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How fast does an approxi. error converge?

Let
Y : sol. to SDE driven by fBm,
{Y WZ(m)}∞m=1: the Wong-Zakai approxi. to Y .

Problem
Find {rm}

∞
m=1 s.t. rm → 0 and

E [∥Y WZ(m) − Y∥2∞;[0,1]]
1/2 ⩽ rm.

For a conti. func. z : [0, 1] → Re, we put

∥z∥∞;[0,1] = sup
t∈[0,1]

|zt |.
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Consider a Strat. type SDE driven by Bm

Consider an SDE{
dYt = σ(Yt) d◦Bt , t ∈ (0, 1],

Y0 = y0,

where

B : d-dim. Bm on (Ω,F,P),

d◦B : the Stratonovich integral,

σ ∈ C∞
bdd(R

e;Mat(e, d)),

y0 ∈ Re
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The Wong-Zakai approxi. for the Strat. SDE

Set τm
k = k2−m for k = 0, . . . , 2m.

Consider an approximation B(m) to B:

B(m)t = (Bτm
k
− Bτm

k−1
)2m(t − τm

k−1) + Bτm
k−1

for τm
k−1 ⩽ t ⩽ τm

k .
Define the Wong-Zakai approximation Y WZ(m)

by a sol. to an SODE

Y WZ(m)
t = y0 +

∫ t

0
σ(Y WZ(m)

u ) dB(m)u,

where dB(m) is the Riemann-Stieltjes
integral.
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Convergence rates

Theorem
∀r ⩾ 1, ∃C > 0: independent of m and

E [∥Y WZ(m) − Y∥r∞;[0,1]]
1/r ⩽ C2−m/2(1 + m)1/2.
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FBm is a typical example of non-martingale

Definition
FBm B is a conti. centered Gaussian proc. with

E [BsBt ] =
1
2
(s2H + t2H − |s − t |2H)

for some 0 < H < 1.

Note

if H = 1/2, then the fBm is a standard Bm.

otherwise the fBm is not even a martingale.
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Signature of x

Let

x ∈ C1-var([0, 1];Rd),
△ = {(s, t); 0 ⩽ s < t ⩽ 1},
T N(Rd) = R ⊕ (Rd)⊕ (Rd)⊗2 ⊕ · · · ⊕ (Rd)⊗N .

Define x : △ → T N(Rd) by

xα1···αn
st =

∫
s<u1<···<un<t

dxα1
u1

· · · dxαn
un
,

xn = (xα1···αn)α1···αn∈{1,...,d}n,

x = (x0 ≡ 1, x1, . . . , xN).

We call SN(x) ≡ x the step-N signature of x .
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Finite p-variation and the Chen identity

The signature x has following properties;

Finite p-variation:

∥x∥p
p-var;[s,t ] =

N∑
n=1

sup
s=τ0<···<τk=t

k∑
l=1

|xn
τl−1τl

|
p/n
(Rd)⊗n < ∞

for any p ⩾ 1.

The Chen identity:

xst = xst1 ∗T N(Rd) x t1t

for 0 ⩽ s ⩽ t1 ⩽ t ⩽ 1.
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The Chen identity

The Chen identity is equivalent to

xα
st = xα

st1 + xα
t1t ,

xα1α2
st = xα1α2

st1 + xα1
st1x

α2
t1t + xα1α2

t1t ,

xα1α2α3
st = xα1α2α3

st1 + xα1α2
st1 xα2

t1t + xα1
st1x

α2α3
t1t + xα1α2α3

t1t ,
...

xα1···αN
st = xα1···αN

st + xα1···αN−1
st1 xαN

t1t

+ · · ·+ xα1
st1x

α2···αN
t1t + xα1···αN

t1t
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Splitting region of the integration, we have

xα1α2
st =

∫
s<u1<u2<t

dxα1
u1

dxα2
u2

=

(∫
s<u1<u2<t1

+

∫
s<u1<t ,t1<u2<t

+

∫
t1<u1<u2<t

)
dxα1

u1
dxα2

u2

= xα1α2
st1 + xα1

st1x
α2
t1t + xα1α2

t1t .
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The space of geometric rough path

