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Background

@ We consider “w-wise” solutions of non-liner stochastic PDEs.

o Examples:
dh(t,x) = Ah(t,x) + |Vh(t,z)|* + £(t, ) : KPZ
0 ®(t,x) = AP(t,x) — ®(t,z)® + £(t, ) : ®*-model
zeRLEt>0

€ : space-time white noise on [0, co) x R<,

@ The solution of stochastic heat equation:
0 X (t,z) = AX(t,z) + £(L, x)
. e 2—d
satisfies X (t,:) € C 2z —.

@ We cannot define above non-liner terms, because they are related to
the product £€n of £ € C* and n € CP with aa + 3 < 0.
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Subcriticality

—d

e h(t,x) — hs(t,z) = 5_2Th(52t, ox),
£t ) — E5(t, x) = 6“5 £(6%t, 6z) (5 > 0).
@ Changing variables
Oth(t,x) = Ah(t,z) + |Vh(t,z)|* + £(t, x)
— Bhs(t,x) = Ahg(t,z) + 6 5 |Vhs(t, )| + &5(t, )

@ Formally, the non-liner term vanish as § — 0, iff d = 1 : “subcritical”
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Hairer's theory

e M. Haier introduced “regularity structure(RS)". (2013)

@ We can construct RS from given stochastic PDE iff it is subcritical.

@ We can define the “renormalization map” on RS, and obtain a result
as below:

Theorem (Hairer, 2013)

Let p : R? — R be a smooth, nonnegative, symmetric, and compactly
supported function s.t. [ p = 1. Set pe(t,z) = e 3p(e~2t, e 1x), and
€e = & * pe.

Then, there exists a sequence of constants {C¢ ~ %} s.t. the sequence of
solutions h¢ (local in time) to

6th6(t’ "17) = B:he(t, :B) + (893h5(t,:1:))2 —Ce + Ee(ta 113),
xeT,t >0

converges to a stochastic process h.
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More rough noise

@ Define )¢ = (—85)%5 (v > 0) as a random distribution s.t.
(—02)3E(0) = (=027 ¢) (Yo € C°(R?)),

where (=83)3¢ = F (€] F ).
@ Does it hold similar renormalization to the following equation?

Oth(t,x) = 82h(t,z) + (9-h(t,z))? + 9JE(t, )
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Main result

e This eq is subcritical iff v < 1.

@ But similar renormalization holds iff v < i.

Theorem (Hoshino, 2015)

Let 0 < v < %1. Let p : R? — R be a smooth, nonnegative, symmetric,
and compactly supported function such that [ p = 1.

Then, there exists a sequence of constants {Ce ~ € 1727} s.t. the
sequence of solutions he (local in time) to

Othe(t, x) = 82he(t,x) + (8zhe(t, x))? — Ce + 8&c(t, ),
zeT,t>0

converges to a stochastic process h.
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o |k|s :=2ko + k1, 8% := 80k (k = (ko, k1) € Z2).
o ||z|ls :== VIt + |z| (= = (t,z) € R?).

e For a function p on R2,
83.p() 1= 573p(672 (¢ — ),67 (&' — @)).

o B, = {p € C°(R?*);|lpllcr < 1,suppp € B;(0,1)} (r € N).
o CX(R?) (v > 0) : locally c-Holder space w.r.t || - ||s.
o CX(R?) (ax < 0) : All of distributions £ s.t.

£(S2.p)| S 0%,

uniformly over p € B,. (r = [—a]) and locally uniformly over
z € RZ.
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Abstraction of stochastic PDE

e Mild form

dth = 82h + (8;h)?® + n (n : smooth noise), h(0,-) = ho
& h =G * (1450((8:h)? + 1)) + Ghy.

@ Formally, h is represented by a sum of distributions with negative
regularities, and a remainder.

o We reformulate KPZ eq into an equation of H = haTa (Ta :
basis vector, hq : a function on R?) which values in an abstract liner
space.

