Exact convergence rate of the
Wong-Zakai approximation to

RDEs driven by Gaussian
rough paths

Nobuaki Naganuma

Mathematical Institute, Tohoku University

Oct. 15,2014



Bl Introduction



How fast does an approxi. error converge?

Let
m Y: sol. to SDE driven by fBm,
m {YWZmeo - the Wong-Zakai approxi. to Y.

Problem
Find {rn}>_; s.t. r, — 0 and

ET Y™ — Y|P, 0.01"2 < rin

For a conti. func. z: [0, 1] — R®, we put

2]l oc; 0,11 = suUp |z¢l.
tc[0,1]



Consider a Strat. type SDE driven by Bm

Consider an SDE
dYt = G(Yt) doBt, t - (O, 1],
Yo = Yo,
where
m B:d-dim.Bmon (Q,F, P),
m d°B : the Stratonovich integral,
m o € C54(R® Mat(e, d)),
m ), €R°



The Wong-Zakai approxi. for the Strat. SDE

mSett] =k2 "fork=0,...,2™.
m Consider an approximation B(m) to B:

B(m)t = (BTkm — BTTA)Qm(t — TT_1) + BTZL1

for T, <t < Ty
m Define the Wong-Zakai approximation YW4(™)
by a sol. to an SODE

t
ywzim JO o( Y™ dB(m),,

where dB(m) is the Riemann-Stieltjes
integral.



Convergence rates

Vr > 1,dC > 0: independent of m and

E[HYWZ(m) . YH(I;O;[O’HP/I’ < szm/2(1 + m)1/2.




FBm is a typical example of hon-martingale

FBm B is a conti. centered Gaussian proc. with

1
E[B.B,] = 5(32’* + PP — s — tPM)

forsome 0 < H < 1.

Note
m if H=1/2, then the fBm is a standard Bm.

m otherwise the fBm is not even a martingale.



Bl Rough path analysis



Signature of x

Let
m x € C'"([0, 1]; RY),
mA={(s1);0<s<t< 1},
n TN(Rd) — R (Rd) (Rd)®2 DD (Rd)®N
Define x : A — TN(RY) by

O( Y 0.8 (0.4
;T = J dxu11 e axy”,
S<U<---<Up<

Xn 6{1 ..... d}n !

We call Sy(x) = x the step-N signature of x.



Finite p-variation and the Chen identity

The signature x has following properties;
m Finite p-variation:

N k
/
H Hpvar st Z Sup Z’ T_ 11/’pRg ®n < 00

n—1 S=Ty<--<T, =t I—1

forany p > 1
m The Chen identity:

Xst = Xst, *Tn(Rd) Xyt

for0<s<t <t<.



The Chen identity

The Chen identity is equivalent to

X & o
Xst = Xg, + Xy,
XCX1 Ko 061 0] + X Xh + XOC1 0(2,

st
X10203 __ 061 Ko X3 X1 &2 Ko X3 X1 X2 X3
Xt X, + Xgp, Xtt"'x Xttt Xyt
oy N 0N s OUN—1
Xst Xst —+ X X

XN (0.8
+ - +Xst1xt1 + X
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Splitting region of the integration, we have

X1

Xt

X4 Xo
J dx,, dx;;
s<u<us<t

= <J +J +J ) adx," dx;?
S<u<Us<ty s<u <t h<us<t h<ui<ux<t

w02 Ky o X2 & X2
= X, + Xgp, Xp '+ Xpp
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The space of geometric rough path

For 2 < p < oo, we define (GQ,(RY), ppvar) by

GQ,(RY) = (S, (x); x € C™ar([0, 1];RI)} ",

Pp-var (X, X)

max X, X
1<n<|p| pp var( )

p;(),j\)/ar (X! i)

k n/p
Z > p/n
- sup ( T/ T 'Igl 1T/| Rd)®n ) '

O0=T(<---<1) =1 1



Solutions to RDEs

m Vx € C¥([0,1]; RY), 3ly € C([0, 1]; R®) s.t.
the sol. to an ODE

(1) dyr = ol(y) dx, Yo : given.

m Let x = S, (x) for some x € C™¥([0, 1]; RY).
Then the sol. y € C([0, 1]; R®) to an RDE

(2) dy:r = ol(yy) dxq, Yo @ given

is defined by the sol. to (1).
m What is a sol. to (2) for x € GQ,(R?)?



