessary for the Euler-Maruyama approximation.

Indeed, consider the (trivial) 1-dim. SDE dXt = IQ(t)dBt
X0 = 0,

and let △ =
{
kT

2N
; k ∈ N

}
.

Then, the coefficient is Lipschitz continuous (in w)

and the solution Xt = 0 for t ∈ [0, T ].

However, XEM
t = Bt.
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Proof. It is sufficient to prove the case that p ≥ 2.

E

[∥∥∥∥X −XEM
∥∥∥∥p
C([0,t];Rd)

]

≤ CE

 sup
s∈[0,t]

∣∣∣∣∫ s

0

(
σ(u,X) − σ△(u,XEM)

)
dBu

∣∣∣∣pRd


+ CE

 sup
s∈[0,t]

∣∣∣∣∫ s

0

(
b(u,X) − b△(u,XEM)

)
du

∣∣∣∣pRd


≤ CE

(∫ t

0

∣∣∣∣σ(u,X) − σ△(u,XEM)
∣∣∣∣2Rd⊗Rr

du

)p/2


+ CE

[(∫ t

0

∣∣∣∣b(u,X) − b△(u,XEM)
∣∣∣∣Rd

du

)p]

≤ C
∫ t

0
E

[∣∣∣∣σ(u,X) − σ△(u,XEM)
∣∣∣∣pRd⊗Rr

]
du

+ C
∫ t

0
E
[∣∣∣∣b(u,X) − b△(u,XEM)

∣∣∣∣pRd

]
du.
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When u ∈ [tk, tk+1),

E

[∣∣∣∣σ(u,X) − σ△(u,XEM)
∣∣∣∣pRd⊗Rr

]

= E

[∣∣∣∣σ(u,X) − σ(tk, X
EM)

∣∣∣∣pRd⊗Rr

]

≤ CE

[∣∣∣∣σ(u,X) − σ(u,XEM)
∣∣∣∣pRd⊗Rr

]

+ CE

[∣∣∣∣σ(u,XEM) − σ(tk, X
EM)

∣∣∣∣pRd⊗Rr

]

≤ CE

[∥∥∥∥X −XEM
∥∥∥∥p
C([0,u];Rd)

]
+ C(u− tk)p/2

+ CE
[
∥XEM(· + tk) −XEM(tk)∥p

C([0,u−tk];Rd)

]
.
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On the other hand, for u ∈ [tk, tk+1)

E
[
∥XEM(· + tk) −XEM(tk)∥p

C([0,u−tk];Rd)

]

= E

 sup
s∈[tk,u]

∣∣∣∣σ(tk, X
EM)(Bs −Btk) + b(tk, X

EM)(s− tk)
∣∣∣∣pRd



≤ C

E
 sup
s∈[tk,u]

|Bs −Btk|
p
Rd

 + (u− tk)p


≤ C(u− tk)p/2.
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Thus, we have

∫ t

0
E

[∣∣∣∣σ(u,X) − σ△(u,XEM)
∣∣∣∣pRd⊗Rr

]
du

≤ C
∫ t

0
E

[∥∥∥∥X −XEM
∥∥∥∥p
C([0,u];Rd)

]1/p
du + C|△|p/2.

Similarly we have

∫ t

0
E
[∣∣∣∣b(u,X) − b△(u,XEM)

∣∣∣∣pRd

]
du

≤ C
∫ t

0
E

[∥∥∥∥X −XEM
∥∥∥∥p
C([0,u];Rd)

]1/p
du + C|△|p/2.

By applying Gronwall’s inequality, we obtain the as-

sertion.
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3. Wong-Zakai approximation

Let A : C([0, T ];Rd) → C([0, T ];Rd) s.t.

(A1) ∥A(w) −A(w′)∥C([0,t];Rd) ≤ KA∥w − w′∥C([0,t];Rd)

for t ∈ [0, T ], w, w′ ∈ C([0, T ];Rd).

(A2) |A(w)t −A(w)s|Rd

≤ KA

(√
t− s + ∥w(· + s) − w(s)∥C([0,t−s];Rd)

)
for 0 ≤ s < t ≤ T , and w ∈ C([0, T ];Rd).

(A3) Var[0,t](A(w)) ≤ KA(1 + ∥w − w(0)∥C([0,t];Rd))

for t ∈ [0, T ], w ∈ C([0, T ];Rd).
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Let f ∈ C1,2([0, T ]×Rd;Rd) with bounded derivatives.

