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1. Introduction
In this talk we consider the stochastic differential equa-

tion { dX; = o(t,X)dB; + b(t, X)dt
Xo =¢
where ¢ : [0,T] x Cp([0,T]; R%) — R%¢ @ R”
b:[0,T] xCy([0,T];RY) - RE B : r-dim. B.m.
We assume the Borel measurability of ¢ and b.
Assume that for ¢t € [0,T], w,w’ € C([0,T]; R?)
lo(t,w) — o(t, w/)le@)R?“ + |b(t, w) — b(t, w’)|Rd

< Krp|lw — w/HC([O,t];Rd)'

(This implies o(t,w) depends only on {ws : s € [0,%]}.)

Then, the equation has the pathwise-unique solution.
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Path-dependent stochastic differential equations ap-
pear not only in mathematical finance,
but also in a transformation of Markov-type stochastic

differential equations with reflection.

Let
D: a connected domain in R?.

Var[o7t](w): the total variation of w on [0, ]

B(z,r) :={y € R% |z — y| < 1}



Definition

For given w € C([0,T]; R%) with wg € D,
(&,¢0) € C([0,T]; D) x C([0,T]; RY) is called
a solution of the Skorohod equation on D,

if o = 0, ¢ has the bounded variation on [0, T],

§¢ = we+ ¢, Varp »(¢) = /;]IaD(is)dVar[o,s](Cb),

and there exists n € C([0,T];R%) s.t.

n; € |J {f e R%
r>0

| =1,B(§& —rii,r) N D = 0},

, te{se[0,T];& € 0D}
bp = /O nsdVarpg (¢).




We remark that
n; is an inward unit normal vector of 9D at &;.
The reflected process of w is defined by &.
When the Skorohod equation has
the existence and the uniqueness of the solution,
we call T" : w — & the Skorohod map.

If D= {z = («1,22,...,2%) e R%; z1 > 0},
the Skorohod map is given by

(Tw); = (wtl — inf (w;),L A O),th, . ,wg) .
s€[0,t]

Hence, I : C([0,T]; RY) — C([0,T]; D) is

Lipschitz continuous.
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Skorohod equations on general domains was studied
by Tanaka (1979), Lions and Sznitman (1984) and
Saisho (1987).
Generally, the Skorohod map is

not Lipschitz continuous.
However, even in the cases of such a general domain

the Skorohod map is (1/2)-Hdlder continuous.



Consider a stochastic differential equation with the

reflecting boundary condition,

dX; = o(t, Xt)dBt + b(t, X3)dt + ddy
Xg =x € D

where & plays the role of the reflection of X on 90D,

ie. M(X —d)=X.

On the other hand, consider a path-dependent stochas-

tic differential equation

dYy = o(t,(I'Y))dB: 4+ b(t, (I'Y)s)dt
{ Yo =x € D.



There is a one-to-one correspondence

between X and Y.
Indeed, if Y is a solution to the path-dependent SDE,
X = TY satisfies the SDE with reflection.
While, if X is a solution to the SDE with reflection,
then Y defined by

Y, = o + /Ota(s, X.)dBs + /Otb(s, X, )ds

satisfies the path-dependent SDE.

The one-to-one correspondence is
originally introduced in the case of half spaces
by Anderson and Orey (1976).
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In view of the one-to-one correspondence, we consider

the path-dependent stochastic differential equations

dX: = o(t, X)dB; + b(t, X)dt
Xo =¢

and study the Euler-Maruyama and the Wong-Zakai

approximations.

We remark that Stominski have studied the rate in the

case of SDEs with reflection on general domains.



2. Euler-Maruyama approximation
Let A ={0=tg<t1 < ---<tny=T}.
Define the approximations oa,ba Of o,b by
O-A(taw) L= U(tkaw)a bA(taw) L= b(tkaw)7 t € [tkatk—l—l)'
Consider the following stochastic differential equation.

dXFM = o (t, XEMYdB; + b (t, XEM)dt
XEM =

k
Then, XtEM :S + Z U(tl7XEM)(BtAtl+1 o Btl)
I=0
k
+ 3 bt XEM (A tgr — 1),
=0

Hence, XEM is the Euler-Maruyama approx. w.r.t. A.
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For a Hilbert space H and a positive number K,
Fie(H) == {h:[0,T] x Co([0,T]; R?) — H s.t.

