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Introduction

We shall firstly deal with the following one-dimensional stochastic differential
equation (SDE),

t t
X, = xo+ / b(s, X.)ds + / o (5, X.)dW,,
0 0

and consider discrete time maximum and continuous time maximum which are
defined by M7 := max{Xy, -+, X¢,} and M7 := maxo<¢<7 X;, respectively.
Secondly, we will deal with the following multi-dimensional SDE,

t t
Zi=z +/ Vi(Zs)ds + Z/ Vi(Z)odWi, 1<i<d,
0 — Jo
j=1
and consider the random variable defined by My = max{Z71-, e 7Z;’-}.
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Introduction

@ Our main goal is to prove integration by parts (IBP)
formulas for M7, M+ and MT.
(ie. E[¢/(F)G] = E[p(F)H(F, )], ¥y € CY)

o IBP formulas are used to study the probability
density functions by taking G = 1.

@ In addition, IBP formulas are used to compute the
risks of options in finance.

M7, M+ and M7 are important random variables,
especially in finance.
Indeed, for payoff functions f,

o f(Mr), f(M7): Lookback type option

e f(M7): Rainbow type option
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QOutline of the talk

@ Previous works
@ Discrete time maximum M2
© Continuous time maximum M7

@ Maximum of components Mt
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Previous works

Study of density functions on maxima.

@ Nualart, D., Vives, J.: Continuité absolue de la loi du maximum d'un
processus continu. C. R. Acad. Sci. Paris Ser. 1 Math. 307(7), 349-354
(1988). — A sufficient condition so that the law of continuous time
maximum of a one-dimensional continuous process is absolutely
continuous.

@ Florit, C., Nualart, D.: A local criterion for smoothness of densities and
application to the supremum of the Brownian sheet. Stat. Probab. Lett.
22(1), 25-31 (1995). — The smoothness of the density function of the
continuous time maximum of the Brownian sheet.

@ Lanjri Zadi, N., Nualart, D.: Smoothness of the law of the supremum of
the fractional Brownian motion. Electron. Comm. Probab. 8, 102-111
(2003). — The smoothness of the density function of the continuous
time maximum of the fractional Brownian motion.
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Previous works

Study of density functions on maxima.

@ Fournier, N., Printems, J.: Absolute continuity for some one-dimensional
processes. Bernoulli 16(2), 343-360 (2010).—Absolute continuity of the
law of a solution to a one-dimensional SDE with coefficients depending
on the continuous time maximum of the solution.

@ Hayashi, M., Kohatsu-Higa, A.: Smoothness of the distribution of the
supremum of a multi-dimensional diffusion process. Potential Anal.
38(1), 57-77 (2013).— The smoothness of the density function of the
joint law of a multi-dimensional SDE at the time when a component
attains its maximum.

@ N.: Absolute continuity of the laws of a multi-dimensional stochastic
differential equation with coefficients dependent on the maximum. Stat.
Probab. Lett. 83(11), 2499-2506 (2013).— Multi-dimensional case of
[Fournier, N., Printems, J.].
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Previous works

Computation of Greeks (risks of options).

@ Gobet, E., Kohatsu-Higa, A.: Computation of greeks for barrier and
look-back options using Malliavin calculus, Electron. Comm. Probab. 8,
51-62 (2003).— Computation of greeks (delta and gamma) of options
depending on the continuous or discrete time maximum of a
one-dimensional SDE.

@ Bernis, G., Gobet, E., Kohatsu-Higa, A.: Monte Carlo evaluation of
Greeks for multidimensional barrier and lookback options. Math. Finance
13(1), 99-113 (2003).— Multi-dimensional Black-Scholes model case.

@ N.: Volatility risk for options depending on extrema and its estimation
using kernel methods. preprint (submitted).— Computation of greeks
(vega) of options depending on continuous time maximum of a
one-dimensional SDE.
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Outline

@ Discrete time maximum M2
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Discrete time maximum

(Q, F, P): a complete probability space.

{W,, t € [0,00)}: one-dimensional Brownian motion on
(Q,F,P).

We consider the SDE:

t t
X = Xo +/ b(s, Xs)ds +/ o(s, Xs)dWs. (1)
0 0
Fix T >0 and a time partition0 < ty < --- < t, = T.