Define Γ : C([0, T ];Rd) → C([0, T ];Rd) by

(Γw)t := f(t, wt)+A(w)t, t ∈ [0, T ], w ∈ C([0, T ];Rd).

Then, we have the Lipschitz continuity of Γ.

By the assumptions

|(Γw)t − (Γw)s|Rd

≤ C
(√

t− s + ∥w(· + s) − w(s)∥C([0,t−s];Rd)

)

for 0 ≤ s < t ≤ T , and w ∈ C([0, T ];Rd).

19



Let σ ∈ Cb([0, T ] × Rd × Rd;Rd ⊗ Rr) s.t.

σ(t, x, y) is differentiable w.r.t x and y,

and σ and the derivatives are Lipschitz continuous.

Let b ∈ Cb([0, T ] × C([0, T ];Rd);Rd) s.t.

|b(t, w) − b(t, w′)|Rd ≤ Kb∥w − w′∥C([0,t];Rd)

for t ∈ [0, T ], and w,w′ ∈ C([0, T ];Rd).

Consider the SDE of the Stratonovich type dXt = σ(t,Xt, (ΓX)t) ◦ dBt + b(t,X)dt
X0 = ξ.
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Remark:

Generally, even if σ(t,X) is predictable,

the stochastic integral of Stratonovich type

∫ t

0
σ(s,X)◦dBs =

 r∑
j=1

∫ t

0
σij(s,X)dBj

s +
1

2

r∑
j=1

⟨σij(·, X), Bj⟩t


i

(where ⟨·, ·⟩ is the quadratic variation) is not defined.

The reason is that σ(t,X) needs to be a semimartin-

gale in order to define ⟨σij(·, X), Bj⟩.

On the other hand, we do not know whether σ(t,X)

is a semimartingale or not.
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For given △ := {0 = t0 < t1 < · · · < tN = T}

define the piecewise linear approximation B△ of B by

B
△
t := Btk +

t− tk
tk+1 − tk

(Btk+1 −Btk), t ∈ [tk, tk+1).

We define the equation of the Wong-Zakai approxi-

mation by dXWZ
t = σ(t,XWZ

t , (ΓXWZ)t)dB
△
t + b(t,XWZ)dt

XWZ
0 = ξ.
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Then, we have the following theorem.

Theorem Let σ and b as above.

Then, for p ∈ [1,∞) there exists a constant C indepen-

dent of △ and N , such that

E

[∥∥∥∥X −XWZ
∥∥∥∥p
C([0,T ];Rd)

]1/p
≤ C|△|1/2(1 + logN)1/2.
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Lemma

E

 sup
s∈[tk,tk+1]

∣∣∣Xs −Xtk

∣∣∣qRd


1/q

≤ Cq|tk+1 − tk|1/2

E

 sup
s∈[tk,tk+1]

∣∣∣∣XWZ
s −XWZ

tk

∣∣∣∣qRd


1/q

≤ Cq|tk+1 − tk|1/2

∃ε > 0 s.t.

E

exp

ε sup
s∈[tk,tk+1]

∣∣∣Xs −Xtk

∣∣∣2Rd

tk+1 − tk


 ≤ C

E

exp

ε sup
s∈[tk,tk+1]

∣∣∣XWZ
s −XWZ

tk

∣∣∣2Rd

tk+1 − tk


 ≤ C.
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From the lemma in the previous slide,

we have the following.

Lemma

E

 max
k=0,1,...,N−1

sup
s∈[tk,tk+1]

|Xs −Xtk|
p
Rd


≤ C|△|p/2 (1 + logN)p/2 ,

E

 max
k=0,1,...,N−1

sup
s∈[tk,tk+1]

|XWZ
s −XWZ

tk
|pRd


≤ C|△|p/2 (1 + logN)p/2 .
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Let

U i
t :=

1

2

r∑
j=1

d∑
l=1

∫ t

0

∂σij

∂xl
(s,Xs, (ΓX)s)σlj(s,Xs, (ΓX)s)ds

V i
t :=

1

2

r∑
j=1

d∑
l=1

d∑
m=1

∫ t

0

∂σij

∂yl
(s,Xs, (ΓX)s)

∂f l

∂xm
(s,Xs)

× σmj(s,Xt, (ΓX)t)ds.