For 2 ⩽ p < ∞, we define (GΩp(Rd), ρp-var) by

GΩp(Rd) = {S⌊p⌋(x); x ∈ C1-var([0, 1];Rd)}
ρp-var

,

ρp-var(x , x̃) = max
1⩽n⩽⌊p⌋

ρ
(n)
p-var(x , x̃),

ρ
(n)
p-var(x , x̃)

= sup
0=τ0<···<τk=1

(
k∑

l=1

|xn
τl−1τl

− x̃n
τl−1τl

|
p/n
(Rd)⊗n

)n/p

.
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Solutions to RDEs

∀x ∈ C1-var([0, 1];Rd), ∃!y ∈ C([0, 1];Re) s.t.
the sol. to an ODE

dyt = σ(yt) dxt , y0 : given.(1)

Let x = S⌊p⌋(x) for some x ∈ C1-var([0, 1];Rd).
Then the sol. y ∈ C([0, 1];Re) to an RDE

dyt = σ(yt) dx t , y0 : given(2)

is defined by the sol. to (1).

What is a sol. to (2) for x ∈ GΩp(Rd)?
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Existence of sol. and conti. of the sol. map

Theorem (Lyons, Friz-Victoir)
∀x ∈ GΩp(Rd), ∃{x (m)}∞m=1 ⊂ C1-var([0, 1];Rd) s.t.

x (m) = S⌊p⌋(x
(m)) −−−→

m→∞ x .

Furthermore,

∃y ∈ C([0, 1];Re) s.t.

∥y (m) − y∥∞;[0,1] −−−→
m→∞ 0.

y is independent of {x (m)}.
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The Wong-Zakai approxi. and sol. to RDE

Recall that yWZ(m) is a sol. to an ODE

dyWZ(m)
t = σ(yWZ(m)

t ) dx(m)t ,

where x(m) isthe dyadic polygonal approxi. to x .
Assume that x ∈ GΩp(Rd) satisfy

x(m) = S⌊p⌋(x(m)) −−−→
m→∞ x .

From the theorem, we have

∥yWZ(m) − y∥∞;[0,1] −−−→
m→∞ 0.
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Consider an SDE driven by fBm

Let
B : d-dim. fBm with 1/3 < H < 1/2,
B(m): the natural GRP associated to B(m).

1. If p > 1/H, then ∃B ∈ GΩp(Rd) s.t.

lim
m→∞ ρp-var(B(m),B) = 0

in Lr and a.s.
2. The SDE{

dYt = σ(Yt) dBt , t ∈ (0, 1],

Y0 = y0,

has a sol. in the RDE sense.
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The conv. rate of WZ approxi. is 2−m(2H−1/2)

Theorem (N)
Let 1/3 < H < 1/2. Then

∀r ⩾ 1, ∃C > 0: independent of m and

E [∥Y WZ(m) − Y∥r∞;[0,1]]
1/r ⩽ C2−m(2H−1/2).

The above rate is optimal.

Remark
The first assertion is valid for Gaussian drivers
satisfying the Coutin-Qian cond. for 1/3 < λ < 1/2
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The Coutin-Qian condition

Let X = (X 1, . . . ,X d) be a conti. centered
Gaussian proc. with IID components.

Definition
We say that X satisfies the Coutin-Qian cond. for
0 < λ < 1 if ∃C > 0 s.t.

E [(Xα
t − Xα

s )
2] ⩽ C(t − s)2λ for 0 ⩽ s < t ⩽ 1

|E [(Xα
t+ϵ − Xα

t )(X
α
s+ϵ − Xα

s )]| ⩽ C(t − s)2λ−2ϵ2

for 0 ⩽ s < t ⩽ 1 and ϵ > 0 with ϵ < t − s.
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Preceding result

Theorem (Bayer et al. 2013)
Let 1/4 < H < 1/2 and 0 < κ < 2H − 1/2.
Then, ∀r ⩾ 1, ∃C > 0: independent of m and

E [∥Y WZ(m) − Y∥r∞;[0,1]]
1/r ⩽ C2−mκ.

Remark
The case κ = 2H − 1/2 is our main result.