(F1) |h(t,w)|y < K for t € [0,T], w e C([0,T];R%).

(Fz) ‘h(t7w) — h(Saw)lH

< K(Wt—s+|w(-+s) —wls)lloo.t—s]:r))

for0<s<t<Tand we C(

(F3) [h(t,w) — h(t,w')|g < K|lw — '
fort e [0,T], w

0,7]; RY).

C([0,t];R?)

Jw' € C([0,T]; RY).}
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Then, we have the following theorem.

T heorem

Let 0 € Fr(RE®QR"™) and b € Fi(RY).

Then, for p € [1,00) there exists a constant C indepen-
dent of A and N, such that

p

1
] " < oiapr2,
C([0,T];RY)

B ||x - xEV]

Our result coincides with Stominski’s result
in the case of SDEs with reflection

whose Skorohod map is Lipschitz continuous.
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Remark:

The condition (F2) on the coefficients

(or something like that)

IS necessary for the Euler-Maruyama approximation.
Indeed, consider the (trivial) 1-dim. SDE

dXy = HQ(t)dBt
Xo =0,

kT
and let A\ = {—; k € N}.
2N

Then, the coefficient is Lipschitz continuous (in w)
and the solution X; = 0 for t € [0, T].

However, XFM = B;.
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Proof. It is sufficient to prove the case that p > 2.

EM|P
B [HX - )C([O,t];Rd)]

< CE Lglijop’)t] /OS <a(u, X) — UA(u,XEM)) dBu;dl

0B g (00,30 b X5

< CE {(/Ot o(u, X) - %(u,XEM)f Tdu>p/2]

+CE [(/Ot b(u, X) — ba(u, XEM)|Rd du)p]
;d®Rr
C/OtE lb(u, x) - bA(u,XEM)‘;d] du.

<c[E ”a(u,X) — o (u, XM ]du
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When u € [tg, tp11),
UU(U X) =only, XEM)'Rd®RT]

— B [|a(u X) - o(t; XEM)|Rd®RT]

<o) o X,

+CFE ”0(“ XEMY — o (1, XEM)|Rd®RT]
< CE [HX - xEmp Rd)] + Ou— ty)P)

+CB[IXEMC 4 6) = XEMEIL o ims]
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On the other hand, for u € [tg,tx41)

B IXEMC+ 1) = XEMEIIL, 10 e gm0

p
= FE | sup ‘a(tk, XEMY(Bs — By,) + b(t, X5 (s — 1),
s€ltyul :

<C|E| sup |Bs— Bylp| + (u—tg)?
_SE[tk,u] |

< C(u —tg)P/2.
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Thus, we have

fo B |Joa.X) = oa(u xBM0 - du
1/
R A LR

Similarly we have

/;E lbu, x) — bA(u,XEM)‘;d] du

p

1/pd C|AP/2
c<[o,u];Rd>] ut Gl

cofnfx-xe

By applying Gronwall's inequality, we obtain the as-

sertion.
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3. Wong-Zakai approximation
Let A: C([0,T];RY — C([0,T]; RY) s.t.
(A1) [A(w) = Al o0.0:re) < Kallw —w'lloe10.4:ra)
for t € [0,T], w,w’ € C([0,T];RY).
(A2) [A(w)t — A(w)s|Rd
< Ka (V=5 + [[w( + 5) = w(s)l o (jos—smd)
for0<s<t<T,andw e C([0,T]; RY).
(A3) Var[g 1(A(w)) < Ka(1 + |lw = w(O) |l 5[0 4:rd))

for t € [0,T], w € C([0,T]; R?).
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Let f e C12([0,T] x R RY) with bounded derivatives.
Define I : C([0,T]; R%) — C([0,T]; R?) by

(FTw)y := f(t,w)+A(w),, tel[0,T], we C(0,T];RY).

Then, we have the Lipschitz continuity of I.

By the assumptions

[((Tw)t — (MTw)s|pd
< O (VE= s+ [+ ) — wlleqorom )

for 0<s<t<T, and w € C([0,T]; R%).
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Let o € Cy([0,T] x R? x R%:; RY @ R") s.t.
o(t,z,y) is differentiable w.r.t x and v,

and o and the derivatives are Lipschitz continuous.
Let b € Cy([0,T] x C([0, T]; R%): RY) s.t.

b(t, w) — b(t, w)|ga < Kpllw —w'll o(10.9:r4)

for t € [0,T], and w,w’ € C([0,T]; R?).