Existence of sol. and conti. of the sol. map

Theorem (Lyons, Friz-Victoir)
Vx € GQ,(RY), Ix(M)=_ < ¢'r([0,1]; RY) s.t.

Furthermore,
m dy € C([0, 1]; R®) s.t.

1Y'™ = Yloori04) — O.
m—o0

m y is independent of {x\™}.



The Wong-Zakai approxi. and sol. to RDE

Recall that yW4(™ is a sol. to an ODE

WZ(m)

A = oy ™) dx(m),,

where x(m) isthe dyadic polygonal approxi. to x.
Assume that x € GQ,(RY) satisfy

x(m) = Sp(x(m)) —— x.

m—00

From the theorem, we have

WZ(m

Y™ = Ylloo0.11 — O.
m—o00



El Main result



Consider an SDE driven by fBm

Let

m B:d-dim. fBmwith1/3< H < 1/2,

m B(m): the natural GRP associated to B(m).
1.If p> 1/H, then 3B € GQ,(RY) s.t.

im ppvar(B(m), B) =0
m—o0

in L" and a.s.
2. The SDE
dYt = G(Yt) dBt, t e (O, 1],
Yo = Yo,

has a sol. in the RDE sense. s



The conv. rate of WZ approxi. is 2~ ™(2H~1/2)

Theorem (N)

Let1/3 < H < 1/2. Then
m Vr > 1,dC > 0: independent of m and

E[H YWZ(ITI) _ YHgo;[O,ﬂ]Ur < CZ*m(ZH*Vz)_

m The above rate is optimal.

The first assertion is valid for Gaussian drivers
satisfying the Coutin-Qian cond. for1/3 < A < 1/2



The Coutin-Qian condition

Let X = (X',..., X?9) be a conti. centered
Gaussian proc. with [ID components.
Definition

We say that X satisfies the Coutin-Qian cond. for
0<A<1ifdC>0s.t.

mE[(X*— X2 < C(t—s)Pfor0<s<t< 1
mE[(X% . — XP)(XE . — X < Ot — s)22€?
for0<s<t<1ande >0withe <t—s.




Preceding result

Theorem (Bayer et al. 2013)

Let1/4 < H<1/2and0 < k< 2H—1/2.
Then,¥r > 1, 4C > 0: independent of m and

EQ YH2™) — Y5 q.0)"" < C27™

m The case k = 2H — 1/2 is our main result.
m Many approxi. satisfy the above estimate.



1 Proof of main result



Proof of the optimality
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Consider the SDE

dy} = dB], 0
Yo = :
dY? =Y, dB?, 0
Then the sol. and the Wong-Zakai approxi. are
given by

B wZz(m) B(m)]
0,t 0,t

respectively.
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In this case, we have

E[|| YWVA™ — |12 04
A

>
> E[|B(m)} — BIJ?] + E[|B(m){% — B} [2I.

It is enough to prove

E(|B(m){4 — BRAIF > cam*H=1),
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Exact convergence rate of iterated integral

Letx # . If1/4 < H<1/2,then3C > 0 s.t.

lim 2m“HEIB(m)%F — BX?] = C(t — s)

m— o0 st

for0 <s<t<1.

For simplicity, we prove it for dyadic rationals s < t.



From the Chen identity,

2mt 2mt
043 _ o P
B Z BTk 1Tk p T Z BSTm 1BTk 1Tk
k=2Ms+1 k=2Ms+1
2mt 2mt
= B ) —B3)(B5,—BE, ).
Z T 1"7/'<T7 ( Ty 1)
k=2Ms+1 k=2Ms+1

The same equality holds for B(m)®". Hence,

2mt

Bmy -8B = ) {B(m)i‘ﬁ_ﬁk B?fm}-
k=2Ms+1
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Set

