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We study a probability measure on “space of loops” induced by a
(alternate) Loewner-Kufarev equation
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where Dy stands for the unit disk in the complex plane and the input
1 18 set to be

“Di(0) = ay 't + Z _1{B(k 1) cos(kf) + B (k:2) s1n(k:9)}”

k=1

Here, (Bt(k’l), Bt(k’Q)), k > 1 are infinitely many independent two-dimensional
Brownian motions and (ag)r>o are positive real numbers. With cal-
culating the right-hand-side in (1), we are motivated to consider the
following SDE, which we call a stochastic Loewner-Kufarev equation:

(2) dg:(z) = zg,(2){d X} + Z ZFAXF}, go(2) = 2 € Dy,

where X = ag it Xk =a, 1Zk and ZF’s are infinitely many indepen-
dent Complex Browman motions. We need to take ay’s so that the
right-hand-side in (2) converges.

The main result is the following.

Theorem 1. Malliavin’s canonic diffusion “on” Diff  (S?) (see [2]) has
a similar defining equation to a stochastic Loewner-Kufarev equation.
More precisely, let (g:)o<i<r be univalent function on Dy satisfying the
equation (2). Then the inverse process g; * : g;(Dy) — Dy obeys

dg () =g ({5, -+§: g )

Let o, be Malliavin’s canonic dzﬁuswn. Then the stochastic process
o¢(1) on S* verifies

—iRe(oy(1 de)
doy(1) = — —dt
oi(1) oy (1 { +Z < /hk+ S (B — k:)}
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wherey = Y00 {hk+5 (K —k)} 1, ZF = 2PV _ie™2) and (V| )
are infinitely many independent two—dzmenszonal Brownian motions.

Existence- and uniqueness- properties of solutions to (2) have not
been established yet. Instead of that, we shall focus on a hierarchy of

(2).

Proposition 2. Let a family of holomorphic g, : Dy — C satisfy the
equation (2). We parametrize g; as

9i(2) = C) (2 + e1 (1) 2% + (1) 2® + es(t) 2t +---).
Then we have

dC(t) = C(t)dX},
dCl (t) = dth + Cl(t)dXtO7

(3) — L o
den(t) = dX7 + ) (k4 Dep(t)dX] ™ + ne, (1) dX7,
k=1 n > 2.

We notice that the system (3) consists of linear stochastic differen-
tial equations with constant coefficients and hence this system can be
integrated and admits a unique strong solution (C(t), c¢1(t), ca(t), -+ ).
We call such the sequence a hierarchical solution to (2).

For each ¢ € R, the Kirillov-Neretin polynomials P.(c1, o yen), n >
0 are defined by >~ >° Pa(c1,- -+ ,¢q)2" Sf( ), where Sf(2) is the
Schwarzian derivative of f(z) = f/(0 )(z + Zk:l ez, Define L,, :=

8C7L+Zk Lk + )Cka forn>1
Theorem 3. Let (C ( ), eq(t ) ( ),+++) be a hierarchical solution to
(2) and set P,(t) := P,(c1(t), -+ ,cn(t)) for each m > 0. Then for each
polynomial F(cy,ca,- ), we have

E[(L.F)(a(t),ca(t), )]

combination of ¢, (t)
=E[F(c1(t),c2(t),--+) x | and Neretin polynomials ||
up to n-th order

4

~
=:divpLn

for a.a. t and n > 1. Where the divergence terms may include the
stochastic integrals of (Py(s))o<s<t, k =1,2,+-+,n
For example, with setting ay* = 0 and 7, := 5 (k*—F) for simplicity,
it holds that ﬁdinLg = P,(t) which is equal to S, (0) if g(2) =
Qo

C(t)(z + > opey cu(t)z"th) converges and then, with setting as := 579
(> 0if ¢ # 0), the last theorem is stating roughly that

“/L(LQF)(L)P(gt(Sl) €dL) = % /LF(c)mP(gt(gl) edL)”
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for any “polynomial function” F' (cf. the equations (2.31) and (2.35)
in [1]).
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