Consider the SDE of the Stratonovich type

dX; = o(t, X, (IF'X)s) odBy + b(t, X)dt
Xog =¢€.
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Remark:

Generally, even if o(t, X) is predictable,

the stochastic integral of Stratonovich type

T ¢ . 1 T .
/ 0;5(s, X)dB{ + - > (04;(-, X), B')y
j=1"0 2 =1

/Ota(s,X)odBS — (

i
(where (-,-) is the quadratic variation) is not defined.

The reason is that o(¢t, X) needs to be a semimartin-

gale in order to define (o;;(-, X), B’).

On the other hand, we do not know whether o(¢t, X)

IS @ semimartingale or not.
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For given A :={0=tog<t1 < ---<ty=T}

define the piecewise linear approximation B- of B by
t —t;

be4+1 — Tk

A
B, 1= By, (Bt 41— By,), te€ [ty tpe1)

We define the equation of the Wong-Zakai approxi-

mation by
dX\VZ = o(t, X\NZ, (T XW2))dB" + b(t, XWZ)dt
xXyVs =¢.
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Then, we have the following theorem.

T heorem Let o and b as above.

Then, for p € [1,00) there exists a constant C indepen-
dent of A and N, such that

p

1/p
1/2 1/2
O([o,T];Rd>] < ClAT=( 4 log N)H.

B ||x - x|
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Lemma

| SE[gstgy1]

E| sup |Xs— Xy

11/q

1/2
94 < Coltrr — el

11/q
q 1/2
E| sup ‘XQNZ — X%VZ'Rd < Cyltpgr — il
sE[Lgsti1] |
de > 0 s.t. _
‘XS B th’léd\
Elexple sup <C
s€ltptryr) th+1 — Lk )
2 -
YWZ _ xWZ|2 )
E |lexple sup X bk ’Rd < C.
SE[tpoth] tp+1 — Uk ]
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From the lemma in the previous slide,

we have the following.

Lemma

E

MmMaxXx Sup

k=0,1,....N=1 se[t) t)41]

Mmax Sup

k:O,ly-wN—]‘ SE[tkatk+1]

| Xs — th %d

< C|AP/? (i + log N)P/?

WZ WZ
’XS o th Héd

< C|AP/2 (1 + log N)P/2.
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Let

R X5, (TX)s)d

UE=5 X 2 Jo gt (X (TX09)1;(s X, (FX))ds

. 1 r d d +t O O !

Vim o X Y S [ X (M09 (%))
2 =151 m=170 0y

X Umj(SaXta (FX)¢)ds.
Then, we have

d(Xy — XV4)
— o(t, Xy, (FX),)dB; + (b(t, X) — b(t, XWZ)> di

+ dU; + dVi — o (t, XV4, (X W2),)dBy.
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By integration by parts formula,

tk+1 .
/t O'ij(S,X;NZ, (rXWZ)S)dBSAa]

k
t B! — B/
= [ o5, XWVZ (TXWEZ) )t kg
t N i bk+1 — tk
k —_—
= oy (tg, Xi1 %, (I‘XWZ)tk)(ngH — By,
tk:—l—l tk—|—1 — S 80‘2] WZ W7 ] j
s, XWVZ (rx B! — B )ds
+ /tk o (XA )$)(B],,, — Bl)
d lk4+1 00 ;; B%j - Bg
+ 3 [ hgr — 9 (s, XWE, (T W)Lty W2
=1 7tk x te11 — tg
d lk4+1 00 ;; Bg - Bg
+ 2 /t (tht1 = 5)— (s, X4 (FXWV9)5) tk“ — Ea(rxWayL,
|=1"" Y k+1 — Uk
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Hence, we have
x; - x N
n n

n—1 r tha1 :
p— Z Z /t (O',L'j(S,XS,(rX)s> —O'ij(tkachvza(rXWZ)tk)) ng
k=0j=1""k

+ /Ot” (b(s, X) — b(s, XW7)) ds

_ Z Z ktl lg41 — S U0y (S,XWZ, (I—XWZ)S)(BJ _pJ )dS
5 k+1 bk
k=0j=1"tk  tk+1— 1tk O
ol m A e 00, ; B{ — g
+ U}fn — y: S: y: / (tk—|—1 — S) 5 z; (s,X;NZ, (rXVVZ)S) k+1 t kdX;NZ’l
k=0j=11=1""1k x tp+1 — tk
S et 00 B! . — B]
k=0 j=11=1 "tk Oy tht1 — th

=: 1% (tn) + I5(tn) + I5(tn) + I4(tn) + IE(tn).
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We consider the estimates of I, Io, ...

s,

Lemma

<c(lr+ e

0 ue[0

Iz(tk)i|p] < C/OtnE {

("] < claP/2.