{7 e [{omt o2,

forO0 < kI <2m.
Then, we see

17 is depending only on | — k, i.e. ) = I,
B |/;(<77)| < Cl—k)?PM=2forl—k>1.
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From the two properties above, we have

2m(4H—1)E[|B(m)0<tf5 . Bgctf3|2]

omy 2
2mH Y - 1243
{ Z 2 quTk BTTATT) }

=2Ms+1
2mt
1 | 2 /
= om ) b+ om >
k=2Mgs+1 2MsH1<k<I<2mt

2Mt—2Ms+1

=(t—8)< Ih+2 Z li p +0(1)
j=1

— (t—s)C
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I,((T) is depending only on / — k

From
m the self-similarity,
m the stationary increments
of fBm, we see that /') is equal to

(m)
Y

—e[{Bmg?,, B9, } {B(m)%,— B, )]
= |{B(m);} - B3} } {BIMEY s — BSY i ||
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™) <l — K)2H2 for | — k > 1

Letm’,m”" > m. Then, forany| — k > 1,

m m m m
Th—1Tk T 4T

‘E [B(m’)"‘B B(m")* }

< C|T,r(n . T7n|2H—22—2mH2—2m.

Hence

|I/(<I,7)| L 24mH 4. Cly — T77|2H—22—2mH2—2m

= 4Clk — 1772

We prove this proposition for m=m’ = m".



Recall

7 &}
BmE = | (B(m)z - B(my 12

m e
T
k—1

It follows from the Coutin-Qian condition that

[ERB(m)y — B(m)zy }

x {B(m)$ — B(m)% }| < c22™
and

dB(m)E dB(m)E
du dv

< Cltf —xEh—2,

forty <u<tfand T, <v <1
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Since B* and BP are indep., we have

‘E [B(m)"‘B B(m)* }

m m m m
Th—1Tk T1T

T® T
< J duJ av
T T

< |E[B(m) — B(m), ¥B(m) — B(m)% )l

dB(m)% dB(m)¥
du dv

< C|TT L T7n|2H—22—2mH2—2m.

X |E
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Proof of the upper bound
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The conv. rate of WZ approxi. is 2~ ™(2H~1/2)

Theorem (N)

Let1/3 < H< 1/2. Then
m Vr>1,dC > 0: independent of m and

E[H YWZ(m) . YHr .[01]]1/r < Cz—m(ZH—1/2).

m The above rate is optimal.



Keys in proof of the exact conv. rate

Theorem (N)
Let1/3 < H<1/2andp > 7.
Then¥r > 1, 4C > 0: independent of m and

E[pp-var(B(m), B)r]1/r < C2—m(2H—-1/2)

Theorem (Bayer et al. 2013)

| yWwzim) _ YHoo;[O,ﬂ < Gpp-var(B(m)v B),

where G is a r.v. satisfying E[G'] < oo forVr > 1



Proof of the theorem

We will prove

Theorem (N)
Let1/3 < H<1/2andp > 7.
Then¥r > 1, 4C > 0: independent of m and

E[pp-var(B(m), B)r]1/r < C2—m(2H-1/2)




We prove the following key estimate:

Proposition

Letn=1,2,3. ThendC, > 0 s.t.

st

EHB(m) gty Bg?...ocn|2]1/2

fors =17 andt =t withk < I.




From the Holder conti. of B, we have

Proposition
Letn=1,2,3. Then3C, > 0 s.t.
EHB(m)g;(xn . Bg?..‘ocnygr/g
< Cpl2 M N (t— )2 12

forO <s<t<



From the Lyons extension theorem (Friz-Riedel
2014), we have

Proposition
Vn, 3C, > 0 s.L

EHB(m)g;o(n . Bg‘;..‘anygr/g
< Col27MA(t— )22
> (t— 8)1/2_H(t— S)(n—1)H

forO<s<t<1



Noting 1/2 — H < H, we see

|B( )0(1 Kp Bo‘1"‘0(n’2]1/2
< Cp2 MRH-1/2) (¢ g)n(1/2=H)

By using the Kolmogorov criterion, we obtain

Elppvar(B(m), B)r]1/r < Co—m(2H-1/2)

forany r > 1andp>1/2
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Thank you for your attention.
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