H = G(1450((0H)? + E)) + Gho
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Regularity structures

Definition (Regularity structure)

A regularity structure (A, T, G) consists of the following elements:
o A C R, locally finite, bounded from below, 0 € A.
o T = @ ca Ta Each T, is a liner space with a norm || - ||a.
e G is a group of linear operators T — T, such that

Ir—re P Tp
B<La,BEA

forallT e G, a€ A, T €T,.
@ o := inf A.
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Model

Definition (Model)

A model (IT,T') on R? for a regularity structure (A, T, G) consists of the
following elements:

o II.(2 € RY) : T — D’(RY) is linear map such that
|(IL.7)(SS.p)| S 6% (loc in 2),

foralla € A, 7 € Ty, and p € B, (r = [—ag]).
o I, .(z,2' € RY) € G is an element such that

T2 7lls S 11z — 211577 (loc in 2, 2"),

foralla,B € A (B < a)and T € T,.
o Hz]._‘z,z/ =1I./, I‘z,z/l—‘z/,z// = I‘z,zu (‘v’z, 2:’, FH & ]Rd).
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Reconstruction

Definition (Modelled distribution)

Let (IT,T) be a model. f: R% — T is in DY (v € R) iff
1f(2) = T2z f(Z)la S llz = 2'[[77 (locin 2, 27),

for all & € A with o < 7.

Theorem (Reconstruction theorem)

Let (II,T") be a model and v > 0. Then there exists a unique liner map
R : DY — C(RY) s.t.

(RS — I £(2))(S; .p)| < 87 (loc in 2),

for all f € D7.
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RS for KPZ

@ U:AIll of basis vectors that describe h.
V:All of basis vectors that describe (8,h)2 + 7.
1, Xo, X1, 2 €V,
TEV=ITclU (IT(X*) =0),
A(XEOXF) =y X o xF1—1)
T, 70 EU = 0110713 € V.

@ Regularities of basis vectors.

|1] = 0, |Xo| = 2,|X1| = 1, |E| = ap (to be determined)
7’| = I + |7
[Zr| =71+ 2, |8Z7| = |7[ + 1

e F=UUYV, T = spanF.
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RS for KPZ

_3_
o & —&inprobinCy 2 " (k> 0).
@ We use shorthand notations to describe basis vectors.

@ We should choose ag = —§ —Kk(k>0: suff|C|entIy small)

:»H,V*GTWY@Y@M
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RS for fractional case

_3 e
0 JVE. — e inprobinCs 27" (k> 0).

@ We should choose ag = —% — v — Kk (k > 0 : sufficiently small)
°00<v< &

iE’V’%’?’ f37%7v7&717"'
° 5 <7<g

IATA AR SR RN TR RN
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RS for fractional case

W%%%%%“W&@l

<fy<f

= =,v,%,w,%,?,%y,%,%,v,&,
%8 e % G G0 o
<7, %, %, U, Yo, 0, Y0, 0, K, Y,

@ and so on...
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Canonical model

@ There is a canonical lift  into (II7,I'):

I.1(2') = 1, I,E(2") = n(z)) (1)

I Xo(z )=t —t, I, X 1(2)) =2’ — = (2)

77" = (HzT) (HZT/) (3)

ILIT =G+, — Y. ¢ _z) ~—— "G * .7 (4)
|kl <|Z7]|

(- =2
.0T7 = 8;G » .t — >~

|k|<|OZT|

8%0,G « I,7 (5)
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Admissible model

e Assume (1)(2)(4)(5) — “Admissible model”

@ For each admissible model Z, a linear map G : DY — DI+2 g
defined and satisfies

RGf =G *Rf, G=7TI+ ({X*}-valued part)
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Solution map

Theorem (Hairer, 2013)

° ag € (—2,—-3),0 > —ao, ¢ € (0,a0 + 2)
@ For each initial condition hg and admissible model Z, there exists
T > 0 s.t. the equation

H = G(1;50((0H)? + E)) + Ghy

has a unique solution H € D%S (permit singularity as t — 0+) on
t € [0,T].
e S: (ho,Z) — H is continuous.
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Solution map

e When Z = (II",T') for some smooth noise 77, we have

RH = G * (1:>0R((0H)? + E))
= G * (L>0((8:RH)* +1)).