Define M% := max{ Xy, -+, X} and
MT = MaXp<i<T Xt.
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Discrete time maximum

Assumption (A)
(A1) For t € [0,00), b(t,-),0(t,-) € C2(R;R).
Furthermore, all constants which bound the

derivatives of b(t,-) and o(t,-) do not depend
on t.

(A2) There exists ¢ > 0 such that
lo(t,x)[ = ¢

holds, for any x € R and t € [0, c0).
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Discrete time maximum

Theorem 1

Assume (A). Let G € D> and t; > 0. Then there
exists a random variable H7(G) such that H}(G)
belongs to LP(QQ) for any p > 1, and

E” [¢'(M7)G] = EX[o(M7)H7(G)] ()

holds for any ¢ € CL(R;R).

In the case that t; = 0, (2) in Theorem 1 is valid for any
¢ € CL(R;R) whose support is involved in (xy, 00).
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We define

1 o 1 1 1
— _ I
tY, Lo.a(r) + P (Ytk Ytk1> tk — tk—1 [tkl’tk)(r)] ’

for r € [0, T], where Yt = gx,
Define Ay := {Xy, = M3} A i ={Xy, #MYL, -+ X, # ME, Xo, = M3} k=
2,-+-,n. From the local property of the Malliavin derivative, we get

n

T (X))

T n t
/ Dr(SD(Mg'))der:gol(M.’})Z/ DX, u"drlp,
0

rX
— (M )Z Ytk/ olr, X) u"drly,.
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By the definition of u”, one has

% o (r, X,) 1 <& < 1 1 >
Y, 2 ydr =Y, — — =1,
tk/O Yr ’ " Yt1 ; Yt/ Yf/ 1
and
T n
| Dt = (M) S 1, = o (5),
k=1
Therefore, the duality gives
El¢/(M3)G] = EP[ / (M) Guldr] = EP[p(M3)5(Gur)],

where ¢ denotes the Skorohod integral and finally (2) follows by taking
HZ(G) = §(Gu™).
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In the case that t; = 0, we define

1 /1 1 1
03 () ).
ts Yt2 [O’tZ)( ) poet Ytk Ytk,l ti1 — ti [i’k—1,fk)( )

for r € [0, T]. If suppp C (xp,00), then we have ¢'(MF)14, = 0. Thus, we get

on Y
T (X))

T n
/0 D, (p(MB))irdr = ¢'(M2)S" 14, + ¢ (MI) 14, = ' (MD),
k=2

and (2) follows by taking H}(G) = 6(Gu") O
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Outline

© Continuous time maximum M7
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Continuous time maximum

In [Hayashi, M., Kohatsu-Higa, A.], the smoothness of
the density function of F := (X}, -+, X¢) where

X = (X1,---, X% is a solution to a multi-dimensional
SDE and 6 := arg max;<1 X} is proved by means of the
IBP formula.

The vector fields of the coefficients are assumed to be
commutative and the explicit representation of the
solution by using the exponential map of the vector fields
is used to obtain the IBP formula.
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Continuous time maximum

Assumption (A)’
The diffusion coefficient of (1) is of the form
o(t,x) = o1(t)oa(x) and the following assumption.
(A1)" For t € [0,00), b(t,-) € CA(R; R).
Furthermore, all constants which bound the
derivatives of b(t,-) do not depend on t.
(A2)" o1(-) € C2(]0,00); R) and there exists ¢; > 0
such that |o1(t)| > ¢ for any t € [0, 00).
(A3)" 0o(-) € C3(R; R, )(or respectively
C2(R;R_)), x — 0p(x) is increasing
(respectively decreasing) and there exists
¢, > 0 such that |o2(x)| > ¢, for any x € R.
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Continuous time maximum

Assume (A)". Let G € DY and ay > xy be fixed
arbitrarily. Then there exists a random variable

H71(G, ap) such that Hr(G, ag) belongs to LP(S2) for any
p>1, and

EP [¢'(M7)G] = E”[p(M7)H7 (G, a)]

holds for any p € CL(R;R) whose support is involved in
(ao, OO)
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Proof

o)