Many approxi. satisfy the above estimate.
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Proof of the optimality
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Consider the SDE{
dY 1

t = dB1
t ,

dY 2
t = Y 1

t dB2
t ,

Y0 =

(
0
0

)
.

Then the sol. and the Wong-Zakai approxi. are
given by

Yt =

(
B1

t

B12
0,t

)
, Y WZ(m)

t =

(
B(m)1

t

B(m)12
0,t

)
,

respectively.
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In this case, we have

E [∥Y WZ(m) − Y∥2∞;[0,1]]

⩾ E [|Y WZ(m)
1 − Y1|

2]

⩾ E [|B(m)1
1 − B1

1 |
2] + E [|B(m)12

0,1 − B12
0,1|

2].

It is enough to prove

E [|B(m)12
0,1 − B12

0,1|
2] ⩾ C2m(4H−1).

25 / 42



Exact convergence rate of iterated integral

Theorem
Let α ̸= β. If 1/4 < H < 1/2, then ∃C > 0 s.t.

lim
m→∞ 2m(4H−1)E [|B(m)αβst − Bαβ

st |
2] = C(t − s)

for 0 ⩽ s < t ⩽ 1.

For simplicity, we prove it for dyadic rationals s < t .
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From the Chen identity,

Bαβ
st =

2mt∑
k=2ms+1

Bαβ
τm

k−1τ
m
k
+

2mt∑
k=2ms+1

Bα
sτm

k−1
Bβ

τm
k−1τ

m
k

=

2mt∑
k=2ms+1

Bαβ
τm

k−1τ
m
k
+

2mt∑
k=2ms+1

(Bα
τm

k−1
−Bα

s )(B
β
τm

k
−Bβ

τm
k−1

).

The same equality holds for B(m)αβst . Hence,

B(m)αβst − Bαβ
st =

2mt∑
k=2ms+1

{
B(m)αβτm

k−1τ
m
k
− Bαβ

τm
k−1τ

m
k

}
.
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Set

I(m)
k ,l = 24mHE

[{
B(m)αβτm

k−1τ
m
k
− Bαβ

τm
k−1τ

m
k

}
×
{

B(m)αβτm
l−1τ

m
l
− Bαβ

τm
l−1τ

m
l

}]
for 0 ⩽ k ⩽ l ⩽ 2m.
Then, we see

1 I(m)
k ,l is depending only on l − k , i.e. I(m)

k ,l = Il−k ,

2 |I(m)
k ,l | ⩽ C(l − k)2H−2 for l − k ⩾ 1.
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From the two properties above, we have

2m(4H−1)E [|B(m)αβst − Bαβ
st |

2]

=
1

2m E

{ 2mt∑
k=2ms+1

22mH(B(m)αβτm
k−1τ

m
k
− Bαβ

τm
k−1τ

m
k
)

}2


=
1

2m

2mt∑
k=2ms+1

I0 +
2

2m

∑
2ms+1⩽k<l⩽2mt

Il−k

= (t − s)

I0 + 2
2mt−2ms+1∑

j=1

Ij

+ o(1)

→ (t − s)C
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I(m)
k ,l is depending only on l − k

From

the self-similarity,

the stationary increments

of fBm, we see that I(m)
k ,l is equal to

I(m)
k ,l

= E
[{

B(m)αβk−1,k − Bαβ
k−1,k

}{
B(m)αβl−1,l − Bαβ

l−1,l

}]
= E

[{
B(m)αβ0,1 − Bαβ

0,1

}{
B(m)αβ0,l−k+1 − Bαβ

0,l−k+1

}]
= Il−k
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|I(m)
k ,l | ⩽ C(l − k)2H−2 for l − k ⩾ 1

Proposition
Let m ′,m ′′ ⩾ m. Then, for any l − k ⩾ 1,∣∣∣E [B(m ′)αβτm

k−1τ
m
k
B(m ′′)αβτm

l−1τ
m
l

]∣∣∣
⩽ C|τm

k − τm
l |

2H−22−2mH2−2m.

Hence

|I(m)
k ,l | ⩽ 24mH · 4 · C|τm

k − τm
l |

2H−22−2mH2−2m

= 4C|k − l |2H−2.