Then, we have

d(Xt −XWZ
t )

= σ(t,Xt, (ΓX)t)dBt +
(
b(t,X) − b(t,XWZ)

)
dt

+ dUt + dVt − σ(t,XWZ
t , (ΓXWZ)t)dB

△
t .
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By integration by parts formula,∫ tk+1

tk
σij(s,X

WZ
s , (ΓXWZ)s)dB

△,j
s

=
∫ tk+1

tk
σij(s,X

WZ
s , (ΓXWZ)s)

B
j
tk+1

−B
j
tk

tk+1 − tk
ds

= σij(tk, X
WZ
tk

, (ΓXWZ)tk)(Bj
tk+1

−B
j
tk

)

+
∫ tk+1

tk

tk+1 − s

tk+1 − tk

∂σij

∂t
(s,XWZ

s , (ΓXWZ)s)(Bj
tk+1

−B
j
tk

)ds

+
d∑

l=1

∫ tk+1

tk
(tk+1 − s)

∂σij

∂xl
(s,XWZ

s , (ΓXWZ)s)
B

j
tk+1

−B
j
tk

tk+1 − tk
dXWZ,l

s

+
d∑

l=1

∫ tk+1

tk
(tk+1 − s)

∂σij

∂yl
(s,XWZ

s , (ΓXWZ)s)
B

j
tk+1

−B
j
tk

tk+1 − tk
d(ΓXWZ)ls.
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Hence, we have

Xi
tn −X

WZ,i
tn

=
n−1∑
k=0

r∑
j=1

∫ tk+1

tk

(
σij(s,Xs, (ΓX)s) − σij(tk, X

WZ
tk

, (ΓXWZ)tk)
)
dBj

s

+
∫ tn

0

(
b(s,X) − b(s,XWZ)

)
ds

−
n−1∑
k=0

r∑
j=1

∫ tk+1

tk

tk+1 − s

tk+1 − tk

∂σij

∂t
(s,XWZ

s , (ΓXWZ)s)(Bj
tk+1

−B
j
tk

)ds

+ U i
tn −

n−1∑
k=0

r∑
j=1

d∑
l=1

∫ tk+1

tk
(tk+1 − s)

∂σij

∂xl
(s,XWZ

s , (ΓXWZ)s)
B

j
tk+1

−B
j
tk

tk+1 − tk
dXWZ,l

s

+ V i
tn −

n−1∑
k=0

r∑
j=1

d∑
l=1

∫ tk+1

tk
(tk+1 − s)

∂σij

∂yl
(s,XWZ

s , (ΓXWZ)s)
B

j
tk+1

−B
j
tk

tk+1 − tk
d(ΓXWZ)ls

=: Ii1(tn) + Ii2(tn) + Ii3(tn) + Ii4(tn) + Ii5(tn).
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We consider the estimates of I1, I2, . . . , I5.

Lemma

E

[
max

k=0,1,...,n

∣∣∣I1(tk)i
∣∣∣p]

≤ C

|△|p/2 +
∫ tn

0
E

 sup
u∈[0,s]

∣∣∣∣Xu −XWZ
u

∣∣∣∣pRd

 ds
 ,

E

[
max

k=0,1,...,n

∣∣∣I2(tk)i
∣∣∣p] ≤ C

∫ tn

0
E

 sup
u∈[0,s]

∣∣∣∣Xu −XWZ
u

∣∣∣∣pRd

 ds,
E

[
max

k=0,1,...,n

∣∣∣Ii3(tk)
∣∣∣p] ≤ C|△|p/2.
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Let

µ
ijm
t :=

N−1∑
k=0

d∑
l=1

(
∂σij

∂xl
σlm

)
(tk, X

WZ
tk

, (ΓXWZ)tk)

×
[
δjm(t ∧ tk+1 − t ∧ tk)

−(Bj
t∧tk+1

−B
j
t∧tk)(Bm

t∧tk+1
−Bm

t∧tk)
]
.

Then, µijmt is a martingale, and we have the following.

Lemma

E

 max
k=0,1,...,n

∣∣∣∣∣∣∣
r∑

j=1

r∑
m=1

µ
ijm
tk

∣∣∣∣∣∣∣
p ≤ C|△|p/2.
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After a long calculation, we have

∣∣∣Ii4(tn)
∣∣∣

≤ C
∫ tn

0
sup

u∈[0,s]
|Xu −XWZ

u |Rdds +
1

2
max

k=0,1,...,n

∣∣∣∣∣∣∣
r∑

j=1

r∑
m=1

µ
ijm
tk

∣∣∣∣∣∣∣
+ C

n−1∑
k=0

(tk+1 − tk)

|△|1/2 + sup
s∈[tk,tk+1]

|Xs −Xtk|Rd


+ C

n−1∑
k=0

r∑
j=1

r∑
m=1

|Bj
tk+1

−B
j
tk
||Bm

tk+1
−Bm

tk
|

×

|△|1/2 + sup
s∈[tk,tk+1]

|XWZ
s −XWZ

tk
|Rd


+ C

r∑
j=1

n−1∑
k=0

|Bj
tk+1

−B
j
tk
|(tk+1 − tk).
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Thus, we obtain the following.