Y, is given by Y, = elo (¥’ E)(s.Xe)ds+ i o' (s, Xs)dWs

We define F(x) := Oxgzggdy for x € R and g(t,x) := (b' — 2% — %‘/ (t,x)

for (t,x) € [0,00) x R. By using Itd's formula, we get

7y2
e FOQ)FF(X) — afy o (. Xo)dWert [ (6" = 1550 ) (s, X:)ds— [ (s, X )ds

e
= Yie JoglsX)ds <o T].

x + F(x) is increasing, due to (A3)’, thus,

— Jo 8(s.Xs)dsy — Flxo)+F(X:)
TRt Yeem 0 = ma e f

e FUOTF(Xer) _ y, o= Iy 8(s,X)ds

follows, where 71 1= arg maxg<:<7 X¢.
We note that 7t is defined uniquely P-a.s. from Girsanov's theorem and a

representation of a martingale w.r.t. a time changed Brownian motion.
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We fix ap > xp. Let p: R — R, be a smooth function with bounded derivatives
such that

- { 2735
holds. Let {Z,,t € [0, T]} be an adapted process satisfying the following
conditions.
(H1) Zy=0and |X; — xo| < Z; for t € [0, T], P-as.
(H2) [o, T] 5 t+— Z, € R, is non-decreasing.
(H3) fo s)ds belongs to D2 and

EP[f0 |D fo (Z,)ds)|Pdr] < oo holds for any p > 1.

(H4) There exist a positive function a: N — R, and g > 1 such that
limg— a(q) = oo holds and for any g > g, one has
EP[|2:9] < ¢q(T)t?(9D V¥t € [0, T], where ¢,(T) is a positive
constant.
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We define
1 1

I g(s,Xs)ds
o e ) [ 2

Yr _ r r Fa _ r n
0 X [—g(r, X;)e~ Jogles)os /O p(Zs)ds + e~ Jo g(s’XS)”’Sp(Zr)},

uy =

for r € [0, T]. Note that

,
R R AT L ea]

d r r a
_ 7fo g(s,Xs)ds 7
o (e /0 o( S)ds) .
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By the definition of u, we have

T Tr X
/ D,I\/IT-u,dr:Y;T/ o(r %), ar
0

0 Y,
1 Yo /TTd< ~Jie sX)ds/r 5

= - — 0 s p(Zs)ds | dr

Og]taSXT{Yte fo g(S,Xs)dS} fo p(Zs)dS 0 dr 0
—eﬂ)Tg(s’XS)ds/?Td< fog(SX /p(Z)dS)d

T ~

Jo o(Z)ds Jo
ST p(2:)ds

fo p(Zs)ds
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On the event {M+ > ap}, one has inf{t > 0; Zy > ag — xo} < 7T, thus, from
the support condition of p, we have

fo Z 5)ds fo ) -1
fo Z)ds ( 5)ds

on the event {Mr > ap}. Therefore, the result follows by taking
H7(G, ap) = 0(Gu.). O
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A remark
Define T, := inf{t > 0; Z, > 252} AT and take € > 0 such that e < T, then
we have, for g > g,

P(/OT (2)ds<€> <P</0Ta°p(2s)ds<€>—P(Ta0<€)

N — P1za
<p(2>2°00) <on 1]
2 (307X0)q

This implies EF[( fo ds)™P] < oo for p > 1, due to Fubini's theorem.
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Example 1 Assume (A)'. Define

Z: = max (Xs — xp) — min (Xs — xo), (3)

T o<s<t 0<s<t
for t € [0, T]. Then Z satisfies (H1)-(H4).

