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Let M = (M, g) be a smooth Riemannian manifold without boundary, not necessarily
geodesically complete. We consider a Schrödinger-type operator

L = ∆+ V

where ∆ = div ◦ ∇ is the Laplace-Beltrami operator and V is a real-valued continuous
function on M . By Green’s formula, L is a symmetric operator on the space of smooth
functions with compact support C∞

0
(M) in L2 = L2(M ; dvg), that is,

(Lu, v) = (u,Lv), ∀u, v ∈ C∞
0
(M)

where (u, v) stands for the L2-inner product of u and v. In this talk we will discuss
several problems regarding with selfadjoint extensions of L; in particular, the essential
selfadjointness, i.e., L has unique selfadjoint extension, as well as the Markov uniqueness
by which we mean that there exists unique selfadjoint extension L̂ satisfying the Markov
property:

0 ≤ u ≤ 1 ⇒ 0 ≤ Ttu ≤ 1, ∀t > 0 (1)

where {Tt}t≥0 is the L2-semigroup generated by L̂. Roughly speaking, (1) means that the
system should not increase the energy with time t > 0, and together with an additional
assumption1, {Tt}t≥0 is a transition probability of a Markov process (actually, a Hunt
process) on M due to Fukushima’s theorem.

Therefore, these two problems are to determine the possible physical models in quantum
mechanics and Markov processes respectively, or more precisely, to study the negligibility
of the singular sets of the space by these systems.

Our starting point is M.P. Gaffney [3] proving that ∆ has unique Markov extension
provided M is geodesically complete. This result has been extended to various directions:
P.R. Chernoff [4] and R.S. Strichartz [6] showed the essential self-adjointness of ∆ for
geodesically complete manifolds. See [2, 5, 8, 7, 9] for results on geodesically incomplete
manifolds. Another direction is to study the behavior of V and the geometry of M so that
L is essentially selfadjoint (see, e.g., [1] and the reference within).

1The domain F = Dom(
√
−L) of the energy E satisfies that F ∩C∞(M) is dense in F and C∞(M) with

respect to ‖u‖ =
√

E(u, u) + (u, u) and sup-norm, respectively.



The main discussion of the talk will be devoted to some new results along those lines
for geodesically incomplete manifolds when the singular points enjoy a certain symmetry.
Time permitting, we will also address a recent result for

L = ∆+X + V

where X ∈ Γ(TM) answering the same question but it’s non-symmetric counter part as a
generalization of [10].
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