Lemma

E

[
max

k=0,1,...,n

∣∣∣Ii4(tk)
∣∣∣p]

≤ C

|△|p/2 +
∫ tn

0
E

 sup
u∈[0,s]

∣∣∣∣Xu −XWZ
u

∣∣∣∣pRd

 ds
 .
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Let

ν
ijm
t

:=
n−1∑
k=0

d∑
l=1

d∑
q=1

∂σij
∂yl

σqm

 (tk, X
WZ
tk

, (ΓXWZ)tk)
∂f l

∂xq
(tk, X

WZ
tk

)

×
(
δjm(t ∧ tk+1 − t ∧ tk)

−(Bj
t∧tk+1

−B
j
t∧tk)(Bm

t∧tk+1
−Bm

t∧tk)
)
.

Then, ν
ijm
t is a martingale, and we have the following.

Lemma

E

 max
k=0,1,...,n

∣∣∣∣∣∣∣
r∑

j=1

r∑
m=1

ν
ijm
tk

∣∣∣∣∣∣∣
p ≤ C|△|p/2.
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Similary to I4, after a long calculation, we have

∣∣∣Ii5(tn)
∣∣∣

≤ C
∫ tn

0
sup

u∈[0,s]
|Xu −XWZ

u |Rdds +
1

2
max

k=0,1,...,n

∣∣∣∣∣∣∣
r∑

j=1

r∑
m=1

ν
ijm
tk

∣∣∣∣∣∣∣
+ C

n−1∑
k=0

(tk+1 − tk)

|△|1/2 + sup
s∈[tk,tk+1]

|Xs −Xtk|Rd


+ C

n−1∑
k=0

r∑
j=1

r∑
m=1

|Bj
tk+1

−B
j
tk
||Bm

tk+1
−Bm

tk
|

×

|△|1/2 + sup
s∈[tk,tk+1]

|XWZ
s −XWZ

tk
|Rd


+ C

r∑
j=1

(
max

k=0,1,...,n−1
|Bj

tk+1
−B

j
tk
|
) (

T + Var[0,T ](A(XWZ))
)
.
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Hence, we have

E

[
max

k=0,1,...,n

∣∣∣Ii5(tk)
∣∣∣p]1/p

≤ C|△|1/2 + C
∫ tn

0
E

 sup
u∈[0,s]

|Xu −XWZ
u |pRd

1/p

ds

+ C|△|1/2(1 + logN)1/2

×
T + E

[(
Var[0,T ](A(XWZ))

)2p
]1/(2p)

 .

So, to obtain the desired estimate, we need

E

[(
Var[0,T ](A(XWZ))

)2p
]1/(2p)

≤ C.
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By the assumption (A3) we have

Lemma

E

[
max

k=0,1,...,n

∣∣∣Ii5(tk)
∣∣∣p]

≤ C

|△|p/2(1 + logN)p/2 +
∫ tn

0
E

 sup
u∈[0,s]

∣∣∣∣Xu −XWZ
u

∣∣∣∣pRd

 ds
 .
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By the estimates we obtain

E

[
max

k=0,1,...,n
|Xtk −XWZ

tk
|pRd

]

≤ C
d∑

i=1

(
E

[
max

k=0,1,...,n
|Ii1(tk)|p

]
+ · · · + E

[
max

k=0,1,...,n
|Ii5(tk)|p

])

≤ C

|△|p/2(1 + logN)p/2 +
∫ tn

0
E

 sup
u∈[0,s]

∣∣∣∣Xu −XWZ
u

∣∣∣∣pRd

 ds


Hence, for t ∈ [tn, tn+1], we have

E

 sup
s∈[0,t]

|Xs −XWZ
s |pRd


≤ C

|△|p/2(1 + logN)p/2 +
∫ t

0
E

 sup
u∈[0,s]

∣∣∣∣Xu −XWZ
u

∣∣∣∣pRd

 ds
 .

Therefore, Gronwall’s inequality yields the result.
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Thank you for your attention!
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