Example 2 Assume (A)'. Let v be an even integer and m be a real number
satisfying 0 < m < 7 — 2 and define

t t X —X %
A, ::4/ Mdsdu,
0

o |s—ulmt2
and
~ 2) L n
Z, = 78(’",: Jares (4)

for t € [0, T]. Then Z satisfies (H1)-(H4) due to Garsia-Rodemich-Rumsey’s

lemma.
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Expressions of the density functions

Proposition 1

Assume (A). Let t; > 0. Then the density function of M¥ is given by

pug(x) = E7 [Lapony HE(D)] (5)

for every x € R, where H}(1) is defined by 6(u").
Assume (A)'. Let ag > xo be fixed arbitrarily. Then the density function of Mt
is given by

pmir (x) = EP [Lymrsag Hr(1, 20)] (6)

for every x > ag > xo, where Ht(1, ap) is defined by é(u.).
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Expressions of the density functions

In the case that t; = 0, under assumption (A), (5) is valid for x > xo by defining
H2(1) := o(a").

o’

Since EP[5(v)] = 0 holds for any v € Dom &, we can express (5) and (6) as

pua(x) = —E” [Lam g HE(1)] (7)
every x € R, and
pMT(X) = _EP [I{MT<X}HT(17 30)] P

for every x > ag > xg.

v
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Upper bounds of the density functions

For simplicity, we assume that each time partition is uniform, and T < 1.
C(o) : a constant which bounds o.

Theorem 3

Assume (A) and that T < 1. Moreover, we assume that the time partition is
defined by tx = Lk, 1 < k <n(ift; >0) orty = -5 (k—1),1 < k< n+1 (if
ty =0). Then for any p1, pa > 1, there exists C(n, p1, p2) > 0 such that

pup(x) < C(n,p1, p2) (T + Tom )

1 nm 1 )
X e PP C(o)2T
x—x0+/(x —x)2 +2C(0)2T

holds for any x > xo, where C(n, p1, p2) does not depend on T.
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Upper bounds of the density functions

Assume (A)’ and that T < 1. Moreover, we assume that Z is defined by (3) or
(4). Then for any p1, p2 > 1, there exists C(ag, p1,p2) > 0 such that

pm; (x) < C(ao, p1, p2) (Tﬁ + Tﬁ_%)

1

1 P1P2 1 o)
X e 2P C(U)ZT’
x—x0+ /(x — x)2+2C(c)2T

holds for any x > ag > xo, where C(ag, p1, p2) does not depend on T.
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| = e I X)Wt (2 e X)ds
T

then W, := W, + fot (s, Xs)ds, t € [0, T] is a one-dimensional Q-Brownian
motion and X satisfies

Define a probability measure @ by Z—g

t
X = xo +/ o(s, Xs)dWs, t €0, T].
0

Since (X); > ct (under (A)’, we define ¢ := ¢1¢) holds for t € [0,00), X can
be described as

X; = x0 + Wixy,, t € [0,00) (8)

where W = {W,, t € [0,00)} denotes a one-dimensional Q-Brownian motion.
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By using (8) and (X)7 = fo 02(s,Xs)ds < C(0)T, we get

0Qqax Xt = xo + r<na<x W<X> X0+ ogt;ngé)” W
and
dP
P(Mr > x) = l

1 97 ¢
~ dP
< W, E?
G CRET ) (l.)]

for p,q > 1 satisfying £ + 1 =
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From the explicit density function for maxo<i<c(o)2 T W, and Komatsu's
inequality, we have

2
A _ Y
Q (xo + max We > x) e 27T dy

0<t<C(0)2T

° 1
=2 S
/XXO V21 C(0)?T
-1

<22 (xR )
V7 \cowT T cerT

One has
P n L —a L -1
EP[HRL)[*]% < o1+ T~%)a < 61+ T4

in the case that ty = Tk,1 < k<norty=-5(k—1),1<k<n+1
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Due to (5) and Holder's inequality, one has
1
<EP|1 EPIHA(1)"]% = P (M2 > x)7 EP[|H2(1)|%]a
puz (x) < {(M3>x} [1H7(1)]*] (M7 > x) [[H7(1)]%]

dP

< Q (M} > x)am EQ KC’Q

927 pra .
EP [IHF(1)["]
Fr

for p;, i > 1 satisfying é =+ % =1i=12.
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Upper bounds of the density functions

In the case that t; > 0, for x < xp, the value of er%(X) does not vanish, and we
use the expression (7) in order to obtain an upper bound of puy (x) for x < xo.