We prove this proposition for m = m ′ = m ′′.
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Recall

B(m)αβτm
k−1τ

m
k
=

∫ τm
k

τm
k−1

{B(m)αu − B(m)ατm
k−1

}
dB(m)βu

du
du.

It follows from the Coutin-Qian condition that

|E [{B(m)αu − B(m)ατm
k−1

}

× {B(m)αv − B(m)ατm
l−1
}]| ⩽ C2−2mH

and ∣∣∣∣∣E
[

dB(m)βu
du

dB(m)βv
dv

]∣∣∣∣∣ ⩽ C|τm
k − τm

l |
2H−2.

for τm
k−1 ⩽ u ⩽ τm

k and τm
l−1 ⩽ v ⩽ τm

l .
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Since Bα and Bβ are indep., we have∣∣∣E [B(m)αβτm
k−1τ

m
k
B(m)αβτm

l−1τ
m
l

]∣∣∣
⩽

∫ τm
k

τm
k−1

du
∫ τm

l

τm
l−1

dv

× |E [{B(m)αu − B(m)ατm
k−1

}{B(m)αv − B(m)ατm
l−1
}]|

×

∣∣∣∣∣E
[

dB(m)βu
du

dB(m)βv
dv

]∣∣∣∣∣
⩽ C|τm

k − τm
l |

2H−22−2mH2−2m.
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Proof of the upper bound
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The conv. rate of WZ approxi. is 2−m(2H−1/2)

Theorem (N)
Let 1/3 < H < 1/2. Then

∀r ⩾ 1, ∃C > 0: independent of m and

E [∥Y WZ(m) − Y∥r∞;[0,1]]
1/r ⩽ C2−m(2H−1/2).

The above rate is optimal.
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Keys in proof of the exact conv. rate

Theorem (N)
Let 1/3 < H < 1/2 and p > 1

1/2−H .
Then ∀r ⩾ 1, ∃C > 0: independent of m and

E [ρp-var(B(m),B)r ]1/r ⩽ C2−m(2H−1/2).

Theorem (Bayer et al. 2013)

∥Y WZ(m) − Y∥∞;[0,1] ⩽ Gρp-var(B(m),B),

where G is a r.v. satisfying E [Gr ] < ∞ for ∀r ⩾ 1.
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Proof of the theorem

We will prove

Theorem (N)
Let 1/3 < H < 1/2 and p > 1

1/2−H .
Then ∀r ⩾ 1, ∃C > 0: independent of m and

E [ρp-var(B(m),B)r ]1/r ⩽ C2−m(2H−1/2).
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Step 1

We prove the following key estimate:

Proposition
Let n = 1, 2, 3. Then ∃Cn > 0 s.t.

E [|B(m)α1···αn
st − Bα1···αn

st |2]1/2

⩽ Cn2−m(2H−1/2)(t − s)1/2−H(t − s)(n−1)H

for s = τm
k and t = τm

l with k < l .
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Step 2

From the Hölder conti. of B, we have

Proposition
Let n = 1, 2, 3. Then ∃Cn > 0 s.t.

E [|B(m)α1···αn
st − Bα1···αn

st |2]1/2

⩽ Cn(2−m ∧ (t − s))2H−1/2

× (t − s)1/2−H(t − s)(n−1)H

for 0 ⩽ s < t ⩽ 1
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Step 3

From the Lyons extension theorem (Friz-Riedel
2014), we have

Proposition
∀n, ∃Cn > 0 s.t.

E [|B(m)α1···αn
st − Bα1···αn

st |2]1/2

⩽ Cn(2−m ∧ (t − s))2H−1/2

× (t − s)1/2−H(t − s)(n−1)H

for 0 ⩽ s < t ⩽ 1
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Step 4

Noting 1/2 − H < H, we see

E [|B(m)α1···αn
st − Bα1···αn

st |2]1/2

⩽ Cn2−m(2H−1/2)(t − s)n(1/2−H).

By using the Kolmogorov criterion, we obtain

E [ρp-var(B(m),B)r ]1/r ⩽ C2−m(2H−1/2)

for any r ⩾ 1 and p > 1
1/2−H .
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Thank you for your attention.
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