So h = RH solves 8h = 82h + (0,h)?* + 1.
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Renormalized KPZ eq

° ag = —% — K (k > 0 : sufficiently small)

@ For any constants Cqp, Cly, C%@, the set of functions

ﬁZT =77 (r = E, Y}a?a CY)’ @O’ 1),
ﬁgc\f = HZV — Cep,s
ﬁZW = HZW — Cu,
i, = 7', - Cy,
is uniquely extended to an admissible model (ﬁ", f‘")
e h = S(ho, Z™) solves the equation

dth = 82h + (85h)? — (Cep + Cyy + 40%) +7
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Convergence of renormalized models

o Choose proper C(9) (1 =1/, W, (\Q})

o Let Z© be a model lifted from &.
o Let Z(© pe theArenormalized model. Then there exists an admissible
random model Z s.t.

Z©) — Z in prob (e — 0).
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For the fractional case

o Llet0 < v < i
Choose proper C©) for all T € F with ||| = 2,4, 6.
Let Z(©) be a model lifted from )&

Let Z(©) pe theArenorma/ized model. Then there exists an admissible
random model Z s.t.

Z©) = Z in prob (e — 0).
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Proof of renormalization

° ﬁge)T(Séogb) convergences for all |7| < 0
= (ﬁ(e), f‘(e)) convergences.
o For each 7 € F, TI{? T has the form

07(2) =Y LV ER7(25-,...,))

Ij:kth multiple Wiener-Ité integral. W(&K) 7 (2) € (L2(R x T))®.
@ By It isometry, we have

E|ﬁg€)r(520¢)|
<Y [ 826182060
X (WER 1 (2), W(e,k)T(Z'))(L2(RxT))®kdzdz’
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Proof of renormalization

@ Assume that there exist W(k)T(z) s.t.

(WBE(2), WE () (p2mxrye] S llz — 2|27+
|<5W(€’k)7—(z)’JW(E’k)T(z/»(L?(RxT))@k| < eéllz N z/||§|7’|+5
(5w(67k) = Wk _ W(e,k))

with 2|7| > —3, for some § > 0.
@ Note that

/ 8200(2)8200(2) |1z — 2/ |2 0dzdz’ < N2ITIH0

@ Then Z(© — Z.
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Proof of renormalization

o TI{V7(2) = 8,G % 87¢(2) = I1(810,G * pe(z — -))
° W\(E’l)?(z; ) = 000G * pe(z — +)

e WT(z;) = 820,G(z — *)

o [8)0,G(z)| < ||2||5%77 around 0.

o (WMT(2), WT(2)) (12 xy):

A —— S ||Z — z'||5_1_2'7

—1—2v > 2[7].
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Proof of renormalization

zZ ¥
e IPP(2) = L(y), OF =
z z

o Mo} f(2) = 12(\/)
Z
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Proof of renormalization

o (WPRL(2), WD L(2")) (12 x1))®:

ZOZ 5 ||Z _zllls—2—4ﬂy

—2 —4v > 2|8/
6o —2—4y>-3& < 3.
—1 -2y
. v S. S 6_1_27
Z z
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Proof of renormalization

o TMOVYV() =L( ¥ ¥)+L(¥ ¥+
ot Y1

o IOV Y(2) = 14("' ':) + 12("' ':), oo — v
o TPV Y (2) = 14(\<v>‘/> + Iz<\Q/),
yA VA

Masato Hoshino (The University of Tokyo) KPZ equation with fractional derivatives of w October 21, 2015 28 /31



Proof of renormalization

o (WD Y (2), WO V() (2 (mxy)@4:

z -
Sllz = 217%

o (WA Y (2), WAV V() (12 x1y)@2

A
W
C
+
w
Q

N

z Sllz =27
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Proof of renormalization

o —8y > 2|c\<y|

—2 — 4~
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