Proposition 2

Assume (A) and that T < 1. Moreover, we assume that the time partition is
defined by ty = %k, 1 < k < n. Then for any p1, p> > 1, there exists
C(n, p1,p2) > 0 such that

pmy(x) < C(n, p1, p2) (Tﬁ + Tﬁ_%)

1

1 P1P2 1 (x—x)?
X e 2P1P2 C(o)2T )
xo — x +/(x —x0)2 +2C(0)2T

for x < xo, where C(n, p1, p2) does not depend on T.
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Outline

@ Maximum of components Mt
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Maximum of components

(', F', P'): a complete probability space.

(W, = (W} - W), t €]0,00)}: d-dimensional
Brownian motion on (2, 7', P’).

First, we will deal with the following multi-dimensional
SDE,

—ZO+Z/ odW!, 1<i<d,

and consider the random variable defined by
* = max{Z%, ... Z9}.
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Maximum of components

Assumption (B)
(B1) Foreach1<i,j<d, V/()e C(R’R).
(B2) There exists ¢ > 0 such that
(€, a(x)¢) > clef,
holds for any x, ¢ € R?, where a(x) := VV T (x).
(B3) Vector fields Vi, - -, V4 are commutative, that is
[Vi, ViI(x) = [V}, Vi](x), 1 < i, j < d

hold for any x € RY, where we have defined the Lie bracket by
[Vi, Vil(x) := VV;Vi(x) = VV;Vj(x).

(B4) Foreach1<i,j<d, (V1)i()e C(R%R).
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Maximum of components

Assume (B). Let G € DY, Then there exists a random
variable H3(G) such that H3(G) belongs to LP(Q2) for
any p > 1, and

EP[¢'(M7)G] = EP [o(M7)H7(6)] (9)

holds for any ¢ € CL(R;R).
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We define the set of events A} := {X% = M3} and
o= {XE £ M5, - ,X#’l # M% X% =M%} for k =2,---,d. Then by
using the explicit representation with exponential maps, we get M3 € D> and

d
DIM; =1p.7(r) > Vi (X7)1a:,
i=1

for 1 <j<d. Let {h¥,r € [0, T]} be a one-dimensional process such that
Jif hrdr < 00, P'-a.s. Define Fj:= 0 (V7Y (X7), ufd := Fih?.
Moreover, we define a d-dimensional process by

up = (upt - ur)

for r € [0, T].
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We easily get
T d ) T
|3 Do)y - wiar = (a5 [ wia
0o 4 0

Therefore, for G € D>, one has

T d i
/ * 4 H * GU:"J
E7 [/ (M)G] = E7 | [ 30 Dite(Mp) - 7
0 Jo hidv
/ GU*
=EP (M2 | — ||,
(M) (foT hﬁ"’)l
and (9) follows with H%(G) = 5(%) as long as ﬁ;dv € Dom3d. O
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Maximum of components

Consider the following multi-dimensional SDE,
. . t . d t . .
Z/ =z +/ Vi (Zs)ds + Z/ \/j’(Zs) odW!, 1<i<d
0 , 0
j=1

and consider the random variable defined by
My .= max{Z%,...  Z4}.
Assumption (B)’
In addition to (B), we assume
(B5) Foreach 1 <i<d, Vj(-) € CL(R?;R).
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Maximum of components

Assume (B)’. Then there exists a random variable Ht
such that Hy belongs to LP(S2) for any p > 1, and

EP'[¢/(Mr)] = EP [p(Mr)H7]

holds for any ¢ € CL(R;R).

The proof is done from the Girsanov's theorem.
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Upper bound of the density function

Assume (B)’ and that T < 1. Then for any py, p» > 1, there exists
C(p1,p2) > 0 such that

Pit () < C(pr, p2) (T + T~ H)

1

d PLP2 1 (x=z)?
% 1 e‘m T ’
i=1 x—z(’;+\/(x—zé)2—|—2Ci2T
holds for x > max{z3,--- ,z{}, where C(p1, p2) does not depend on T.
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Upper bound of the density function

Assume (B)’ and that T < 1. Then for any py, p> > 1, there exists
C(p1,p2) > 0 such that

ity () < Clpy, p2) (T + T~ 4)

1
P1P i
1P2 (& —x)?

1 _ 1

2Py C2T
X e S

Z—x+ \/(X—26)2+2C,-2T

)

holds for x < min{z},--- ,z§} and for 1 < i < d, where C(py, p2) does not
depend on T.
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