Sup

Xu

5]

sup
ue[0,s]

— X,L\LNZ‘p ds\
Rd )
wz P |

Ku = Xy 'Rd

ds,
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Let
N—1 d

i = zz(

k=0 I=1
X [jm(tAtk+1—tAtk)

_(Bt/\tk—l—l — Bg/\tk)(BIZL\tk_l_l T B?}\tk) .

o

Lot (b X2, (FXWVE)y,)

Then, ,u”m is a martingale, and we have the following.

Lemma

z]m < C|A|p/2.

M=
M%

E max
=0,1,..

jlml
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After a long calculation, we have

14(tn))|
tn 1
<C sup | Xy — XV4|pads + = max Z z "Jm
/O ue[0,s] ! v« R 2 k=0,1,... nli=1m=1
n—1 1/2
C > (tp+1 —te) [ D) sup | Xs — Xt |pd
k=0 s€[tg,tr41]
n—1 r r

+C'y. > Y |B],, - BLIBI, — B

1/2 W2zZ  ~WZ
X |A|/ + sup |X; Xi, Rd
s€ [ty tr+1]

+C Z Z |Btk_|_1 By |(tpt1 — tr)-
17=1k=0
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Thus, we obtain the following.
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Let

1]m

d (0o WZ wzy +0f! WZ
y T T qu (tlthk 7(I_X )tk) q(tk’th )
k=01=1¢=1 \ OY' Ox

X ( ]m(t Nl —tA tr)
(Bt/\tk_|_1 B‘g/\tk>(B?/7j\tk_|_]_ R B?},\tk)) y

Then, ;Jm is @ martingale, and we have the following.

Lemma

E| max z z 2 < olap2,
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Similary to I%, after a long calculation, we have

I5(tn)

1
<C sup — XN ads + =  max ”m
/ UE[O S] v R 2 k=0,1,....,n ]Zl mz]_

+C Z (Crt+1 — tr) (|A|1/2 + sup  |Xs-— thRd>
Se[tk7tk—|—1]

T Y Y |Btk—|—1 ngB?l:—Fl_BZ:‘
k=0 7=1m=1

x(|A|1/2—|- sup X;/VZXXQ/ZIW)

s€ltytrt1]

+C Y (k max B, - B{k|> (T + Varg 7y (A(XW%))).
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Hence, we have

E IE(t)|” Y
[k:%“?xn| &(tx)]
1/2 tn WZ p H
< C|A + C E | sup | Xy — X, d
< C|A) A LE[O,s]| Ra| s
+ C|AIM2(1 + log N)1/2
W Z 2p 1/(2p)
X (T—I—E [(Var[QT](A(X ))) )

So, to obtain the desired estimate, we need

E [(Var[O,T](A(XWZ))fp] 1/(2p) <c
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By the assumption (A3) we have

Lemma

E[k max. |15(tk)\p]

<C <|A|p/2(1 + log N)P/2 4 /Ot”E [ sup

u€|[0,s]

X, vaz‘

is).

Rd
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By the estimates we obtain

WZ p
E max Xt — X
[k:O,l,...,nl bk e Ipa

_max Ilé(tk)lpD

k=0,1,....n

d .
<C > (E [k_rg;?x IIi(tk)\p] +---+E[
i=1 —U,1,....,

2 2 tn wz|P
< C(|A|p/ (1—|—IogN)p/ _|_/O E{ sup | Xy — X, ‘Rd ds)
u€|[0,s]
Hence, for t € [tn,t,41], we have
E [ sup | Xs — XJV4b,
s€[0,t]

p/2 p/2 4 [t _ xwzP

< C (|A| (1+1logN) —I—/O E Lgl[JO'?s] Xu — X, |Rd ds).

Therefore, Gronwall’'s inequality vields the result.
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Thank you for your attention!
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